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Presentation outline

© Introduction to (convex) optimization models in data science: Classical
examples
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The problems typically addressed in ML/DS are of the form

min f(z) + g(z)

where f: R™ — R is smooth (V[ is at least Lipschitz continuous) and
g :R" - RU{+o0} is convex (and proper and closed) typically
non-smooth.
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Examples:
@ Unconstrained optimization (g = 0).
@ Structured regularization, where g is a regularizer like the ¢; one
(9(x) = Alz]l1, A > 0).

© Convex constrained smooth optimization, such as

min f(z)

st. zel,

with C' # () closed and convex, can be formulated with ¢ = d¢ (indicator
function of C)

0 ifzeC
dolw) = { o ifrgC

However only simple constraints are handled well in such a way.
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A data set for analysis involving optimization is typically of the form

D = {(aj,yj),jzl,...,N}

where the a;'s vectors are features or attributes

the y;'s vectors are labels or observation or responses.

The analysis consists of finding a prediction function ¢ such that

¢(a])2y]7 ]:17>N

in some optimal sense.
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Now

@ The process of finding ¢ is called learning or training.
@ When the y;’'s are reals, one has a regression problem.

© When the y;'s lie in a finite set {1,..., M}, one has a classification
problem.

M = 2 leads to binary classification.

© The labels may be null. In that case, one may want to group the a;'s
in clusters (clusterization) or identify a low-dimensional subspace (or
a collection of) where the a;'s lie (subspace identification).

The labels may have to be learned while learning ¢.
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© Data is assumed to be clean for optimization, but still:

@ (aj,y;)'s could be noisy or corrupted.
@ Some a; or y;'s could be missing.

@ Data could arrive in streaming fashion (¢ must be learned online).

Thus, ¢ has to be robust to changes in the data set.

Such data analysis is often referred to as machine learning or data mining.

predictive or supervised learn- unsupervised learning (when
ing (when labels exist) labels are null): extract inter-
esting information from data
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Q ¢ is used to make predictions about future data items, like predicting
that the label y associated with a would be ¢(a).

But it could also be used for feature selection where one has to learn
what small fraction of the a;'s reliably predict the labels y;'s.

Often, ¢ is parameterized ¢(x) = ¢(a;x) and the parameters = have to be
found such that ¢(a;;2) ~y;, j=1,...,N.

The correct/accurate match of the data is typically quantified by a loss
function £(a,y;x) and thus learning can be formulated as

N
minZE(aj,yj; x) call this function Lp(z) = L(x)
j=1
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To avoid overfitting such a model to D (remember that D could just be a
sample drawn from a larger set), one often regularizes the above
minimization by adding a regularizer

min,, Z;V:1 Uaj,y;;x) + g(x) L(z)

Al 2lll2

so that ¢ is not so sensitive to changes in D.
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Classical examples

Example (1 and variants)

Consider ¢(a; ) = ¢(a;w,b) = a'w + b with 2 = (w, b)

Linear regression is when L(z) = Z;V:l(a;w +b—y;)?

Such least-squares approach gives a maximum likelihood solution when
y = (a"w+ b) + € and € is normally distributed with variance o

Prly | a,w,b] ~ N(y | a"w +b,0?)
and the (aj,y;)'s and the a;'s are independent.

(w,b) € argmax,, , log Pr(D | w,b]
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Ridge regression is when

1N
— aw yi)? + A|w]|?
N; )7+ Allw]

g(x)

Here x = w, since the regularizer does not depend on b and w.l.o.g. one
can remove b from the model. Why?

There is also a statistical argument for the ridge (reason why L was
divided by N).

The term A||x||3 makes = less sensitive to perturbation in the data.
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The LASSO related formulation L(z) = S>% (e w — y4)? + A||w||1 tends

J=1\"g
to yield solutions x that are sparse, promoting feature selection.

More later in the course.

Example (2 and )

In SVM one does binary classification (y € {—1,1}) by determining a
separating hyperplane w'a — b, i.e., by determining (w, b) such that

T L oviz1,... N

wTaj—b>O when y;
w' aj —b<0 wheny; =-1

using the hinge loss function

Cr(a,y;w,b) = max{0,1—y(w'a—10)}

/0 if y(w'a—0)>1
" | 1-y(w'a—0b) otherwise
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Example (2 and (Cont.))

In fact, seeking a separating hyperplane x = (wx, b,) such that

T
wa—b>1 wheny; =1 .
{wTaj—bg—l whenyj:—lv]_l’”"N @

can be done by

N

1

Ig}gl N Z;EH(aﬁyj;w? b) = L(wv b) (**)
J:

as L(ws,bs) = 0. When no pair (w,b) exists such that L(w,b) = 0, the
solution of (xx) will be the one closest to satisfying @ in some sense.

Note that @ is what we want to do w.l.o.g.. Why?
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Example (2

A regularizer %||w||3 is often added to L(w,b) to obtain a
maximum-margin separating hyperplane, which is more robust:

a2
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Maximizing 2/||w||2 is then the same as minimizing ||w]||3. EXERCISE:

Prove that the distance between the hyperplanes is really Hwﬁ
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In SVM, the hinge loss is a convex and continuous replacement for
t(a, y;w,b) = U(h(a;w,b) # y)
(with 1(condition) = 1 if condition is true and 0 otherwise), where

h(a;w,b) =2 x 1(w'a—b>0)—1.

N~

sign(w T a—b)

which is nonconvex and discontinuous.

_| AN

z z

1(sign(z) # 1) max{0,1 — z}

HINGE

In the pictures z plays the role of w'a — b.
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There is a statistical interesting interpretation of such optimal linear
classifier when using the above loss (as the so-called Bayes function).

Another replacement is the smooth convex logistic loss

Cr(a,y;w,b) = log(1 4 e ¥ a0y

leading to logistic regression (convex objective function)

A
mm—ZfL (aj,yj;w,b) + *HwH%

\ LOGISTIC LOSS

y=1 log(l+e?) T
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Logistic regression can also be interpreted as maximizing a log
-likelihood function of the odds of belonging to one class or the other.

Nmilar to @

P(aj;w,b) ~1 wheny; =+1 P(a;w,b)

.@ Il
-1
P(aj;w,b) ~0 wheny; =—1 (1 + e—(wTa—b))
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Returning to SVM:
Using a hyperplane to separate the + and — cases may lead to a useless
classifier.
Often a mapping W is applied first on the data vectors:
U(a;), j=1,...,N.
The system @

{wTaj—b21 when y; =1

wTaj —b< -1 wheny; =~-1

becomes
w'W(a;)—b>1 wheny; =1
w'¥(aj) —b< —1 wheny; =—1

and the SVM optimization problem is

mm—ZmaX{O 1— yj(w \I/(a])—b)}—i-*Hng
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It can be easily seen that the SVM optimization problem can be written as
a convex Quadratic Program (QP):

i S0 w2
min —_ *CL)
b.c 2 2

be N
st yj(w U(aj) —b) +c¢>1, c; >0, j=1,...,N
where
1 c1
e=|:1eRY and c=| :
1 CN
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NOTE: In turns out that the dual of this QP is the following convex QP

T —_—
max e 2a TQuo a1 "
st. 0<a g% a= y=1 :
T anN YN
y a =0

with Qre = (1/N)yrye¥ (ag) T U (ay).

The “kernel trick”" consists of replacing W(ax) " ¥(a;) by K (ax,a;),
without requiring the knowledge of W.
A popular choice is the Gaussian kernel

— —a:ll2/2
K(ak”a]) = e ”a’k a]” / o

with o > 0.
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Presentation outline

@ Convexity and nonsmooth calculus tools for optimization. Rates of
convergence



Convexity is a key concept in Optimization
A set C' is convex if

ar+ (1—a)ye C, Vr,yeC,ac0,1]

convex set nonconvex set

ar+ (1 —a)y,a € ]0,1] is a convex combination of x and y.

Yoy oixy with Y0 oy =1, oy > 0, Vi is a convex combination of
LlyeeeyTp.
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o R"
e () (by convention)

@ a subspace
a polyhedral set {x € R™ : Ajx = by, Asx > by}

a hyperplane {z € R" : ¢ "z = b}
a halfspace {x € R" : a"2 > b}

e a system of linear equations {z € R™ : Az = b}

a polytope (bounded polyhedral set)

@ a convex cone: K is a cone if ax € K,Va > 0,z € K
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Examples

Here are three important cones in optimization:

© R’} the cone of linear programming

(2] {x eER:z, > \/x% +...+ %21—1} the ice cream cone (Lorentz or
Minkowski) that appears in second-order cone programming

\
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Q@ {AeR™™: A >0}, Aisasymmetric and positive semidefinite
(eigenvalues > 0), the semidefinite cone programming (SDP) cone
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Operations preserving convexity
@ Intersection C1 N Cy
@ Set sum Cp + Cqy = {w1 +xz9:21 €Ch,20 € Cz}

o Affine transformation f(C) = {Az +b:z € C} with f(z) = Az +b.
Particular cases:

o scaling
o translation
o projection {z1 : Jx2 : (x1,22) € C}
e Cartisian product Cy x Cy = {(x1,22) : 1 € C1, 29 € Co}

The proofs are left as EXERCISES.
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A function f: R™ — R is convex if

flax + (1 =a)y) < af(x)+(1-a)f(y),Yae0,1], 2,y € R"

af(@)+ 1 —a)f(y)

e 7 e+ (- a))

IO :

Y ar+(1-a)y T

@ All norms: in particular p—norms,

|Z]|p, 1 < p < oo.

o Affine functions: f(z) =a'z +b.
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A convex function f could be of extended type f : R" — [—00, 0].
An example is the indicator of a (convex) set C' (seen before):

0 fzeC
50(””)_{ ~ ifz¢C

Another example is (n = 1)

f(z) = —log(x)ifx >0, f(z)=o0ifz<O0.

Convexity and nonsmooth calculus tools for optimization. Rates of convergence



We thus restrict our attention to proper convex functions where —oo is
never attained and 3z € R™ : f(x) < co (= dom(f) # 0).

Also, the definition of a convex function can be restricted to a convex set
or to the domain of the function (assumed convex). Hopefully each
example will reveal whether we are assuming convexity over a set, the
domain, or the whole space.

In many examples it is difficult to apply directly the definition to verify
convexity. Hence we use necessary and sufficient conditions:
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O (GEOMETRY) f is convex iff its
epigraph epi(f) = {(z,y) : y > f(x)} is convex in R**!

epi(f)

@ (REDUCTION TO THE SCALAR CASE) f is convex iff f(x 4+ av) is
convex Yz, v.

With this characterization it is easy to verify that
f(X) = —log(det(X Z log(\

is convex in the space of matrices n X n and of domain
(X eR™" . X = XT, i(X) >0,i=1,...,n}
N——

i—th eigenvalue of x
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© (CONTINUOUS DIFFERENTIABILITY) Let f be continuous
differentiable in R™.

f is convex iff (Vf(y) — Vf(x)) (y—z) >0Vr,y € R"

O (TWICE CONT. DIFF.) Let f be twice cont. differentiable in R™.
f is convex iff d"V2f(x)d > 0,Vx,d.

EXERCISE: Adapt 1-4 to the case where f is defined over a convex set C.
In 3—4, you have to consider the convex cone of feasible directions:
Ac(z) ={d e R" : x + ad € C for some a > 0}.

It is easy to see that f(z) = b’z + 32" Az, with A symmetric and
positive semi-definite (eigenvalues > 0) is convex using 4: V2f(z) = A

PSD
and dT Ad > 0,Vd.
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Operations preserving convexity:
@ Positive weighted sum Zle a; fi, a; >0, and f; convex Vi.
o Composition by affine transformation: f(Az + b).
@ Pointwise maximum maxi<;<p fi(z), fi convex Vi.
@ Composition by nondecreasing convex function
g9(f), f,g convex and g nondecreasing

@ Minimum over a closed convex set g(z) = infycc f(z,y)

The proofs are left as EXERCISES.
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One can now list more examples of convex functions relevant for this
course and other data science contexts.

| Az — b, and || Az — b||3

(]

(]

S°P_ e9i(®@) with g; convex
o —log(det(X)) for X symmetric PD (seen before)
o =Y P log(bi —a/ x)
o distance to a set C' (convex and closed)

do(z) = min o —yl| | -[I =1 [l2 by default
@ largest singular value of a matrix

o largest eigenvalue of a symmetric matrix

The proofs are left as EXERCISES.
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Why is convexity relevant in Optimization?
Let us consider an optimization problem of the form
min f(x)

st. x2€Q

A point z, is a local (strict) minimizer if 3N neighborhood of x, such that

() é) f(@), Ve e (NNQ)\{z.}

x, is said a global (strict) minimizer if

@) é) f(x), VoeQ\{x.}
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Then we have
If f is convex over C, then every local minimum is global. I

If z a local minimizer is not global, 3z : f(z) < f(z). Then for a € (0,1):

flaz+(1—a)z) < af(2)+(1—a)f(z)
< f(z)

which when a@ — 0 contradicts the fact that = is a local minimizer. ]

v

Moreover, if f is strictly convex on C' (<" in the definition) and 3 a local
minimizer then 3 a unique global minimizer. Why?

The set of minimizers of a convex function is convex. Why?

Convexity and nonsmooth calculus tools for optimization. Rates of convergence



Convexity or strict convexity does not guarantee the existence of
minimizers (take e” in R).

In the general, possible nonconvex case existence of minimizers is
guaranteed by the Weierstrass Theorem: A continuous function has a
minimizer (and a maximizer) in a compact set © (in R™ closed and
bounded).

One can trade boundedness of € by uniform convexity of f in ) convex.
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A function f is uniformly convex (with constant ;i > 0 called the
modulus) if

flaz+ (1 —a)y) < af@)+(1-a)f(y) - ol - )z -yl

The smooth characterizations of uniform convexity are:

(V) = V@) (y—2) > prllz—yl? Vo,y
d'V?f(x)d > pgldl®, Va,d

Y

Hence a quadratic q(z) = b'z + 32" Az with A symmetric and PD is
pg—uniformly convex with p1, = /\mm(A).

Uniform convexity can be restricted to a convex set C' (work out the
details!).
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e® is not uniformly convex for any p > 0, and it does not attain a
minimizer in R (which is closed and convex).

But b2 + 127 Az does (with A symmetric and PD).

In fact, one has

If f is pg—uniformly convex (s > 0) and continuous (NOTE: It is enough
to be proper and closed) in C' closed and convex, then it has a single
minimizer in C'.

We will see a proof of a simplified version of this result in a minute. For
the moment we remark that:
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If f is convex, then it is continuous at any point in int(dom(f)).

See any textbook in Convex Analysis (or Beck 2017). O] I

Many convex functions seen in this course are smooth, meaning at least
continuous differentiable (C*).

We pause to present a key inequality for C'' functions used a lot in this
course. The fundamental theorem of calculus yields

1
) - flz) = /0 V(@ + €y — ) (y — 2)de.

If in addition V f is Lipschitz continuous with constant Ly ¢, meaning

Vi) =Vl < Lysllz -yl Vo,y
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then

F) — f@) — Vi) (y—a) = / (Vf(@+ E(y —2)) — V(@) (y — 2)de
— 0
S V()T (y—z)de
1
< / IV (e + €y —2)) — V@) |y — 2llde
0

1

< / ¢d x Loslly — = x ||y — 2]
0
Lyy 2
5 ly — z||%,

and
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On the other hand if f is convex and C! then (Why?)
fly) = f@)+Vf@) (y—2) Vay
In the C! case, pp—uniform convexity is equivalent to
f0) = f@)+ V@) -2+ Ly —al? voy
In such a case we will say that f is yy—strongly convex. The proof of this
equivalence is not requested.

The condition number of a smooth strongly convex function f is defined by

L
Kf = —Vf,
My
where Ly is the Lips. constant of the gradient and iy is the strong

convexity constant.
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We will finally prove now a simplified version of the existence result (the
proof is enough to gain intuition for the general case), that will be used
later in the course.

Let f be continuous differentiable and ji;—strongly convex. Then f has a
unique minimizer .

The idea is to first show that the level set

L(zo) = {z €R": f(z) < f(z0)}

is closed and bounded (compact) for any zy. The closeness comes from
the continuity of f. Suppose it is not bounded.
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Proof (Cont.)

Then there exist a sequence {z;} such that
[zl = 0o and  f(z1) < f(zo).
From strong convexity

f@) 2 (@) + Vo) (@ = a0) + ELller = wol?

4

o —woll” < @)~ f(w0) = V(o) " (@1 — w0)
< Vf(@o)lll@ —ao)l|  since f(a) < (o)

4

2
lzr = zoll < —[IVf(zo)l
Hf
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Proof (Cont.)

and this contradicts the unboundedness of {x;}.

By the Weierstrass Theorem, f has a minimizer, say ., in L(xg). It
remains to show that is unique.

Suppose that there are two distinct minimizers 2% and 22 (with the same
objective function value f,). Then a contradiction is easily reached.

1, 1 1 1 "
F(35+3%2) < 376D+ 316D - et - a2
— ——
£0
< fi
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A number of convex functions in this course are nonsmooth, and it
is time now to define tools to deal with nondifferentiability.

Let f a be convex function, possibly of value extended to [—o0, +00].

The vector v is a subgradient of f at x if

flx+d) > f(z)+v'd, VdeR™

The set of all subgradients is called subdifferential
Of(x) = {v € R": v is subgradient of f at x}

Let us see two examples:
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f(z) = |z|. In this case 0f(0) = [—1,1]

0 ifzeC . ,
dc(x) = { o ifzdC In this case, for any x € C, v € ¢ (z) iff

Sc(z) > dc(z)+v'(z—2) VzeC
)
UT(z—a:) <0 VzeCl
)
v € No(x)

where N¢ is the cone normal to C at x.
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What are the features of the subdifferential?

If f is convex and proper then Of(x) is closed and convex for all
z € dom(f).

| A\

A simple consequence of df(x) being the intersection of half-spaces
(which are closed and convex). O

i \

If f is convex and proper then of (z) #0 and Of (z) is

~—_—
f is subdifferentiable at
bounded for all x € int(dom(f)).

See Beck 2017.
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To better understand the last result, consider f(z) = —/x,

dom(f) = R{. Note that f is also closed in the sense that epi(f) is
closed.

However, 0f(0) is the empty set!

epi(f)

Also, convex functions are not necessarily continuous at boundary points
of their domains, as we see from

/

and this can even happen when f is closed (but for n > 1).
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The subdifferential characterizes optimality for convex functions:

x4 is a (global) minimum of f convex iff 0 € Of(x)

If z. is a minimizer,

f@e+d) > f(z) > fla) +07d Vd,
showing that
0 € 0f(z).

If 0 € Of (z4),
f(ze +d) > f(z) Vd.
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Calculus rules for 9f (for simplicity all convex functions are assumed real
value with domain R"; proofs are left as EXERCISES).

Continuous differentiability 0f(z) = {V f(z)}
Positive weighted sum 9(3°F_, i fi)(x) = Y0, a0 fi(x)
Composition by affine transformation g = f(Ax + b)

dg(z) = ATOf(Ax +b)
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Pointwise maximum g(z) = maxi<;<p fi(z)

99(x) = cony | J 0fi)

convex hull ¢€I(x)

where I(x) = {i: fi(x) = g(x)}. Hence, in a weak sense, any element of

Ofi(x), i € I(x), is in g(x).
Composition by nondecreasing convex function

h = g(f)

— \

convex nondecreasing convex

Let us assume that g : R — R is continuous differentiable. Then

Oh(z) = g¢'(f(x))0f(z)
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Distance to a closed convex set d¢(z) = mingec ||z — y|

x — Po(x)
do(x)
~——

=|lz—Pc ()]

ddo(x) = for x¢C

where Po(x) is the orthogonal projection of = onto C.

If 2 € C, ddc(x) = Ne(x) N B(0;1) .
~—— ~——

normal cone  {v:||v||<1}

In particular, one has 0 € dd¢(x).
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o 9f(z) = 3llAz — bl + Allz]lx

Of(z) = ATAz — ATb+ A0 ()

_ ATA.CC - ATb + A { Z sign(xi)ei aF Z [—ei, ez]}

l‘i#o :Ei:()

with I = [e1...ep,)].

° f(x) = XIla; @bl
P T
af(l') = Zau(az xr — bi)ai
=il

o f(z) = |l=ll2

_ [ z/llzll2, =#0
af(s”)_{ B(O;li z=0
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NOTE: Vf(z.) = 0 when f is nonconvex and continuous differentiable is
still a necessary condition, but not longer sufficient.

We end this background chapter with some notions of rates of convergent
sequences. We will be interested in knowing the speed of convergence of
sequences such as

f(z) — f(x.) optimality gap (when z, is a minimizer)

Vf(z
|c|l Flaw)l stationary or criticality (smooth and
Bf(:vk)(o) nonsmooth case, respectively)

||l — .|| absolute error in the iterates (when xp — )
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Let {wr} C R™ be a sequence converging to w,. There are four major
types of rates of convergence of interest to us

o SUBLINEAR limy,_,, I@stizwsll _ 4

llwr—w- |l

When n =1 and w, = 0, at least three examples will be seen in this

course:
1 1

1
ﬁ’ 2
1

Sublinear is a slow rate but 7z 1S much faster than Ti

= i

0.8} \ — 1/k ||
— 1//€2

0.2} *

Convexity and nonsmooth calculus tools for optimization. Rates of convergence



@ LINEAR (also known as geometric or exponential convergence):
Ir € (0,1) |lwirr — wsl| < rljwr —wi|| Yk

When n =1 and w, = 0, an example is (3)".

First-order methods (like the gradient or steepest descent method)
exhibit sublinear or linear rates. Second-order methods achieve a
superlinear rate (quasi-Newton) or a quadratic rate (Newton).

o SUPERLINEAR 3{n;}n.—0  [|wkt1 — wsl < millwr —ws|  VE

The example for n =1 and w, =0 is %

o QUADRATIC IM > 0, [|wpt1 — ws|| < M|wp — ws|2 Yk

Take 10(1/2" as the example when n =1 and w, = 0.

Quadratic => Superlinear => Linear = Sublinear Why?

Convexity and nonsmooth calculus tools for optimization. Rates of convergence



Somehow we have presented a local version of these rates since (by
assuming that wy — w,) we supposed that wy is sufficiently close to wi.

These rates are called global when no assumption is made about wy.
Also the version presented is what is known as the “g—rates”.

See, from w1 < %wk (ws = 0,wr, > 0 Vk) one has

1k
wr < B wo-

However not all sequences satisfying this rate are g—linear.

Convexity and nonsmooth calculus tools for optimization. Rates of convergence



A trivial example is

o — (2)F when k is even
b 0  when k is odd

Such {wg} converges r—linearly to 0.

In general a sequence {wy} C R"™,w — wy, has a r—linear rate if ||wg — w.||
is bounded by a sequence in R that converges g—linearly to zero.

Convexity and nonsmooth calculus tools for optimization. Rates of convergence



Presentation outline

© Subgradient methods



For the minimization of a smooth (cont. diff.) function f in R™, the
steepest descent or gradient method is
Tp1 = o — iV f(2r)

where ai > 0 is the step size.

The negative gradient —V f(x) is a descent direction

/

d#0: f'(z;d) < 0
I
Je>0: f(r+ed) < f(z), Vee(0,§

fa;=Vf@) = V@) (-Vf(@) = —|Vf@)® <0




The exact line search strategy consists of choosing
ar = argmin,.q f(zr — aV f(zg)).
Other strategies will be covered in the next chapter.

When f is not differentiable, —V f(x}) may not exist. We thus assume
that f is convex and int(dom(f)) = R"™, and consider a generalization
called the subgradient method

T+l = Tk — argrs gk € Of (wp),
where the subgradient gy is in the subdifferential O f(xy).

Importantly, —gx might not be a descent direction!
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f(x1,m2) = |21] + 2|22
af(1,0) = {(1,1‘) 5 ‘l‘| < 2}
(1,2) € 0f(1,0)
—(1,2) is not descent : f'((1,0); —(1,2)) = ¢, (0) = 3>0
with

L e el USSR e
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Also, the gradient method may fail for a nonsmooth convex function

(Wolf's example): using exact line searches {z} is such that V f(zy)
exists, f(xp41) < f(xp)Vk but z — . such that x, is non-optimal.
Wolf's example is:

\/ZL'% +IL‘%, |l’2| < I
flx1,22) = x1+7|z2|

ViE=t otherwise

with v > 1.

Because the price of generalization is minor, we consider instead the
projected subgradient method for

min f(z) st. € C where C # () is convex and closed

given by
rp+1 = Po(xg — aggr), gk € Of (z).
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Notes:
@ f is subdifferentiable over C' (0f(x) # 0,Vx € C) as it is convex and
C C int(dom(f)) (see Chapter 2).
@ The orthogonal projection over C'is Lips. continuous with constant 1

(nonexpensive): [|Po(x) — Pe(w)]| < |z — . v,

O If g = 0 for some k, then x is a minimizer and x; = x;Vi > k.

A fundamental inequality for projected subgradient is

k1 = @al® < llak = 2al® = 200(f (22) = fo) + ollgell?,

Va. € X, (the set of minimizers of f in C' assumed # (), which is

necessarily closed).

f« is the optimal value.
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k41 — 24 = |1Po(xr, — axgr) — Po(z.)|?
< 2% — crgr — .||

= 2, — z:l|* = 2axgy, (2% — 2) + aillgxl®
subgradient inequality

= lz — @oll® = 20 (f () = fi) + i lgxll?

Ol

v
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A natural choice for «y, is the minimizer of the RHS of the fundamental
inequality for a > 0

fxr) — fa
gk

This results in the Polyak's stepsize rule

f@o—te
ak:{ I i 9r 70

. —

otherwise
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One will assume that

lgll < Loy Vgedf(x)VzeC

which actually implies that

[f(x) = f(y)l < Logllz -yl Va,yel

Rate of convergence of Polyak's stepsize rule:

Loydx, (xo)

. Vk>0
VET1

k
fbest - f* <

where fF_ = ming<;<) f(z;) (and dx, (r0) < oo since X, is closed)
LNV,SG,RG, TG Subgradient methods
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Plugging the stepsize rule in the fundamental inequality:
(f(zg) — f*)2
|21 — 2ull? < g — 2]? — 2
o ' lgx1?
2
:L‘ [e—
< ||$k —SL‘*||2 _ (f( /}?2 f*)
of
Thus
L
Tz S (F@) = £)? < llwo — zall? = lzpss — 2
of =0
< |lzo — @4?
= d%,(zo) (We can choose any z, in X,.)
and
(k + 1)(fl:l>€est - f*)2 < L%fdgf* (x())

Subgradient methods



Consequences of the proof:
0 ||xpt1 — x| < ||z — xil|, VE, Va. € X,
o limy oo f(71) = fu

Property 1) is Fejér monotonicity of {1} w.r.t X, which actually implies
that {z} does converge to a point in X,. EXERCISE (see Beck 2017)

The worst case complexity (WCC) is O(e=2) in the sense that O(¢~?)

iterations are required to obtain a xy, such that ff_ — f. <e.

The limit f(x) — f. holds for choices of «y such
that (38, 02) /(X8 ai) —— 0. EXERCISE (see Beck 2017). An
—00

example is o, = \/ﬁ

Variations of this also achieve the 1/v/k rate (see Beck 2017).

Apply the subgradient method to f(z1,x2) = |21 + 2x2| + |31 + 42|

LNV,SG,RG, TG Subgradient methods 09/257




Applications of the subgradient method

Convex feasibility problem
m

Finding z in: S = ﬂ S; # () when S; is convex and closed Vi
i=1

< min f(x) where f(z) = max. ds,(x)

in which case f, =0and X, =S

Given that the S;'s are closed and convex such f is Lipschitz continuous
with constant Ly = 1 (or nonexpensive)

[f@) = fW] < llz—yll Vz,y

EXERCISE (see Beck 2017) O
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Now, all we need is a weak subgradient computation, meaning the
computation of a g € f(z), not a strong computation (all 9f(z)).

How to compute a g in Of(zy) for the f above?
If xx, € S, then g, =0 and zp1 = .
If not, compute ij, € argmax; <;<,, ds, (zx)

zx — Ps, (1)

g = ———— (see Chapter 2
ds (n) )
Then
Tp+1 = Tk — Oggk
Polyak dSik (Tk) = [\ @k — Ps;, ()
; lgx ]2 ds,, (wr)
f*ZO)H:ngZI PSZ (xk;)

LNV,SG,RG, TG Subgradient methods 71/257



One has the greedy projection algorithm:
Tpr1 = PSik (k) with zg any.

where iy, € argmax; <;<,, ds,(xx) for which the rate of convergence is (of

the order) of 1/Vk. w

When m = 2 one has the alternating projection method:

Zrp+1 = Ps, (Ps,(z1)) with z¢ € Ss.
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Solution of linear feasibility problems
EXERCISE: State the alternating projection method when
S ={zeR": Az =0b} Sy = {zeR":2>0}
and then, alternatively, the greedy one when (abusing notation for Sy, .S3)
S; = {reR":ajz =0}, i=1,...,m, (a; is the i-th row of A)

Smt+1 = {z €R": 2 >0}.

0 6 -7 1 0
Implement both for A = <_1 5 10 _1>, b= <10>, and plot f(xg),

for k=1,...,20, in both cases.

In which cases would you then consider the alternating one? ...
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Matrix Completion (more later in the course)

Find a positive semidefinite matrix M € R™*™ such that
M;; = Aij, (i,7) € Q (for a certain given set of points (2).

The problem can be formulated as the intersection of two convex sets.

Projections (preferably orthogonal) must be defined over the two sets.

For measuring distance one can use the Frobenius norm

IM||p = \/tr(MTM).

Formulate and implement an algorithm for finding such matrix.

LNV,SG,RG, TG Subgradient methods
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A € R100x100 is 5 PSD matrix, where 20% of its entries are missing. We
use the alternating projection method:

0 10 20 30 40 50 60 70 80 90 100

So, we see that the distance between €2 and the SDP cone goes to zero. It
looks like that it is going to zero at a linear rate, faster than predicted by
the theory on the optimality gap... In fact the rate is known to be linear
for the alternating projection method when the two sets are closed and
convex (Gubln Polyak, and Raik 1967, Bauschke and Borwein 1993).

Subgradient methods




Presentation outline

@ Proximal gradient methods



As we have seen before the gradient method, for continuous differentiable
function f: R™ — R, is defined by

Tpr1 = T — apVf(wg)
where aj > 0 is the step size.

A choice of oy that only ensures a simple decrease on f might not
guarantee convergence to a stationary point

Thus, one has to ensure some form of sufficient decrease

f@p —apVi(g) < fag) — cag| V()3
with ¢ € (0,1).

LNV,SG,RG, TG Proximal gradient methods T7/257




Note that when zj 1 = z + agpr with px a descent direction
(f'(xr;pr) = —V f(xx) "pr, > 0) sufficient decrease reads like

Flag —arpr) < flag) — conV f(an) " pe

Such a sufficient decrease condition is typically imposed in Newton or
quasi—Newton type methods.

Sufficient decrease guaranteed by a backtracking procedure:

Choose ¢,3 € (0,1) and s > 0. Set a = s.

while f(zy —avVf(zy)) > f(xx) — callVf(zg)|* do
a:=pxa

end while

QR = Q
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As long as f is bounded below, and thus bounded below in
{z, — aV f(xg) : @ > 0}, this procedure will end in a finite number of
steps, recalling, of course, that —V f(z}) is a descent direction:

¢'(0) slope

o(ar)

flak — aVf(zi) = 6(a)
0/10) slope. 41(0) = — |9 (a2
= (2 =V f(z1))

@}

a's that verify sufficient decrease
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Let us assume now that V f is Lipschitz continuous with constant
Lys > 0. Note that f may be nonconvex.

As we know from Chapter 2,

— T Lyy 2
[z —aVf(xg)—f(xr) < Vf(zk) (—an(:ck))+—2 | —aV f(x) ||
N— —

Yk —Tk Y —Tk

giving rise to
o 2
f(on) = fan = Vi) = a (1= 5Les) 19 ()2
Besides, if @/ does not satisfy sufficient decrease

flan) = flar — (@/B)V f(zx)) < c(a/B)|V £ (),

Proximal gradient methods



and this inequality together with the previous one with o = &/f3 yield

a/8 (1 - 6‘Q5LW> < d(a/p)
thus 261 )
_ —c
> 7va
Hence

flaw) = fO aipn ) = M|V f(a)|?
NG
zp—o, V f(z)

with M = cmin {s, ZﬁL(l_c) }
v

Such an inequality is the key to analyze complexity and convergence for

the gradient method with step size satisfying sufficient decrease.



In fact, summing this inequality from 0 to k£ — 1 and noting the telescoping

sum
k—1

fxo) = fla) = MY [V (@)l

i=0
and, assuming a lower bound fj,, on f, we reach the rate of convergence
for such method

min Vi)l < /L) fow 1

>
0<i<k—1 M N vk 20

as in the subgradient method for convex functions.

|2 is summable

As a consequence of this proof the series Y 22 ||V f(x;)
and therefore the gradient goes to zero

lim Vf(z) = 0
k—o00

Proximal gradient methods



Moreover, the WCC is O(e~2) in the sense that O(¢~?2) iterations are
required to obtain an x, such that ||V f(z,)| <e.

The sublinear rate 1/v/k of the gradient method (with sufficient decrease)
is, of course, slow and in the nonconvex case other line search methods
based on Newton or quasi-Newton directions are much faster (quadratic or
superlinear rates respectively) but require second-order information.

First-order methods (such as the gradient method) find room for
application in problems where second-order information is prohibited, such
as those handling a large amount of data per iteration.

In those situations the function f is typically convex, an assumption made
for the rest of this chapter.
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The convex case will be treated in the more general scenario (see
Chapter 1) where the problem is

win F(z) = /() + g(2)

still covering smooth unconstrained optimization (g = 0), but then
addressing structured regularization (g(x) = A||z||; for instance) and
simple convex constraints (g(x) = d¢, where C' # () is closed and convex).

In addition, to later deal efficiently with the inclusion of g, we will cover
gradient methods in their proximal variant.

And because of the features of most optimization data problems requiring
regularization, proximal gradient methods will be analyzed only when f is
convex or strongly convex.
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It is simple to see that the gradient method can be expressed as

. 1
uer = angunin { () + V(@) 0~ 20) + 5| — P}
zER™ g

in other words, as the minimizer of the sum of the linearization of f
around x with a quadratic proximal term.

So, when dealing with the minimization of F' = f + g, it is natural to
consider

. 1
Tpr1 = argmin {f(ack) + Vf(xk)T(x —xk) + g(x) + Ton ||z — xkﬂz}
rER? 673

Note that

e — (2 — gV )|
= %HIB —zp|* + (x — 21) " (axVf(21)) + (constant in z)
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Hence, the proximal subproblem (after multiplying its objective by ay) can
be written as

it = agmin {ang(o) + 5l - (o — 7 o)

zeR?
We now introduce the proximal-operator (prox-operator):

. 1
pro%,y(0) = avgmin,cpe {ag(u) + 5u - ol

(for fixed v and x). The proximal gradient method can thus be written as

Tyl = ProX,,  (vx — 'V f(xr))

where aj > 0 is the stepsize.
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We now pause to cover examples and properties of the
prox-operator. Let us start by three important examples:

@ g(z) =0,Vz. In this case, prox,, () = z. This shows of course that
the proximal gradient method reduces to the gradient one when there
is no regularization.

Q g(z) = dc(x) with C closed and convex. Here

1
prox,,(z) = argmin {ozéc(u) + -|lu— :c||2}
ucRn? 2

. J1 9
= argmin< —|u — ||
ueC 2
= Pc(z)

which is simply the projection of x onto C.

The proximal gradient method is then the projected gradient one.
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/ﬂlxk —arV f(z1)

/ Tht1

T},
&

@ h(z) = af|lz||1. One can then see that the minimization in the
definition of the prox-operator separates in its n components, being
the i-th one

. 1
(proxa”,ul(x))i = argmin,, {oz|ui] + Q(UZ - xz)2}
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and thus

r, —oa ifx; >«

(pI‘OXa”,lll(:U)) = 0 if z; € (—Oé, Oé)
’ rit+a ifz; <—a

This is called the soft-thresholding operation.

Proximal gradient methods



A fourth example is hard-thresholding,

g(a) = llzllo = Hief{L,...,n}a; # 0},

the number of nonzero components of z. Although ¢ is not convex,

the prox-operator is well defined and separates into n components:

[ @ if x| > V24,
(pl“OXa||-||o(x))i = 0 otherwise,

Proximal gradient methods



EXERCISE: Using proxy,(z) = argmin {h(u) + §|lu — z||*} calculate the
uER™
prox-operator when

h(z) = a'x+0b (affine)

hz) = |z

1
h(z) = a+b z+ §xTAx A sym. and PSD (convex quadratic)

There are calculus rules for prox-operators, the most relevant being for
composition with affine functions and with the Euclidean norm.

Proximal gradient methods



Regarding the main properties of the prox-operator, the very first one is
that is well defined as long as h in

1
prox,(z) = argmin {h(u) + —|lu— xHQ}
u€R"” 2

is a proper convex function (see Chapter 2). Thus we assume that g in
F = f+ g is proper and convex.

Moreover, from the first-order conditions, one has

0 € Oh(prox,(z)) + prox,(x) —x (%)

<= x — prox,(z) € Oh(prox;(x))

Proximal gradient methods



Note also (not used later) that the prox-operator is nonexpensive
(Lipschitz continuous with constant 1):

I proxy,(z) — prox, (y)[| < [l - yll

The proof is left as an EXERCISE. Hint:
@ First use (x) for z and y.

@ Then use the fact that the subdifferential of h is monotone:

a € Oh(u),b € dh(v) => (a—b) (u—v) > 0

@ Then rearrange and apply the Cauchy-Schwartz inequality.

LNV,SG,RG, TG Proximal gradient methods 93/257



We will analyze the proximal gradient method for F' = f + g when f is
smooth (V f Lipschitz continuous with constant Ly ). Then

W) < F@+VI@) -0+ y el Ve (BY)

As we said before, given the presence of g, the cases of interest are when
f is convex or strongly convex. Then

fo) > F@+ V@) -2+ Ly -2l vey (B2

(1y = 0 convex; pir > 0 strongly convex).
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It will be very convenient to write the method as

Tyl = ProxX,, .(vx — 'V f(wy))

= 1z, — aGa, (2g)

Go(z) is called the gradient mapping but it is not a gradient or a
subgradient of F' = f +g.

Moreover from () and omitting the subscript k
(z —aVf(z)) - (z — aGa(z)) € d(ag) (z — aGa(z))
I

Go(z) = Vf(z) € 9g9(x — aGq(x)) (%)

(Remark: From here one has that G (z) = 0 <= x minimizes

F=f+g)
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Our stepsize rule will be simply &« = —— but the derivation to come holds

Lyy
with a € (0, %W]- From (B1)

) < F@ V@ o)+ Ty -l ey,
with y = x — aGy(x), one has then
fo — aGa(e)) < f(&) ~ aVi@) Cale) + SIGal@)I”  (BLy)

(Here we used o < 1/Lyy.)
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We are now ready to prove a key inequality measuring the decrease along
Gqo(x). First we add g(z — aGy(z)) to both sides of (Bl,)

Flz=aGa(@)) < f(@)=aV()' Ga(@)+5Ga(@)|*+g(z—aGa(a))
For any z, one has from (32)

f4) = F@)+ V@) (g —2)+ ELlly -l
with y replaced by z

f) = f@)+ V@) (z =)+ EL s - al)?

and using it above

Proximal gradient methods



Flz—aGa()) < f(2)+9(x) = VF(@)T(z =) = Lz = 2|
— aVf(2) Gale) + S]1Ga(@)| + g(z — aGa(x)—g(2)
= F(z) = Vf(@)" (z = (¢ — aGa(a)))
+ Go(2) T (2 = (. — aGy(z))) + Gu(z) T (z — 2)
—af|Ga(@)]? = E = 2] + 5 Ga (@)
+ g(z — aGia(x)) — ()




Hence the desired inequality

Fle—0aGa(@)) £ F(2)+Ga(@) (w—2) = ]| Gala) |2~ B2~ 2]

(s % %)

from which we can now extract rates of convergence for the convex
(g = 0) and strongly convex (u s > 0) cases.

First, we point out that setting z = = shows us that the method is indeed
descent

F(z—aGa(@)) < Fl2) = 5] Gal@)|l”
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Setting z = x, (a global minimizer of F')

o f
F(z —aGa(x)) = Fu < Go(z)(z —z.) — §||Ga(ﬂf)\|2 - gf\lx — .|
1

= 5 (o =] = 2 — 2. — aGa(@)] )

e PR
Lo o

= i ((1 - Mfa)HCU — .’L'*H2 — H(x _ OéGa(m)) _ x*H2)

and using again the indices k&

F(rpp)—F < (1= praw)ller = 2ull® = oy — @) (B3)

2,
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We can now derive a global rate.

In the convex case (1f = 0), summing from 0 to k (with telescoping
cancellation), and using o, = 1/Lyy,

(]
=
&

!
5
IA

I k

5 (lwims = * = i — )
=1

Ly

=% (oo =@l = i — )

( 0 — Tx
Ly
< Flwo —a.?

and because F'(x;) is nondecreasing we arrive finally at the rate of
convergence of the proximal gradient method (f convex in F' = f + g)

L 1
F(zy) — F. < (;fuxo—x*n?) = VE20.
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This sublinear rate (1/k) is better than the previous ones (1/v/k) found
before for the subgradient method (for minimizing f convex) and for the
gradient method (for minimizing f nonconvex).

The WCC bound to reach F(x;) — F, < € is then also better: O(e™1).
This applies also to g = 0, i.e., to the gradient method when f is convex.

In the strongly convex case (us > 0), (B3) gives also (F'(zy4+1) > Fy and
1
a=+—)
Ivy

Ly
0 < BV~ np/Loplles — 2l ~ zie — w.]?)
0
oot —aul? < (1= 2L for -]
Vf
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from which we conclude right away that |21 — 24| < ||zx — 24|, i€,
the distance to the optimal set X, = {x.} does not increase.

Moreover, we obtain the following rate of convergence for the proximal
gradient method (f strongly convex in F' = f + g)

k
low —aal| < | 1= 2L o —ze]?  VE
va
N——
<1
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This rate is now linear and translates in a WCC bound of O(— log(e)) to
reach ||z — x.|| < €, more precisely

L
O (ks(—log(e))) where Ky = ~Y/ is the condition number of f

M

One can show that F'(zj) — F also decreases linearly.

Again this applies to ¢ = 0, i.e., to the gradient method when f is strongly
convex.
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NOTES

@ When f =0, the proximal gradient method for a fixed step size is
called the proximal point method, which is not practical as it requires
the minimization of g itself at each iteration.

@ An alternative to the stepsize rule oy = 1/Ly s when Ly is unknown
or hard to estimate is to do a backtracking scheme on a sufficient
decrease condition.

When g = 0 this can be done as in the nonconvex case.

In the general case g # 0, one possibility is to impose

f(To(zg)) < f(xk)‘f‘vf(xk)T(Ta(xk)_xk)+%||Ta($k)_ﬂ3k||2

with T (k) = prox, (7 — aV f(zg)).
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Note that this condition is equivalent to (B1,):

f(Talr)) < flaw) = aVi (o) Galar) + 5 Galan)|

The backtracking starts at @ = s and stops at the first i € {0, 1,...} such
that B'a (B € (0,1)) satisfies the above condition.

Since such condition is satisfied for « = 1/Ly it is easy to show that oy,
is bounded from below, and the rates of convergence given before for the
convex and strongly convex cases are still valid.
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© The proximal gradient method can also be applied, of course, to the
case where f in F'= f 4 g is nonconvex.

The obtained rate of convergence (now for the gradient mapping
ming<;<y |Ga, (2:)]|) is 1/Vk, as expected.

However, not only such an algorithm setting finds less application,
but the analysis is lengthier, as one has to prove much more from the
prox-gradient mapping as for instance that is monotone:

|Go @) > [Car(@)]  ¥0< o <a”.

© When g = A|| - |1 with A > 0 the proximal gradient method is known
as ISTA (iterative shrinkage-thresholding algorithm).

more on this in the next chapter

LNV,SG,RG, TG Proximal gradient methods 107 /257



EXERCISE
Apply the proximal gradient method to solve

@ Convex QPs with simple bounds

1
min bz + ngAx

@ LASSO or ¢1—-regularized least squares
min || Az — b||> + M|z, (A > 0),
for which the method is then ISTA.

In both cases, use o, = 1/va, after calculating Ly;.

Plot (F(x) — Fx)/|Fx| over the iteration counter k.

Proximal gradient methods



Let A € R3000%3000 3nq p € R3990 be randomly generated (A PD).

The performance of proximal gradient (PG) or ISTA method for solving
the above-mentioned QP problem with a = 1/A\pnax(A) is the following:
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The rate looks sublinear (although the theory says linear).



Let A € R5000x3000 and p € RO be randomly generated.

The performance of proximal gradient (PG) or ISTA method for solving
the above-mentioned LASSO problem with A = 1 and ap = 1/Anax (AT A)

is the following:

102

10°
102
[y
=
w10t
'_z
w
10°®
10
.‘D-‘\Q
0 20 40 60 80 100 120 140 160 180 200

Proximal gradient methods



Presentation outline

© Accelerated gradient methods (momentum). Other relevant examples
in data science



Using momentum and still one gradient evaluation per iteration, it is
possible to derive methods that converge at a rate of 1/k? in the convex
case (thus faster than 1/k).

The momentum idea is to continue to use the direction of the previous
step xx — xx_1 (as it brings previous gradient information) combining it
linearly with the current gradient V f(xy).

If for a moment we consider g =0 in F' = f 4 g, such an idea is expressed
as
Tpp1r = T — oV f(zk) + Br(er — zp-1) -
momentum term
By applying this formula recursively, one can see that xj1 is written in
terms of Vf(xzg),...,Vf(zk) in a richer, more parameterized way, when
compared to the case 5 = 0 (gradient method).
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When f is a strongly quadratic function and «y and fj are held fixed in a
certain way, such approach was first proposed by Polyak 1964 (the Heavy
Ball method), yielding a better constant in the WCC bound when

. Ivr - L
compared to the gradient method: #Lff instead of uiff.

The CG (conjugate gradients) method to solve Az = b, where A is
symmetric and PD, invented even before by Hestenes and Stiefel in 1952,
makes also use of momentum.

Nonlinear conjugate gradients (extension from strongly convex quadratics
to general smooth functions) also make use of momentum.
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A key contribution was then made by Nesterov 1983 who introduced an
accelerated gradient method for the minimization of a smooth function f

with a 1/k? convergence rate.
Each iteration is slightly more complex

Trp1 = xp — ax V(2 + Be(xr — o—1)) + Br(2r — 23—1)

momentum in two places

One can rewrite this scheme as (with yj auxiliary)

Tr1 = Yk — oV f(yr)
Ykl = Tht1 + Brp1(Tps1 — 21), Yk
with x¢ arbitrary and yg = zg.
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His accelerated gradient (AG) method is when

t — 1 . 1
Br+1 = ]Z with tg =1 and {341 = 5(1 +4/1+ 415%)‘

k+1

FISTA ("fast ISTA") is the generalization to the composite case
F = f + g, proposed by Beck and Teboulle 2009 essentially making use of
the prox-operator:

Thk4+1 = prOXakg(yk — axVf(yr))

1
the1 = 5(1 + /14 4t2) FISTA

tr—1
l+1

Ykt1 = Tt + (Thg1 — i)

where aj > 0 is the stepsize and g = 1, yo = xo.



Important facts regarding the sequence {ty}:
Q i > % Vk >0 (proof by induction)
Qi —tp1 =17, VE>0
NOTE: The rate of convergence holds under 1) and 2) replaced by
th oy —trer1 <t}
ki+2

Since t}, = “5= satisfies this last inequality, AG and FISTA are sometimes
presented in this simplified form.

Let us now prove the global rate.

Let us start by recalling our assumptions on F' = f+g: f is a (proper)
convex function with Lipschitz continuous gradient (with constant
Lyy¢) and g is a (proper) closed convex function; F' has a minimum x,.
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This time we need a more general form of (x x x)

1
F(Ta(y)) = Fz) < 5~ (llv - ylI> = llz = Ta()II?)  (4%)
where Ta(y) = prOXag(y - Cka(Z/))
This is essentially the fundamental prox-grad inequality (Theorem 10.16 of
Beck 2017 when f is convex).

We omit the proof in part because (4x) is essentially a generalization of
(x x x). This latter one is (py = 0)

F(z = aGa(x)) = F(2) < Ga(@)T (@ —2) = 5[Ga(@)]
Ta(x)

= o (e =2l ~ o ~ Tu@)I?)

LNV,SG,RG, TG Accelerated gradient methods (momentum). Other relevant examples in data science 117/257



So (4x) generalizes (* * %) in the sense of having T, (y) instead of T,,(z),
and this is to accommodate the way into the prox operator is applied in
FISTA.

We consider a fixed stepsize o, = 1/Lyy.

The proof is known to be quite technical. First one applies the
fundamental prox-grad inequality (4*) with = = ¢, 'z, + (1 — ¢, ')x; and
Y=Yk

F(t s+ (1=t )ar) — Flap)

L -1 -1 L
> FHlwerr = @ we + 0= )@ = =Fllye — |2

= 2t2 Hltkarir — (2 + (8 — Dag)[|* = Qtz Htryr — 117
\—,_/

]
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Using the convexity of F' and 0 = F(xy) — Fi
Ft ' + (1 =t Hag) — Fzpi)
< (1= ) (F(ay) - Fo) = (Flags) — F)
= (1= t;")0, — 01

It is simple to see from the expression for y; that

Yk = T + t’“’ti_l(mk — 2}_1), and thus

[tkyn — (@ + (b = D) > = | terze — (@ + (g1 = Dag—a) |1
ug,
Putting it altogether,
_ Lyy Lyy
1—t )0 — Ope1 > — 2 VT |2
( ke )0k — Opp1 > 2ti [y Qti [k |
From ti —t = tz_l,
2 2 5 2 2 5
e |” + F—thdrar < Jluwll® + Tt 10k
Vf \Zi
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By summing both sides of this inequality from 1 to & — 1
2

26,
Lys*

2
[Jugl|* + th%—ﬁk < Jual? +

2
= llo1 = 2ul® + 7 (F(z1) - F)
vV

< Jlzo . |?

... but this is not really necessary ...

Hence, 5
Ttiflé‘k: < wo — zi?
vf

and from t;_1 > (k+1)/2

1

Vk>1
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From here we see that both AG and FISTA require O(¢~"%) iterations to
achieve F(zy) — Fy < e.

This result is also true for a stepsize rule enforcing sufficient decrease

(Slide 105) provided:

@ The backtracking starts at @ = ag_1. In thisway ap < ap_1,Vk >1
and the stepsize is monotone decreasing (something to be used in the
above proof).

@ The sufficient decrease condition of Slide 104 is invoked at y; rather
than zy.

Contrasting with the proximal gradient method, and for any of the cases

(stepsize fixed at 1/ Ly or satisfying sufficient decrease), AG/FISTA are
not descent methods, meaning that F'(zj41) < F(xx) might not hold.
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When applied to a strongly convex f (f in F' = f + g), the WCC bound

becomes
L
@ ( =V (—log e))
wy

thus with a constant better than the proximal gradient method by a
constant factor of /Ly /¢, as in the heavy ball method. For a proof in
the AG case (g = 0) see, e.g., Wright 2017.

In the case of FISTA, this bound is achieved under a modification
consisting of restarting the method at every N = {, /8K — 1] iterations

with kp = LTfo (see Theorem 10.39 in Beck 2017).
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Nesterov's AG method is optimal in the sense of achieving the best
convergence rates within all methods of the type

k
Thy = ze+ Y GV f(x;) (G)

=0
for some &;, 7 = 0,...,k. This includes already a number of gradient
methods and, according to Nesterov's 1998 lecture notes, it can be further
generalized to include nearly all practical gradient methods.

For convex functions the result is as follows:

For any 1 < k < 1(n+ 1) and z, there exists a smooth convex
function such that for any method of the type @

3L||xo — x*|]2
32(k+1)2
where z, is a minimizer of f, f, = f(z.), and L = Ly is the

Lipschitz constant of V f.
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flzr) = fu >




The function f depends on k (!!). First we define
fr(z) = (eirx — 22" Az) with e; = (1,0,...,0)", L >0, and
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The proof of the result reasons around

11— i=1,....k
L k+1° ) ’
(zk)s {o, k+1<i<n

and (fx)« = é(—l + k%rl) The function f is taken as for1.

Along these lines, Nesterov 1998 also provided a strongly convex example
f for which any method of type @ yields

JEr—1 k
leg — zi]| > <\/%+1> |0 — x|

o\ 2k
flzg) — fu > g<\/\/g+1> 2o — 24|

where k5 = Ly /s, x4 is the minimizer of f and f, = f(z.).
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EXERCISE: Apply FISTA to the examples at the end of Chapter 4 and
compare.

We now elaborate on two problems mentioned before.

Example (3 and )

In many data science/machine learning applications some features are
more important than others. Many features are irrelevant for prediction.

The process of feature selection is to select the relevant features among all

aj,j=1,...,N. A simple idea is to solve
N
. T . N2
min 3]0 =35+ Ml
]:

The larger A > 0 is the less features components will be used. Remember
that |lwl||o = |{¢ : wi # 0} is the support of w (and not really a norm).

LNV,SG,RG, TG Accelerated gradient methods (momentum). Other relevant examples in data science 126/257



Example (3 and (Cont.))

As in previous relevant examples, this problem can be statistically
motivated.

Its solution is difficult as it is NP-hard. Two popular heuristics to compute
an approximate solution are:

O lterative Hard Thresholding. This amounts to apply the proximal
gradient method with g(w) = Al|w|p (and z = w), using the
prox-operator for af|w||o given in Chapter 3.

@ Orthogonal Matching Pursuit. A simple idea consisting of iteratively
increasing the support of w in a greedy way from an initial singleton.
Each iteration costs a linear least squares problem.
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Example (3 and (Cont.))

© One can also consider an alternative formulation given by

N
min Z(aij — yj)2

st. |lwllo <k,

where k € N. Note that this problem is not equivalent (In what
sense?) to the L0y one (because || - ||o is not convex).
@ Then one can also do lterative Hard Thresholding on L0y by
g(w) =d¢c(w) and C = {w : ||w|lo < k} and the proximal gradient
method. EXERCISE: Figure out the prox-operator.
@ L0y can be reformulated as a QP with binary variables, and solved

using appropriate software. This can lead to rigorous techniques (in the
sense of really solving LOy).
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Alternatives to deal with the || - ||p norm in LOj and LO,, are respectively,

N
. T 2
min a; w—1yY;
w Z:( ! vi) L1s
7=1
st Jwlh <6

(known as LASSO, least absolute shrinkage and selection operator,
Tibshirani 1996), where 6 > 0, and

N

. T N2
min El(ajw y;j) + Alwlli L1
]:

(known as basis pursuit denoising BPDN, Chen, Donoho, and Sanders
1999), where A > 0.
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Let A € R390%300 3nd b € R5% be randomly generated.

The comparison between ISTA and FISTA for solving L1, with A =1 and
ap =1/ Amax (AT A):

10?

FISTA
ISTA
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EXERCISE L1s and L1) are equivalent in the sense that for each A > 0
there is an optimal solution of L1s for some § > 0 that is optimal for L1)
and vice versa.

EXERCISE Both problems L1s and L1, are equivalent to QPs (and thus
can be solved by Quadratic Programming techniques).
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Problem L1, can also be derived from statistical assumptions. If we
assume that the components of w; are independently Laplace
distributed

Pr(w; |a) = el

for some a > 0, it can be shown that maximizing likelihood is
equivalent to L1y for some A > 0.

Intuitively, one can also see that the £;-norm promotes sparsity (thus
making L1, a good surrogate model for L0)):

aw=y

w

" level curves of [|w]
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One popular technique to solve L1y is LARS (Least Angle Regression and
Shrinkage, Efron et al. 2004): when X is very large, the optimal solution of
L1y is wi(A) = 0. On the other hand, for A = 0 w,(0) is the optimal least
squares solution.

It can be showed that w,()\) is piecewise linear.

LARS starts from w = 0 adding features iteratively (a bit like Orthogonal
Matching Pursuit), based on explicit formulas for the changes of the
features along the path. To some extent A is not pre-determined here.

Problem L1 can be solved efficiently with FISTA, which can be further
enhanced by appropriate choices of the stepsize.

We have seen two possibilities: «;, = 1/Lyy or oy, satisfying a sufficient
decrease condition.
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Another possibility is the so-called Barzilai-Borwein (or spectral) stepsize,
which is derived for F' = f but can be used when g # 0 (either in ISTA or
FISTA): When we have exact Hessian V2 f(x},) (surely the case L1y).

V2 f(x)(zk — 2p—1) = Vf(2r) — Vf(28-1)

Using the approximation V2 f(zy) ~ aikf and imposing this relationship in
the least-squares sense

1 .
o argmin||(zy — wy—1)a — (Vf(zx) — Vf(r-1)) ||
resulting in

o — (rp — 2p_1) " (T — 1) BB
" (ke — ann) T(Vf(2k) — Vi (zo1))
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A related expression could be derived if instead one would have used

ay = argmin||(zy, — zx1) — (Vf(2x) = Vf(z-1))al?

Then schemes are not monotone (neither in f(x) nor in V f(xx)) when
g =0, i.e.,, when we simply have

Th+1 = Tk — Oszf(CEk)

No convergence is guaranteed for a smooth convex f (although it
converges linearly, actually r-linearly, for quadratic functions), again when
g = 0. The fix is to use a non-monotone line search.
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In the case of g # 0 and in the context of the proximal gradient method,
SpaRSA (Wright, Nowak, Figueiredo 2009) is such a non-monotone
scheme:

It starts each line search with & = s € [min, Qmax], With
0 < min < max, as close as possible to BB. Then «y, = '@, with
B €(0,1), and i € {0,1,...}, the first that

f(Ta(zy)) >  max f(xi>—2j’7k||Ta<xk>—ka2

max{k—M,0}<i<k

with o € (0,1) chosen very small and M € {0,1,...}.
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Example (4 (already seen a little in Chapter 3))

One of the typical formulations of matrix completion can be seen as the
extension of least-squares from vector to matrix spaces. The data is
represented by A;, j =1,..., N, where A; is an n X p matrix.

We then seek an n X p matrix X by solving

min > (45, %) =3 (M)
j=1

where (-, -) represents the trace inner product (A, B) = tr(AT B). The
observed A's can come in different types possibly containing one (or a
few) nonzero elements.
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Example (4 (Cont.))

One would like the recovered X to contain as much information possible
in a compressed way. So it is natural to solve

min Y- (45, X) = ) + X, (MCD
j=1

where || - ||« is the so-called nuclear or trace norm.

)
1] = S ou(X),
=1

in other words the sum of the r singular values of a matrix.
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Example (4 (Cont.))

So MC2 is a regularized form of MC1, promoting solutions that are low
rank.

Note that || - ||« is non-smooth but convex. A related popular matrix norm
is the Frobenius norm

IX|lF = /tr(XTX) =
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Example (4 (Cont.))
Another typical formulation appears in the design of recommender systems
(see the NETFLIX challenge) where one seeks a minimal rank X for which
some entries X;; = A;; are known, (7,7) € Q:

H}}nrank(X) Site 2y = Ay, (0,9) €8 @

for which a convex surrogate is

H}%HHXH* s.t. Xij = Aija (Z,]) SR

This problem also offers a valid statistical solution (Candés and Recht
2009).
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Example (4 (Cont.))
A formulation related to MC4 is (for some A > 0)

1 2
ming 3 (K- AaP 42Xl (cs)

S5 9(X)
7X)

leading to our familiar setting F' = f + g where f is smooth and g is
convex.

One can apply proximal gradient methods (such as FISTA) to solver MC5.
The prox-operator is

1
prox,,(X) = argmin{)\g(U) + §HU — XH%}
UeRnxp
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Example (4 (Cont.))

For the nuclear norm g = || - ||«
pI‘OX)\”.H*(X) = UEprOXVT

where UXV' " is the SVD of X and

Yprox = diag (max{o;(X) — A, 0}).

What would be the prox-operator for g(-) = || - ||r?
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Example (4 (Cont.))

A € R500%500 s formed from a subset of Movielens dataset, where 4;;
represents rating (from 1 to 5) of movie j by user i. Every movie has been
rated by just a number of users. Thus, many entries of A are missing.

Here is the performance of FISTA, ISTA, and subgradient method (SGM)
for completing A (by setting A =1 in MC5):

FISTA
ISTA
SGM

s
0 100 200 300 400 500 600 700 800 900 1000
3
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Presentation outline

@ Limits and errors of learning. Introduction to (nonconvex) optimization
models in supervised machine learning



Our data set for analysis

D = {(aj,yj),j = 1,...,N}

of features (a;) and labels (y;) will now be seen as a sample taken from
an input-output space

D cCcAxY

The goal is still to learn a prediction function ¢ : A — ) that takes a
feature a and predicts a label ¢(a).

We need to assume that a point (a,y) € A x ) arises with a certain
(joint) probability Pq.
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Our goal is thus to find ¢ that minimizes the expected risk of
misclassification

R(¢) = Pol¢(a) #y] = E[L(¢(a) # y)]

where 1 is the logical indicator function (= 1 if the argument is true, = 0
otherwise).

Of course Py, is generally unknown, and this is why one takes a sample D,
leading to the empiricial risk of misclassification

Zﬂ o(aj) # y;)

as an approximation or estimation of R(¢).
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We have touched upon overfitting in Chapter 1: A ¢ that perfectly
minimizes Ry (¢$) may overfit D and perform poorly in A x V.

In fact consider the prediction function of memorization type

mem Yj if @ = a; for some j,
N (a) = an .
yy otherwise.

One has Ry (™) = 0, i.e., o™ is optimal for the training set D.

However, ¢3/°™ will certainly perform badly outside D (and besides its
evaluation requires storing D).
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Can we approximate ming R(¢) with a sequence of predictions ¢ learned
from Dy = D with N — oo?

In other words, can we obtain
Jm R(on) = min R(9)

Unfortunately there is a bad probability under which this does not happen
(the “no free lunch theorem™)

Ve>0,NeN dP,for Ax )Y such that

R(¢) =0 for some ¢ : A — Y
R(¢n) > 3 —€ for any prediction ¢ learned from Dy

See Devroye, Gyorfi, and Lugosi 1996
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Note that the above P depends on N, thus so does R.

This is indeed a bit cheating. A stronger version says that

V{en} with 3P such that
ey >0andey -0 forAx)Y

R(¢«) =0  for some ¢, : A — Y
R(¢N) >en VN

Now P does not depend on N but on the whole sequence {en}.
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Still, all of this tells us that we either restrict Py (generative approach) or
we restrict the class of predictions (discriminative approach).

The discriminative approach corresponds to the parameterization seen in
Chapter 1.

To know how to appropriately parameterize the class of prediction
functions, avoid overfitting, and learn the optimal parameters, we need to
understand better the relationship between the problems

@ min R(¢) and min Ry (¢) @

PP PP

for a certain class ® of prediction functions.




We will assume that the minimizers exist:
@ ¢, is a minimizer of @
@ ¢y is a minimizer of @
(¢« is the Bayes optimal function and R(¢.) the Bayes error.)

First, we bound the regret

R(¢N) - R(¢*)

< [R(¢n) — Bn(dn)] + [Bn(on) — BN (¢4)] +[RN(dx) — R(¢4)]
<0

< 21611; {R(¢) — Rn(0)} + [BNn(9s+) — R(¢4)]
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To show that the second term goes to zero with N, we apply the
Hoeffding's inequality:

Let Z1,...,ZN be independent bounded random variables
(Zi € [a,b]). Then for any ¢ > 0

N N
1 —2Nt?
N; EZ: >t < 2exp<<b_a)2>

Z\H
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In fact from there we have (EXERCISE)

Let ¢ be a measurable function from A to ). Then

P,
f ON

|Rn(¢) — R(¢)| < Llog (i)] > 1—a

for any ao € (0,1).

By taking N — oo we thus see that Ry (¢.) tends to R(¢.) with high
probability.
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Bounding the first term supcq |R(¢) — Rn ()| requires understanding
the complexity or capacity of the class of prediction functions .

One such measure of complexity is the Vapnik-Chervonenkis (VC)
dimension:

Let ® be a class of functions from A to ).

The VC-dimension Cg of ® is the largest number of features
{a1,...,ac, } such that for any label set {y1,...,yc,}, 3¢ € @ that
correctly classifies the features.
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A simple example is binary classification with linear predictions. Here
|Y| = 2 and ¢ are affine functions R™ — R. In the notation of Chapter 1,

pa;z) = dla;w,b) = a'w+b with z = (w,b)

One has (w,b) € R""! and the VC-dimension is n + 1 (EXERCISE).

The VC-dimension of the space of polynomials of degree < p would then
be (n :z_p> thus higher.

So, the gap between the expected and empirical risks is larger for higher
order polynomials since the higher capacity gives room to overfit a training
data set.
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Using the VC-dimension one has:

Let ® be a class of functions with VC-dimension Cg. Then
1 2 Co N
_ < =
PQ Zlelg‘RN(Qs) R((ﬁ)‘ < o (\/QN log <a) + N log (C@))

for any o € (0, 1).

We see immediately that for a fixed ® the error

sup |R(¢) — Ry ()| ~=0
pcd — 00

with high probability (this result is of type PAC, probably approximately
correct).
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To learn effectively we need to balance the complexity/capacity of the
predictions with the size of the training set.

Standard risk minimization is an approach where one chooses a structure,
i.e., a collection of nested prediction function families with increased
complexity.

Given the dependence of @ on Cy (of type Cglog(1/Cg)) there is a
point after which we should not further increase Cg.
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|
\

\\‘\‘\ Stop increasing the complexity here
\\\\
\\
R(¢) guaranteed expected risk

rate of misclassification

“~——___ Rn(0) observed empirical risk

C

The experiment corresponding to this plot is roughly carried out by
forming a collection of subsets of a given family ® (® contains several
classes of functions)

P = {pe®:Cs(p) <C}

where C'is a hyperparameter. Then ¢ is the minimizer of Ry (¢) in ®¢.
See Vapnik 1998 and Vapnik and Chernovenkis 1974 /79.
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NOTE: This curve behavior is also observed when we replace C' by the
time or effort taken in the learning/training phase (application of
optimization). However, we leave such an analysis for later in the course.

A common practice for choosing among prediction functions in a given
class (and thus estimate the gap between expected and empirical risks) is
to compare them using cross-validation.

The data split into three disjoint sets: training, validation, and testing

One first searches a small subset of viable candidates by minimizing
Rp(¢) in the chosen prediction class using the training set.

From those candidates, one selects the prediction which has the best
performance in the validation set.

The testing set is only used to assess the generalized performance of the
prediction chosen.
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Recent research has shown that convex models may not provide powerful
predictions.

One popular type of such nonconvex models is nonlinear regression, where
one minimizes

L(x) = ]{,i( (afw) ~y;) (=)

where remember D = {(a;,y;),j = 1,..., N} is the data set of features
and labels available for training.

In this case there is only one ridge function r (ridge because is only varies
along the directions a;'s).

We have essentially a nonlinear least-squares problem.




Advances in nonconvex models have taken place in deep (or hierarchical)
learning, when training deep artificial neural networks.

An artificial neural network is a network of connected nodes (known as
units, neurons, or perceptrons) connected by edges (known as links).

They are inspired from the brain neural networks.

The nodes are typically arranged by layers between an input and output
layer.
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INPUT LAYER
HHAVT LNdLNO

hidden layers

(Example taken from Curtis and Scheinberg 2017.)
LNV,SG,RG, TG Limits and errors of learning. Introduction to (nonconvex imizati
learning




The features are feed to the input layer. The subsequent layers are hidden
as their values are not observed from the outside (this will only happen in
the output layer).

The simple example above depicts a feed forward neural network where
edges only exist between nodes in a layer and subsequent layers.

The values are passed from one node in a layer to all nodes in the next
layer, after multiplication by connection weights (associated with each
edge), followed by adding a term (called the bias term).
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At a given node, the value is further modified by the use of an activation
function (or gateway). Using the example above one has

hi—11

activation function weights bias term
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Finally, the last layer provides the value of the prediction functions ¢;(x),
j=1,...,N,, and the goal is to find the parameters = such
that (%(;U) ~y;i,j=1,...,N,.

The weights and the bias term are the parameters of the overall prediction
function.

In the above example, one has

Wl c R4X5, WQ c R4X4, W3 c R3X4

and
w1 € R4,w2 S R4,’LU3 € R3

a total of 59 parameters.
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The activation function is responsible to the introduction of nonlinearity in
the prediction model (and can also be parameterized).

The idea is to mimic the behavior of a brain neuron (if the combined
energy inputed is large enough, the output of the neuron will be large too,
otherwise small), leading to the threshold function (7 is the threshold)

1 ift>71
s(t) = { 0 otherwise.

However, this function is discontinuous. Smooth versions of the threshold
function are the sigmoid and tanh functions

1 et —et

t) = —— t) = ——
s0) = s = Sy
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Another popular choice is the ReLU (rectified linear unit) (related to the
hinge loss of Chapter 1)

t ift>0
s(t) = { 0 otherwise,

and its variants (PReLU and LReLU).

At the end one computes ¢;(z),j =1,...,N,.
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In deep learning, the graph structure is more complex.

In recurrent neural networks, for instance, there are recurrent constructions
where at least one node in a layer outputs its value to a node in a previous
layer.

This effect introduces memory in the network, making the model even
more expressive

Another example is convolutional neural networks that exploit inputs
consisting of images (which are inherently connected due to their spatial
relationship).
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The resulting problems are slightly different from Chapter 1

min, L(z) = Z;V:‘H (yj32) = Lyj;9;(z))

W's, w's, etc.

and are highly nonconvex (with numerous saddle points and minimizers).

We obtain N, output functions

oi(z) = ¢j(ar,...,an;z), j=1,...,N,.

Note that this is a simple extension of the nonlinear regression loss

function given before.
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For optimization purposes, in neural networks it is possible to (efficiently)
compute the gradient of ¢;(x) for a given by backpropagation (as in
automatic differentiation).

This is done first with a forward pass to compute function values and then
by a backward pass to get the derivative values (through the chain rule).




Finally, we remark that neural networks are universal approximations as
they approximate any continuous function well on arbitrary compact sets
— thus leading to expressiveness.

This can be seen from a feed forward neural network (with only one hidden
layer and one output node)

(Wi

(W.1)41
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One has
Ny

bla) = dlaW,w) = > (Wahu x s (Wi) a+ (w):)

=1
Ny is the number of nodes in the hidden layer.

The output unit is considered linear.

The following result was derived by Hornick 1991 (remember that NV; is
the number of inputs).

Let s be a nonconstant, bounded, and continuous function on a given
compact S. Then for any continuous function f on S and any € > 0,

N1 € N3w; e RN, (W), e RN 1 =1,... Ny, (W), € RM

such that
|(a) — fla)] < € VYa€S
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The functions % are thus dense in the space of continuous functions on S.

This result was first proved by Cyberko 1989 for sigmoid activation
functions.

Training deep neural networks will depend on the design of the network
and on the choice of the starting point (for the optimization method).
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Presentation outline

@ Stochastic gradient descent



We now turn our attention to optimization methods for large-scale
machine learning.

In supervised machine learning, one has access to a training data set
D ={(aj,y;),j € {1,..., N}} of features and labels (which can come
all-at-once or incrementally). This data is typically independently drawn.

The goal is to find a prediction function ¢ that maps features to labels,
and we will assume that ¢ is parameterized by z, i.e., ¢(x) = ¢(a;x).

Misclassification is quantified by a loss function £.

The expected risk of misclassification of Chapter 6

R(¢) = Palg(a) #y] = E[l(é(a) # y)]

is thus written as

R(z) =/ Uy p(a;z))  dPola,y)

£(a,y;x) in Chapter 1

Stochastic gradient descent




The empirical risk of misclassification of Chapter 6

| N
Ry(¢) = NZHW(%‘)#Z/J‘)
j=1
is thus written as
1 N
Ry(z) = NZ Yj; p(aj; ).

We will focus on the minimization of Ry (z) without any regularization
term being added.

For the sake of a simple notation let f be the composition of the loss
function ¢ and the prediction function ¢.

As in Chapter 6, let us also consider the data set as a sample taken from
an input-output space A x ).
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For simplicity, we represent a sample or a set of samples by a random
seed £. Then, a set of realizations {f[j]}évzl corresponds to a sample

set {(aj,yj),j = 1,...,N}.

The loss incurred by the parameter vector x with respect to the j—th
sample is represented as

fi(x) = f(x:¢)-

The empirical risk of misclassification is then written as

1 N
By(@) = + 3 fi(@).
j=1

In an optimization algorithm, k has been denoting in this course the
iteration counter. Then, & will denote the seed random variable at
iteration k.
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There are two main classes of algorithms for machine learning: stochastic
and batch.

In the first class we find the stochastic gradient (SG) method (Robbins
and Monro, 1951):

Tpy1 = Tk — V[ (2k)
where ji is randomly generated from {1,..., N} (and thus there is an
underlying &j,1)-

Notes:

e Each iteration is very cheap (only one gradient calculation)

o {x1} is no longer a sequence but a stochastic process determined
by {Jjk}-

o Vfj. (zx) might not be descent direction from x, (although it could
be in expectation).
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In the second class, we find the gradient, batch gradient, or full gradient
method:

Tk4+1 = Tk —OszRN(xk)

N
Qf
‘7:

Notes:
o Each iteration is much more expensive but one may expect to take
better steps.

@ The method can benefit from parallelization in a distributed manner.

@ The use of the full gradient opens the door to all type of
gradient-based nonlinear optimization.
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In Stochastic Optimization, the stochastic gradient is a stochastic
approximation (SA) technique whereas the batch gradient method is a
sample average approximation (SAA) approach.

There are several reasons why the SG method could be preferable
compared to the batch gradient one:

(1) Many large-scale training sets involve redundancy, thus using all the
data in every optimization iteration is inefficient (imagine if the
training set consists of a series of repeated copies of a subset).

Also when using the training/validation/testing sets, one could argue
against using all the data in the training set to make prediction on the
unseen (testing) data.
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(2) SG typically makes a very fast initial improvement followed by a
slowdown after 1 or 2 epochs (1 epoch = each set of N consecutive
accesses):

(Although to obtain such a behavior one needs to run SG for a certain
problem using different choices for the stepsize a = « and identify the
best «.)
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Performance of SG on a logistic regression problem with randomly
generated 300 samples in dimension 3:

10?

empirical risk
=
15

. . .
0 0.5 1 15 2 25 3
accessed data points x10*
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Bertsekas 2015 came up with the following example to explore the
slowdown of SG:

Each f; in Ry(z) = & Zé\;l fj(x) is a convex quadratic with zero
minimal value and minimizers x} evenly distributed in [—1,1] such that

the minimizer of Ry (z) is z, = 0.

T -1 ol a3 1

If we start SG with 1 < —1, the method will move to the right, but after
a while, close to x, the method will enter a region of confusion and will

move very slowly.
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(3) There is also convincing theoretical motivation.
Suppose Ry is strongly convex with minimizer z, and R}, = Ry (z+).
Then the rate of convergence of the batch method is (see Chapter 4):
Ry (z) — Ry = O@%), with r € (0,1)
corresponding to a WCC bound of
O(log(1/e€))
to reach a gradient of Ry of the size e.

Since the cost is proportional to NV (to compute VRy(xy)) the total work
is

O(Nlog(1/e)).
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On the other hand, the rate of convergence of the SG method (when jy, is
uniformly distributed from {1,..., N}) is (see later in this chapter)

E[Ry(z) — Ry] = O(1/k)

corresponding to a total WCC bound of O(1/¢), without any dependence
from N.

In the big data regime, N could be large enough to make N log(1/€)
worse than 1/e.
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As we will see also later in this chapter, SG yields the same rate of
convergence in the expected risk

E[R(xy) — R*] = O(1/k), with R* the minimal value of R,

if we consider z11 = xx — @V f(zk; §k) with § drawn from the joint
distribution FP.

In such stochastic optimization setting, the batch method may not be
viable as it requires the computation of VR.

In turn, the SG method yields the same rate of convergence as for the
empirical risk.
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There is also an argument (Bousquet and Bottou 2008) supporting the
idea that the empirical risk does not have to be minimized accurately
(thus making SG even more attractive):

Let Z. be an e-accurate solution of min Ry (z) (which is assumed to have
a solution Z,):

Ry (%) < Ry(24) +e

Then, for the expected risk minimization problem min R(x) (assumed to
have a solution z.), one has

R(#.) - R(z.) < [R(i.) - Ry(i)]
+ [Rn(%e) — R (24)]
T [Ru(@) — R(z.))

<Ry (z+)—R(zx)
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Hence the first and third term are of (see Chapter 6)

o ( \/log(Q/a) 1 2log(N)(C/ log(C’)))

2N

where C' = Cg is the complexity constant of a class ® of prediction
functions assumed fix in this argument.

Our goal is to compute an f-accurate solution for the expected risk
R(z.) < R(zs)+0

From the previous derivation we achieve this with Z if

log(2/a) + 21og(N)(C/log(C)) 0 7
< = < -
O (\/ o\ <y and €< 5
From the first inequality above
N -2
>
log(N) — o™

thus N > O(672).



The batch gradient method has thus a cost of O(N) = O(6~2) per
iteration.

The SG, in turn, has a O(1) cost per iteration.

Hence the SG dominates the batch as long as it reaches an g—accurate

solution in fewer than O(62) iterations.

When Ry is strongly convex, SG complexity bound is O(1/¢) (see later in
this chapter). Since € ~ /2, the cost is O(671).

When Ry is just convex, SG complexity bound is O(e~2) thus still
0(9_2). But, in this case, the batch gradient method converges in
O(Ne 93) in an acceleration mode thus O(6~2?) and SG is still
dominant.
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We now analyze the SG method but we will do it (following Bottou,
Curtis, and Nocedal 2018) in a general setting of minimizing an obj.
function S : R™ — R where S(x) represents

either FE[f(x;¢)] = R(x) (expected risk)

or + Z;V:1 fi(z) = Ry () (empirical risk)
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Each iteration of the general stochastic gradient (GSG) method is of the
form:

Generate a realization of £, and from there ...
- . compute a stochastic direction g(x; &x).
S Choose a step-size oy, > 0.
I
e

Set the new iterate ‘xk+1 =z — arg(Tr; k). ‘

We assume that {{;} is a sequence of jointly independent random
variables.

In the case S = Ry, one can pick samples uniformly from {1,..., N} and
replacing them into the set, corresponding to sampling from a discrete
distribution (with uniform weights).

In the case S = R, one can pick samples according to the joint
distribution Pq (in the feature/label setting).
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The random variable & can be seen as a seed for generating the stochastic
direction.

The stochastic direction g(x; &) could be

Vf(xk; &) = Vfj.(xr) now called simple or basic SG

1
m Z V f(xk;€k,;) known as mini-batch SG
TEBE Y o)

(|Bg| is the mini-batch size)

(The original version of Robbins and Monro covers both as they actually
worked with a unbiased estimator of V.S(zy).)

The function S (representing either empirical or expected risk) will be
assumed to have Lipschitz continuous gradient V.S (with constant
Lygs > O).
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Recall then from Chapter 1 that
S(x) ~ 5@) < VS@) (x ~2) + 4 Lysle - 2l
From this we obtain for the GSG method:
Ee [S(xpi1)] = Slax) < — arVS(z) " Ee, [9(2r: &)
+ j0iLsEe, (o)) (4

Note that E¢, [S(xk+1)] is an expectation w.r.t. &, and S(xj1) does
depend on &.

One takes expectations in the inequality

1
S(@pt1) — S(zr) < VS(zr) " (zhy1 — k) + §LVS||37k+1 — a)?

1
= —OékVS(xk)Tg(ka;fk) =+ iLvsa%Hg(ﬂﬁk;&)HQ

noting that x; does not depend on &;. O

o
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If g(zx; &) is an unbiased estimator of V.S(xy),

B, [9(wk; Ek)] = VS (x),

and then
1
Ee, [S(xp41)] — S(zx) < —apl| VS (i) + §a2Lst§k[Hg(xk;£k)ll2]

So we need such an assumption but we see that it can be weakened to

ElMGz,u>02Vk

VS(xr) " Ee, [g(2r: &)
1 Ee, lg(z; &)l

pllvS ()1
pe|| VS ()|

IN IV
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We also see that we need to bound the second order moment of g(xg;&x).
We will see that is enough to also impose:

EIM,MVZO:W{:

Ve, lg(owi €] < M + My VS

In fact from A.2 and A.1 (second inequality) we obtain

Ee, [llg(zrs €)lI?] = Ve, lo(aws €0)] + 1 B, [9(an: &)] |17
(%) < M+ (My +pg)|IVS ()|

=Mg>p2>0
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Finally, we will also assume that {z}} is contained in a set where S is
bounded (say by Sj,y)

Using (*) and A.1 and A.2

©)

First (*) then A.1 (first inequality), then (**).

Eg [S(zrr1)] = S(ax) <

_ (M — %akLstG) ay || VS (zy) ||

+%O&%Lst
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NOTES:

© The random variable xx1 depends only on x, &, and oy, and not
on any past iterates (Markovian behavior).

@ The first term in the upper bound is negative for small ay, yielding a
decrease proportional to ||V.S(x)||?. However, the second term could
be large enough to allow for an increase...

The analysis of the GSG method is first established for strongly convex
obj. functions S (recall from Chapter 1)

Y Jug>0:8(z) > S(m)+v5(x)T(f—:c)+“7S||:z—x||2 Vi, @

Let =, be the unique minimizer of S and S, = S(xx) = Sjow-
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Strong convexity of S implies

(8) | 2us(S(z) = 8:) < [VS@)|* Va

The proof is left as an EXERCISE. Hint: Use 3 with Z = z, and note
that z — “%VS(x) is the minimizer of the quadratic on the right-hand-side
with optimal value S(z) — 2%SHVS(:L‘)HQ

Remember also from Chapter 1 that Lygs > pg.

In the next statements and proofs E[-] will denote the expected value
taken w.r.t. the joint distribution of all random variables.

Example: x is completely determined by all realizations of &y, ..., &x_1.
Hence, the total expectation of S(xzy) is

E[S(zi)] = EgFE, ... Eg, ,[S(z1)]
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We first state the result for a fixed stepsize. It is only possible to prove
convergence for a neighborhood of the optimal value as, despite
VS(z) — 0, the second term in the RHS of ((J) may remain constant.

Ifak:d‘v’kwith0<6z§ms%c,then

alygM _ & ( @Lst)
E[S(zp) — S]] < —————+4+(1—aug S(xg) — S — ————
[Sta) = 8. < TG+ (1= apsp)* ( S(ao) - 5. - S5
Hence, this upper bound on the expected optimality gap tends (as
k — o0) to %.

EXERCISE ... See Curtis et al. 2018.
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One recovers the context of the (deterministic) gradient method when:

Q g(zy; &) is an unbiased estimate of V.S(xy) (ug = 1) and there is no
noise in g(xg; &) (My = 0), thus Mg =1 and a € (0,1/Lys].

@ There is no noise in g(zx; &) (M = My = 0) or the noise decays with
|VS(zr)||? (M = 0), thus obtaining a linear rate of convergence.

When g(zg; &) is noisy one still obtains a linear rate until the noise
(M > 0) prevents further progress.

Selecting a smaller step size & allows then to arrive closer to the optimal
value but worsens the contraction in the linear rate.

This suggests a strategy to reduce & when progress stalls (see Curtis et al.
2018).
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We now state and prove a sublinear rate of convergence of the expected
optimality gap for diminishing stepsizes, i.e., a; satisfying

o0 e}
Zak = oo and Zai < o0
k=0 k=0

(as in the original work of Robbins and Monro).

If axLysMag < agLvsMg < p for all k, then from (O) and ($)

s
Bl
n
—
8
x>
+
=
=
[
nn
—~
8
z
A\

1 1
< —iakuHVS(JCkNP + iaiLVSM

1
< —agpsu(S(xg) — Si) + iaszsM

and subtracting S, and taking total expectations

(x) | ElS(zk+1) — S84 < (1= appsp)E[S(zx) — Si] + 305 LysM

From this point one can easily prove the main result.
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i 1 < B
If o = with v > 0, 8 >4 and ag < Tosig then

E[S(xr) — S < K

where v = max {%,7(5(@“0) - S*)}

The expected optimality gap converges to zero at a sublinear rate of 1/k.

From the definition of v
E(S(zo) — Sx) = S(xo) — S«

S(l‘o)—S* < v
L

and the result holds for k& = 0.
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_ B _B
A — T’Y = E
5#5#) v B*LysM
FE S X — S* S 1-— = =+ =
S(awi) - 5 < (1-22) 24 Lo
_ k— Busy B2LysM
k2 22
_ (k-1 (Busu - 1) B*LysM
= — v — ~ v+ =
k2 k2 2k2
<0 from the definition of v
<z
k

The last inequality follows from k—1<k. Ol
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Strong convexity played a major role in contracting the expected
optimality gap.

The strong convexity parameter ug did not constrain the step size & for
fixed step sizes but for diminishing stepsizes one can see that S has to be
larger than 1/(ugp), and this was critical to get the 1/k rate.

See Curtis et al. 2018 for:
— Role of the initial point.
— Trade-offs of mini-batching.

Many problems in deep learning exhibit a nonconvex function S. One can
still prove convergence of the GSG method, but now only towards first
order stationarity.
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Here are such results for fixed and diminishing stepsizes.

If ap =a VkwithOo<a< ﬁ then the expected average-squared
gradients of S satisfy

K _
1 ) aLysM | (S(z0) — Siow)
_ <
E [K;:l: HVS(xk)H] S

and this upper bound tends to when K — oo.

aLysM
I

Note that the lower bound S, on S(zy) appears in the bound.

Remember that 032,? ) |V f(z;)|| converged to zero at a rate of 1/v/k for
i<k

the deterministic gradient method (Chapter 4). When M = 0 we somehow
recover this result.
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Similar conclusions as in the strongly convex case can be drawn here
regarding how the choice of @ impacts the two terms in the lower bound.

If 302y ok = 00 and Y 32, a2 < oo, then

K
. Ly )

K—o0

where Ay = Zf:o oy

In the case of diminishing stepsizes the expected norm of gradient cannot
stay bounded away from zero. In fact, it is possible to prove

liminf E [||VS(zy)|?] = 0.
k—o0

It is also possible to prove convergence of ||V.S(z)|| to zero in probability
and to have lim instead of liminf under stronger assumptions (see Curtis
et al. 2018).



Presentation outline

© Noise reduction methods



SG suffers from noisy gradient estimates. Besides, the proved rate was
only sublinear (for diminishing stepsizes). A fixed stepsize can prevent
convergence.

Noise reduction methods have been developed to reduce the error in
gradient estimates and/or sequence of iterates.

The three main classes of noise reduction methods are:

Dynamic sampling (increase the mini-batch size)

Gradient aggregation (store and update gradient estimates of previous
iterates, define search direction as weighted averages of these estimates)

Both achieve a linear rate for a fixed step size (for the empirical risk,
assumed strongly convex).

Iterative averaging (maintain an average of previous iterates)

It remains sublinear, O(1/k).
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We will follow again here the main lines in Bottou, Curtis, and Nocedal
2018.

Recall (valid for both expected risk S = R and empirical risk S = Ry):

B, [S(z41)] — S(xx) < —arVS(xx) ' B, [9(ar; &)

1
+ §aiLVSE§k [lg(zk; &)17]

If —g(xx; &) was a descent direction in expectation (first term negative),
we see that by decreasing Eg, [[|g(zx; &)|?] like || V.S ()| would, then
we can achieve similar rates as in the full or batch gradient method.

In fact, assuming V.S Lipschitz continuous, S strongly convex, and

, one does achieve a linear rate if the variance of the stochastic
vectors decreases geometrically:
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— _ . — . /”’ L .
If ap = aVkwith) < a < mm{iLvsué’ usu} and if

IM > 03 € (0,1) Ve lg(ai &) < MEF Vi (V)

then
E[S(zx) = S.] < wp
with Y
w = max{a vs ,S(xo)—S*}
Hsft
and

The proof is as follows:
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Using @ and ap, = @
Eg, [S(zkr1)] = S(zx) < —pa|| VS ()|
1
+ 50 Lys (WEIVS () |2 + Me")

Using the value of & and strong convexity

1_ B 1_
- (u — QaLvsué> a||VS(z)|? + §aLv5M§k
L 2 1_ k

< —§M0¢HVS(9CI~:)|| + QaLstﬁ
1
< —apsp(S(we) — Si) + 507Lstfk
Introducing S, and taking total expectation yield

ElS(zpi1) = S < (1 —apsp)E[S(zr) — Si] + %dLstﬁk

and the proof can be concluded by induction.



Dynamic Sample Size Methods

Consider the minibatch method with fixed stepsize of the type

with |By| = [7*] and 7> 1

1 = xp — og(Tr; &)

We now assume that the expectation of each stochastic gradient

V f(xk; €k,j) is V.S(xy). Hence, is satisfied with u = ug = 1.
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If in addition, {&x ;} eB, are drawn independently according to Py and
if IM >0 Ve, [V f(xr;€k,i)] < M for all k,i, then

Ve [gan: &0)] = 1k| S Ve (VS (k6 )

| Bl -
JEB
<My r J
- ’Bk| - T
for an arbitrary k, j.

One can now apply the previous result and conclude that the minibatch
with unbiased gradient estimates (and |By| = [7*],7 > 1) drives the
optimal value linearly to zero, for strongly convex functions.
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We have seen that SG (one gradient evaluation per iteration) has a total
effort of O(e~!) in gradient evaluations to achieve E[S(z)) — S| in the
strongly convex case (rate 1/k).

One can select 7 appropriately, 7 € (1, (1- %)_1}, to make the

minibatch achieve a similar bound O(e™!) in gradient evaluations. (See
the details in Curtis et al. 2018, and the discussion before Subsection
5.2.1.)

Prechoosing 7 before a run of the algorithm or choosing it dynamically
may be difficult in practice.
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An alternative is to choose the sample size adaptively according to the

optimization process. Here is such an idea (see references in Curtis et al.
2018):

First observe that g(xy; &) is a descent direction for S at zy if, for some
x €10,1),

Ok &) = llg(zr; &) = V(@) < xllg(zr; Sl ©

In fact, since |V S(zg)|| > (1 — x)|lg(zk; &k)|| one has

VS () ol &) > 50— x)lo &)l + 5 1V

% (L=x*+ (1= x)?) llg(zr: &)

(1 =) llg(zx; &)l

Y
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Then, if we assume that g(zy; &) is an unbiased gradient estimate

E [6(z; &)%) = E[llg(zr; &) — VS(@p)|?] = Ve, lg(zr; &)
This quantity can in turn be approximated by

Ve [(an; &)] =~ 12 <C°V<{V‘J;<jksfk,j>}mk>>

= Pk
An adaptive sampling algorithm would test (see ®)

or < XPllg(n; &)1

in conjunction with | B[ increasing at a geometric rate.

LNV,SG,RG, TG Noise reduction methods 216/257



Gradient Aggregation

These methods achieve a lower variance by reusing/revisiting past
computed information. They converge linearly for strongly convex
empirical risks.

SVRG (stochastic variance reduced gradient) applied to S = Ry
Inner cycle:

J1 chosen randomly

a = V(@) - |Vfj(xzr) — VRy(zp)
diff

Tip1 = T —ag

Since the expected value of V f;,(z) is VRy(zy), diff is the bias in
Vi (@k).
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g1 is an unbiased estimator of VRx(Z;) but with variance expected to be
lower than V f;,(Z;).

Here is the main algorithm:

For k=0,1,...
Compute batch gradient VRy ()
Initialize T1 = .

Forl=1,...,m

inner cycle

~ 1 m ~ ~ .
Thy1 = Tyl OF Tpy1 = - D 4oy Ti41 OF 1 = g1 (i chosen
uniformly in {1,...,m})

end
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The linear rate is achieved for S = Ry strongly convex choosing m and &
such that (Johnson and Zhang 2013):

1 1

= 2Lysa | < 1
p 1—2aLlvyg (mugo_z + VSOé>

In practice m and & are chosen by experimentation.
The result is (S = Ry)

E[S(xr41) = S| < pE[S(wr) — 54
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SAGA (stochastic average gradient approximation)
Defazio, Bach, Lacoste-Julien 2014

It computes at each iteration an average of stochastic gradients evaluated
before.

Gradient computation:

Choose [ randomly in {1,..., N}

Compute V fi(zy)

gk =V filzr) = Vfilzy) + & Z;V:l Vfi(zg)
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Again one has E[g;] = VRy(xk), but with variance expected lower than
in SG.

SAGA requires an initialization phase but then the cost per iteration is as
in SG.

Forj=1,...,N

Compute V f;(wo) and store V f;(z(;) = V fj(z0)
end
For k=0,1,...

‘Gradient computation ‘
Store Vfl(sc[l]) = Vfl<fl'k)

Tp+1 = Tk — Qgg
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For a strongly convex S = Ry, taking

_ 1
~ 2(usN + Lys)’
one has
k+1
Hs 2 ND
E(llxg —zl?) < (1 - —22 Ty — Tyl + ———
(e ") < 2(M5N+Lvs)> {H ‘ | psN + Lys

where D = S(z0) — VS (2.) " (z0 — 24) — S(24).

Again the choice of & depends on the unknown constants pg and Lyg.
(The choice & = 1/(3Lys) works when (g is not known.)
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NOTES:

@ Storing N gradients could be prohibitive, but in logistic and least
squares regression

Vii(zr) = f’(a;:ck)aj when f;(z) = f(a]Tx)

for a certain f, and the features {a1,...,an} are already stored.
@ In the precursor SAG (stochastic average gradient), g, is biased for
V Ry (xy) but the linear rate is preserved:

1 N
9= N sz(fﬁk)+Vfl($[l])+zlvfj($[j])
]:

@ In all these methods (SVRG, SAGA, SAG) the complexity bound is of

the form
o [+ 22 st

For very large N, gradient aggregation is comparable to batch and it
becomes difficult to beat SG. But it may be better when
N < (or ) LVS.
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Comparison among SG, SVRG, and SAGA algorithms on a logistic
regression problem with randomly generated 300 samples in dimension 3:

——SGD
——SVRG

SAGA
10°
107F
AN
o
2 10*F n
3
E
=1
(¢]
10'6 L
10°F
10 -10 L L
1 2 3 4 5 6
Number of gradient calculations 104

@ Both SVRG and SAGA perform better than SG.
o Linear convergence rate of SVRG and SAGA is observed.
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Iterative Averaging Methods

SG generates noisy iterates which may tend to oscillate around minimizers
during an optimization run.

A natural idea is then to average the iterates:

Tht1 = Tk — apg(xr; &)
k1

- 1
Th+1 = m ;xz

Note that {Zj1} has no effect on {z}.

225/257
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Choosing a (longer) diminishing stepsize of O(1/k%), a € (3,1), it is
possible to attain a rate of E(||Z — z.]|?) = O(1/k) for strongly convex
functions (while only E(||lzx — z.?) = O(1/k%))

Iterative averaging has led to various other schemes with longer stepsizes
(robust SA, mirror descent SA, primal-dual averaging).
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Presentation outline

© Other topics: Coordinate descent, ADMM, and Frank-Wolfe method



Coordinate descent (CD) methods take steps along coordinate directions:
the objective function S : R™ — R is minimized over a single variable while
all others are kept fixed.

k-th iteration:
k+1 k k . k o8 &
2" =2 — gV, S(2%)e;,, with V;, S(2%) = —(2)
a’L'ik
where
@ x;, represents the iy-th element of the vector x
@ ¢;, represents the ix-th coordinate vector for some iy, € {1,...,n}

The CD methods are defined by choosing the sequences {ay} and {iy}
(see next slide).
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(1) Two approaches to choose {ay}

@ ensure exact one-dimensional minimization of S along the i-th
coordinate vector

— desirable when S(z) = ¢(x) + ||=||1, with ¢ convex quadratic

@ ensure sufficient reduction in S

(2) At least three ways of choosing {iy}
Q by cycling through {1,...,n}
@ by cycling through a random reordering of the indices in {1,...,n}

© by choosing an index randomly with replacement in each iteration

Randomized CD algorithms (items 2 and 3 above) have superior
theoretical properties.
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A CD method is not guaranteed to converge when applied to minimize any
given continuously differentiable function.

Example (Powell 1973)

Nonconvex continuously differentiable function

3
S (z1,x2,23) = — (122 + Tox3 + T123) + Zmax{kc,-] —1,0}?
i=1

with minimizers at (1,1,1)" and (-1, —1,-1)".

We can find initial points such that CD with (1).1 and (2).1 cycles
without converging to a solution.




In the nonsmooth case, a CD method may get stuck at points that are not
minimizers of the function.

Example (Beck 2017)

Nonsmooth convex function
S(fL‘l,J?Q) = |3l‘1 + 4l‘2| + |."L‘1 = 2$2|

with minimizer at (0,0)".

If the initial point does not contain any zero elements, CD with (1).1 gets
stuck after one iteration at a point (—4a, 3a), with « € R

- {(—4a 3a):aER}
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If S is strongly convex, one can establish a linear rate of convergence for
CD methods under fixed stepsize.

Assumptions:
Q@ S strongly convex with constant pug > 0

@ VS is coordinate-wise Lipschitz continuous:

Forall z € R, i € {1,...,n}, and Az’ € R, there exists L; > 0
‘VZ-S (x + Amiei) — VZ'S(CL')‘ < L; !Aazl‘

(weaker than Lipschitz continuity)
@ iy is chosen independently and uniformly from {1,...,n}

Q o= 1/ﬁ, where L = maX;e(1,..,n} L;




From Ass. 2 and definition of L

S (a*H) < S (%) + Vi S (a%) (@5 — 28 ) + L (a8 =2k )? ()

1
Tk Tk 5 1k Tk

From the iteration update rule of CD methods and Ass. 4

1
et =a2F -V, S (M) e, — it —af = _zviks (&%) ()

Plugging (*x) into (x) leads to

1 1
S(@*) = 8(*) < =5 Vi S(@h)” + Vi S(ah)”
1

(©)
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Proof (Cont.)

Taking expectations of ((J) with respect to the distribution of iy,

‘ 2R — S (L e 25)?

2L \n
1

=—— vS kY12
Sl

From Ass. 1
2us(S(z") — i) < |VS(M)|?

which can be used to bound the RHS in (A).

The result follows by subtracting S, taking total expectations, and
applying the resulting inequality repeatedly over the first k iterations.
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The alternating direction method of multipliers (ADMM) aims to solve
problems in the form

min f(z) +9(2)
st. Ax+Bz=c
where
o f and g are assumed convex
oz eR" zeR™, AecRP" BeRP" and c € RP

Before describing ADMM, let us introduce two related methods
o Dual ascent method

@ Method of multipliers
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Dual ascent method

The problem we consider is
min f(z)
sa.:t. Ax =10

where
@ f is assumed convex
o x € R", Ac RP*" and b € RP
The Lagrangian function of problem (OJ) is
L(z,y) = f(z) +y' (Az —b)

where y is the dual variable or Lagrange multiplier.

If f is differentiable, the optimality conditions for problem ([J) are
Az, —b = 0 (primal feasibility)
Vol(24,ys) = Vf(z:)+ ATy, = 0 (dual feasibility)
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The dual problem of () is

max g(y)
Yy

where g(y) = min L(z,y) is assumed differentiable.

The dual ascent method applies gradient descent to the dual problem

Yt = ok 4, Vg(y")

where Vg(y*) = Az**! — b and 2+ = argmin L(z, y*).
€T

k-th iteration:

= argmin L(x,yk)
x

P = gk 4o (AP — )

where ay, > 0 is a step size.

zF and y* converge to optimal solutions under strong assumptions, like
strict convexity of f.
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Dual decomposition is the dual ascent method for separable problems

min f(z) = Y7L, f(@)

[
s.t. Zfil Az, = b ( )

where = (z1,...,zy) ", with z; € R™.

The Lagrangian function of (OO) is

N N
L(z,y) =Y Li(zi,y) = > _(filw:) +y Aiwi — (1/N)y"b)
=1 =1

k-th iteration:

281 = argmin Li(xi,yk) Vie{l,...,N}

A
X

P = g g (At — b)

The minimization w.r.t. x leads to IV separate problems that can be
solved in parallel.
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Method of multipliers

Given p > 0 (referred to as the penalty parameter), the augmented
Lagrangian of problem (J) is

Ly(w,y) = f(x) +y' (Az —b) + (p/2)| Az — b||3
which can be seen as the Lagrangian of the following problem

min f(z) + (p/2)]| Az — b3

AN
st. Az =10 (2)

Problem (A) is equivalent to problem ([J) since the penalty term is O for
any feasible z.

The dual problem of (A) is

max 90(y)

where g,(y) = min L,(x,y) is assumed differentiable.
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The method of multipliers applies dual ascent to problem (A).

k-th iteration:

ZF = argmin Lp(:v,yk)
xr

.. yk—I—p(Aka —b)

where p is used as a step size to ensure dual feasibility at ("1 y**1).

k+1

Indeed, since = minimizes Lp(ac,yk), one can write

0= VoL, (a"y%) = Vf(a"h) + AT (yF + p(A2FT! — b))
— vf(xk+1) 4 ATyk‘+1 _ VIL(l‘k+l,yk+1)

k+1

The primal residual Axz""" — b converges to 0 as k — oo.

The penalty term allows the method of multipliers to converge under more
general conditions than dual ascent but prevents separability.
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Alternating direction method of multipliers

We recall that ADMM aims to solve problems in the form

min f(z) + g(z)
st. Ar+Bz=c¢

The Lagrangian function of problem (*) is
L(z,z,y) = f(z) + 9(z) +y (Az + Bz — )
If f and g are differentiable, the optimality conditions for problem (*) are

Az, + Bz, —c = 0 (primal feasibility)
VoL(#y, 20, y4) = Vf(x)+ ATy, = 0 (dual feasibility w.r.t. z)
VoL(s, 24, ys) = Vg(zs) + BTy* = 0 (dual feasibility w.r.t. 2)
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ADMM blends the decomposability of dual ascent with the superior
convergence properties of the method of multipliers.

Given the penalty parameter p > 0, the augmented Lagrangian of
problem (*) is given by the following function

Ly(w,2,y) = f(x) + 9(2) +y ' (Az + Bz = ¢) + (p/2)| Az + Bz — ¢||3
which can be seen as the Lagrangian of the following problem

min  f(z) +g(2) + (p/2)[ Az + Bz — c|3
st. Ax+Bz=c¢

Problem (**) is equivalent to problem (*)

(**)
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In ADMM, z and z are updated separately in an alternating fashion.

k-th iteration:
AR argmin Lp(:c,zk,yk)
xT

M1 = argmin Lp(mk+l,z,yk)
z

PR = gk 4 p(AzF L4 B2 ()

where p is used as a step size to ensure dual feasibility w.r.t. z

k+1

Indeed, since z minimizes L, (:ckH, z,yk), one can write

0= Vsz(xk’—i-l,yk) = Vg(zk+1) + BT (yk + p(A:UkH + Bak+1 _ c))
= Vg(zk+1> + BTka _ V7L(:L'k“, Zk+1~yk+1)

Primal feasibility and dual feasibility w.r.t. x are achieved as k — oc.
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The linear and quadratic terms in L, can be written in an equivalent
scaled form by defining r = Az + Bz — ¢

y' (Az + Bz —¢) + (p/2)|| Az + Bz — c¢||?
= y'r+(p/2)|r]3
= (p/2)llr + (1/p)yll3 = (1/2p) |yl
= (p/2)|lr +ull3 = (p/2)|ul3

where u = (1/p)y is the scaled dual variable.

Iteration k& when using the scaled dual variable:

M1 = argmin(f(x) + (p/2)][ Az + B — e+ [
x

A = argmin(g(2) + (p/2)|| A2 + Bz — ¢+ uF|[3)
z

’U,k+1 _ uk+Axk:+l+sz+1 —c
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Convergence of ADMM can be proved using the following assumptions:
(i) f and g are closed, convex, and proper.

(i) The Lagrangian function L has a saddle point.

Under Assumptions (i) and (ii), one can prove that as k — oo
o iterates approach feasibility: Az* + Bz* — ¢ — 0.

o the objective function f(z*) + g(2¥) converges to its optimal value.

In practice
@ ADMM can be very slow to converge to high accuracy.
o ADMM converges to modest accuracy within a few tens of iterations.

—> ADMM is useful mostly in cases when modest accuracy is sufficient
(like in ML/DS problems).
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Example (Constrained Convex Optimization)

Given a convex function f and a closed and convex set C', consider
min f(z)
x
st. xeC

In ADMM form
min f(z) +dc(z)

st. t—2=0
where 0¢(z) is the indicator function of C.
Iteration k:
. 2
zFtl = argmm(f(a:) + (p/Q)Hx — Lk uk||2)

A = Po(zht k)
Bl gk g gkt kel

where P¢ denotes the orthogonal projection of = onto C.
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Example (LASSO)
The LASSO problem can be written as

min (1/2)||Az — b||* + Allz[|x

In ADMM form
min (1/2)[[ Az — b2 + Allz]l
st. xt—2=0

Iteration k:
" = (ATA4 pI) (AT + p(2* — u*))
SRl s,\/p(xkﬂ + uk)

E+1 _ _k+1

U :uk—i-a: z

where s/, denotes the soft-thresholding operator with threshold A/p.
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Example (Consensus Optimization)

Given convex functions f;, consider
. N
min f(z) = S, fi(z)
In ADMM form
min 3, fii)

L1, TN

st. z;—z=0, Vie{l,...,N}
where the constraints force all the local variables x; to agree, and z is a
common global variable.

The augmented Lagrangian is

N

Ly(ey,. - 2N, 2,y) = ) (file) + 4 (@i —2) + (o/2)llzs — 23)
i=1

Note that the minimization w.r.t. x; is separable.
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Example (Consensus Optimization (Cont.))

Iteration k:

k+1

Zk+1

k+1
Y

= argmin L, (w, zk,yk>
xX

= Y+ (et =M, Vie{1,...,N}

From the second equality, one can obtain

By plugging the expression for yf , one has - ~ Z 1Y

N

*zp Mgkt = 23 gk

i=1

k+1

. =0, and so

1 N
Z k+1
! i=1
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The Frank-Wolfe method, also known as conditional gradient method,
solves problems with a convex function f over a compact convex set C

min f(z)
st. zel

At each iteration, f(x) is replaced by a linear Taylor-series approximation
around zy,.

k-th iteration:

vl = argmin v' V£ ()
veC
2
kE+1 _ K k__ .k —
x =¥ 4+ ap(v” —2%),  ag P12

The subproblem can be solved very cheaply in some settings.

Frank-Wolfe method is useful mostly in cases when modest accuracy is
sufficient (like in ML/DS problems).
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One can prove a sublinear convergence rate by assuming V f to be
Lipschitz continuous with constant Ly > 0.

Let D be the diameter of C

|z —yll <D, V{z,y}t CC
Then
2Ly ;D?
k+2

From smoothness of f, considering 2! = 2 4- o (v* — 2*) and the
definition of D

f@*) = flz) <

F1) < F(05) + onVF (@) (05 = ) + 2oLy [loh =]

§ ()

< F@) + V(@) (0~ o¥) + SadLe,D?
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Proof (Cont.)

Since v¥ solves the subproblem and z, is a feasible point for the
subproblem

V) @ =) < V) (@0 - at) <5 @) - )
where the last inequality comes from the convexity of f.

Plugging such an upper bound into (*) and subtracting f. from both
sides, one obtains

f(:L‘k+1) - f(l‘*) < (1- ak)[f(:nk) - f(as*)] + %aiLDz

The proof can be concluded by applying an inductive argument.
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