
Stochastic block coordinate and function alternation for
multi-objective optimization and learning

Trang H. Tran∗ L. N. Vicente†

October 24, 2026

Multi-objective optimization is central to many engineering and machine learning applica-
tions in which several objectives must be balanced. Standard multi-gradient methods typically
require access to every objective gradient at each iteration, which is unsuitable when the objec-
tives arise from separate data sources, models, or computational systems and only one objective
can be accessed or optimized at a time. Moreover, when the decision variable is high dimensional
or naturally partitioned, computing and updating a full gradient may be prohibitively expensive,
whereas partial gradients with respect to individual variable blocks may be substantially cheaper
or may be the only information available. We therefore propose Function-Block-Alternate, a
stochastic framework that combines these two forms of alternation by performing each elemen-
tary step using one objective function and one variable block. The function and block steps
can be selected in a flexible order, including deterministic or randomized. The frequency of the
function steps determines the target weighted scalarization and enables the exploration of the
Pareto front. The framework includes function-alternating, block-coordinate, and stochastic-
gradient methods as special cases. We establish convergence guarantees in smooth nonconvex,
convex, and Polyak-Łojasiewicz settings, recovering classical single-objective rates without as-
suming bounded iterates or uniformly bounded stochastic gradients. Numerical experiments
evaluate the computed Pareto fronts under equal objective-block computation costs, including
settings in which only one objective or one objective block partial gradient can be accessed at a
time.

1 Introduction
Multi-objective optimization (MOO) arises in numerous real-world applications from engineering
to finance where several conflicting criteria must be evaluated simultaneously [14, 22, 31, 32].
Because these objectives potentially compete, the goal is to find a set of Pareto optimal solutions
where no single objective can be improved without degrading another. Identifying this set of
efficient points enables decision-makers to navigate complex trade-offs effectively. Furthermore,
in many modern large-scale applications, these competing objectives are inherently stochastic,
and the underlying decision variables exhibit a natural block structure [33, 38, 40]. In this paper,
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we consider the following problem:

min
x∈Rn

F (x) = (f1(x), . . . , fq(x)) = (E[g1(x, ξ)], . . . ,E[gq(x, ξ)]),

where the decision variable x ∈ Rn is partitioned into s disjoint blocks x = (x1, . . . , xs), and
each block xi has dimension ni with

∑s
i=1 ni = n. We consider the MOO setting where each

individual objective function fk has a Lipschitz continuous gradient. Moreover, each objective
function is stochastic and computing precise gradients is typically either impossible or requires
prohibitive computational resources. To overcome this limitation, our framework assumes ac-
cess to unbiased stochastic estimators of the gradients of each objective fk, or of their block
components, depending on the access regime, where ξ represents a random variable.

1.1 Literature review and motivation
Existing MOO literature generally divides methods into two main categories: a priori and a
posteriori methods, depending on when the decision-maker’s preferences are incorporated into
the optimization process. In MOO, the a priori approach integrates decision-making preferences
beforehand to transform the multi-objective problem into a simpler single-objective one, which
can then be solved using single-objective optimization algorithms. Common strategies in this
category include the weighted-sum method [18], which assigns non-negative weights to combine
the objectives into a single convex linear combination; the ϵ-constrained method [23], which
minimizes one primary objective while imposing upper bounds on the others; and the utility
function method [3, 32], which employs a scalar function to mathematically quantify the overall
preference between different objective vectors. In contrast, a posteriori methods are designed
to generate a comprehensive or representative set of Pareto optimal solutions from which the
decision-maker later selects the best option. These methods typically update a list of candidate
solutions using either metaheuristics (such as evolutionary algorithms [1, 7]) or rigorous descent
mechanisms that compute common descent directions for all objectives simultaneously [9, 12, 17].
The alternating optimization algorithms proposed in this paper belong, in a certain sense, to
both categories.

In smooth, deterministic MOO, the multi-gradient algorithm applies the steepest descent
step by computing the minimal-norm convex combination of gradients from individual functions.
Therefore, a natural approach for stochastic MOO is the stochastic multi-gradient algorithm [29,
35], where the gradients in the minimal-norm convex combination are replaced by its stochastic
estimators. It is shown that the stochastic multi-gradient is a biased estimator of the true multi-
gradient of the weighted function, and one can impose a bound on the amount of bias estimation
by dynamic sampling [29]. With that assumption, [29] establishes sublinear convergence rates
that are similar to the ones known for single-objective optimization: O(1/T ) in the strongly
convex case and O(1/T 1/2) in the convex one, where T is the number of iterations. While [29]
only considers convex and strongly convex settings, follow-up work [5, 15, 16, 45] investigates
multi-objective stochastic gradient methods in non-convex case, using different strategies to
address the bias in the stochastic multi-gradient. Without variance reduction, [5] shows the
convergence rate of O(1/T 1/2) for their proposed stochastic algorithm with double sampling in
the non-convex case.

In single-objective optimization, block coordinate descent refers to a family of algorithms
that update one block of the decision variable at each iteration [2, 27, 38, 40]. This approach

2



is attractive when the variable naturally decomposes into blocks of coordinates and when full-
gradient steps are expensive. The update of block variables can be done in either a Gauss-Seidel
sequential style or a Gauss-Jacobi parallel style [2, 4, 27]. The order of such block variables can
be chosen using a cyclic fashion, a random permutation of all blocks, or a randomized selection,
where the new block is chosen uniformly at random. The convergence of deterministic BCD
has been analyzed extensively in the literature [2, 20, 30, 33, 36, 39], where [2, 33] consider
general smooth convex settings for cyclic BCD and its randomized version, and achieve a con-
vergence rate of O(1/T ). The work [41] pioneered the generalization of BCD for stochastic,
single-objective optimization with theoretical results for both convex and non-convex regimes.
The update order of the variable blocks can be fixed or shuffled, and the algorithm achieves sub-
linear convergence rates for convex and strongly convex cases (namely O(1/T 1/2) and O(1/T ),
respectively), which match the rates of stochastic gradient descent. However, [41] only shows
asymptotic convergence in the non-convex setting. Later work [4, 8, 13, 24, 42, 43] expands this
research direction, where [4] provides non-asymptotic convergence guarantees for cyclic BCD
methods in non-convex settings, however, utilizing a variance reduction technique.

1.2 Contributions of this paper
In this paper, we develop Function-Block-Alternate, a stochastic block-coordinate and function-
alternation method for stochastic MOO. At each elementary update, it evaluates a stochastic
gradient of only one objective with respect to only one variable block. The frequency assigned
to each objective determines the target scalarization, and the blocks and objective functions
may be selected in a flexible order, deterministic or randomized. We establish convergence rates
in smooth non-convex, convex, and Polyak-Łojasiewicz settings, matching the corresponding
classical stochastic-gradient rates while retaining the reduced cost of an objective-block update.

Function-Block-Alternate differs from existing stochastic MOO literature, where the most
closely related work is the stochastic alternating bi-objective algorithm [28]. While [28] alternates
only function minimization and treats two objectives in convex and strongly convex settings,
our method simultaneously alternates objectives and variable blocks and accommodates any
number of objectives in convex, non-convex, and PL settings. Function-Alternate is obtained
when the decision variable consists of a single block, whereas Function-Block-Alternate permits
both function and block alternation. More importantly, the analysis in [28] uses the Intermediate
Value Theorem to represent a cycle of separate objective updates through an implicit convex
combination. That argument relies on having exactly two objectives and on performing all steps
for the first objective before all steps for the second; it does not naturally extend to an arbitrary
ordering of objective steps. Our analysis expands every objective-block gradient around the point
at the beginning of a main iteration. At that common point, the cumulative contribution of the
updates is bounded independently of their order and is related to the gradient of the weighted
scalarization (determined by how frequently each objective is selected). Gradient smoothness is
then used to bound the error caused by evaluating the actual gradients at successive intermediate
points. This decomposition applies to any ordering of the specified objective/block updates and
any number of objectives and does not rely on convexity.

In addition, our paper addresses a critical gap in the block coordinate descent literature for
stochastic MOO, as no prior work has analyzed the simultaneous alternation of functions and
variable blocks. The closely related BCD work [6] employs scalarization to combine objectives
into a single weighted function prior to optimization, rather than treating them separately, but
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it lacks a theoretical analysis for its proposed method. Our analysis requires neither bounded
iterates nor uniformly bounded stochastic gradients. In the convex case, we prove boundedness
of the expected squared distance to a minimizer directly from a recursion coupling this distance
with the expected objective-function gap. We impose a relative objective disagreement condi-
tion (Assumption 3.3), which is weaker than uniform gradient boundedness: it allows individual
objective gradients to grow and controls only their disagreement around the scalarized gradi-
ent. It is automatic in the single-objective case and permits substantial conflict among several
objectives as long as their dispersion grows at most proportionally to the scalarized gradient.

Finally, our numerical study separates three access regimes. We first compare the four orig-
inal methods when all objectives and full gradients are available, then restrict access to one
objective at a time, and finally consider a real-data problem in which only objective-block gra-
dients are available. We assess the resulting Pareto fronts using purity, hypervolume, and the Γ
and ∆ spread indicators. When all objectives and full gradients are available, Function-Block-
Alternate is competitive with the other methods, especially in purity and spread indicators.
When only one objective can be accessed at a time, randomized Function-Block-Alternate gen-
erally performs best.

The remainder of this paper is organized as follows. In Section 2, we provide a detailed
description of the proposed Function-Block-Alternate algorithm. Section 3 shows the theo-
retical assumptions and proves the main descent lemma. We then present, in Section 4, the
convergence rate analysis of our method for the smooth, non-convex case. In addition, we de-
rive convergence rates for the smooth convex case and the case where the functions satisfy the
Polyak-Łojasiewicz (PL) condition. In Section 5, we compare Pareto-front approximations un-
der equal objective-block computation costs across three information-access regimes: access to
all objective gradients, access to the full gradient of only one objective at a time, and access
to only one objective-block partial gradient at a time. The paper is concluded with some final
remarks in Section 6.

2 Stochastic block coordinate and function alternation algorithm
Fix a budget p ≥ q and a frequency vector m = (m1, . . . ,mq) ∈ Zq

≥0 satisfying
∑q

k=1mk = p > 0.
We choose a mapping πm : {0, . . . , p−1} → {1, . . . , q} that lists the objective k exactly mk times,
i.e., |π−1

m (k)| = mk. Define the following weighted-sum function:

Fm(x) :=

q∑
k=1

mk

p
fk(x) =

1

p

p−1∑
j=0

fπm(j)(x). (2.1)

As a result, the frequency vector m determines Fm. It also determines a prescribed multiset of
block-objective pairs as follows:

Pt = {(i, πm(j)) : i = 1, . . . , s, j = 0, . . . , p− 1}.

An ordering ρt lists every member of Pt exactly once and is selected before the stochastic samples
of main iteration t are generated. For r = 0, . . . , sp − 1, we write (it,r, kt,r) = ρt(r). Hence,
Pt can be processed in any implementable order. For example, let n = 4 and q = 3, and
partition the variables into the two blocks B1 and B2. Take m = (1, 2, 3), so that p = 6, and let
πm = (1, 2, 2, 3, 3, 3). Then

ρt = ((2, 1), (1, 3), (2, 2), (1, 2), (2, 3), (1, 1), (2, 3), (1, 3), (2, 2), (1, 3), (2, 3), (1, 2))
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is an implementable ordering. Indeed, for each block it contains one occurrence of objective 1,
two occurrences of objective 2, and three occurrences of objective 3, while interleaving the blocks
and objective functions in an otherwise arbitrary way.

In addition, we let Ui ∈ Rn×ni be the matrix that places a vector from block i in the
corresponding coordinates of Rn and sets all other coordinates to zero. In particular, ∥Uiv∥ = ∥v∥
for every v ∈ Rni . Then by the construction of the ordering (it,r, kt,r), we have

sp−1∑
r=0

Uit,r∇it,rfkt,r(x) =

s∑
i=1

p−1∑
j=0

Ui∇ifπm(j)(x) = p∇Fm(x). (2.2)

Algorithm 2.1: Function-Block-Alternate with a general ordering

1. Input x0, stepsizes {αt}, frequencies m, and budget p =
∑

k mk.

2. For t = 0, . . . , T − 1:

(a) Choose an ordering ρt of Pt; set zt,0 = xt.
(b) For r = 0, . . . , sp − 1, set (it,r, kt,r) = ρt(r), draw Gt,r = ∇it,rgkt,r(z

t,r, ξt,r),
and set zt,r+1 = zt,r − αtUit,rGt,r.

(c) Set xt+1 = zt,sp.

It is worth noting that Function-Block-Alternate generalizes several well-known optimization
algorithms. First, in the single-objective case, when q = 1, our algorithm reduces to the (ran-
domized) stochastic Block Coordinate Descent (BCD) method [41]. Second, when s = 1, i.e.,
the decision variable is treated as a single block, the algorithm simplifies to Function-Alternate
for MOO (which generalizes the work [28] to more than two objectives and a flexible order-
ing). Also, when s = 1, one can see our approach as a way to replicate the final effect of the
weighted-sum method [18]. Finally, in the most basic case where both s = 1 and q = 1, Function-
Block-Alternate recovers the classical stochastic gradient descent algorithm for single-objective
optimization.

3 Assumptions and technical estimates
We first assume that all of the objective functions are Lipschitz smooth, and the weighted-sum
function Fm has a lower bound as follows.

Assumption 3.1 (Smoothness) Each fk has an L-Lipschitz continuous gradient (L > 0).
Moreover,

F∗ := inf
x
Fm(x) > −∞.

Let Ft,r contain the history through zt,r and the ordering selected at the beginning of a main
iteration t. In addition to Assumption 3.1, we impose the following two assumptions.

Assumption 3.2 (Conditional unbiasedness and bounded variance) For every update,

E[Gt,r | Ft,r] = ∇it,rfkt,r(z
t,r), E[∥Gt,r −∇it,rfkt,r(z

t,r)∥2 | Ft,r] ≤ ν2.

The samples need not be identically distributed, and no full stochastic gradient is required.
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The above assumptions are commonly used for analyzing gradient-type methods, which
guarantee that the stochastic gradient is unbiased and its variance is bounded.

Assumption 3.3 (Relative objective disagreement) There are ζ ≥ 0 and c ≥ 0 such that,
for every x,

Hm(x) :=
1

p

p−1∑
j=0

∥∇fπm(j)(x)−∇Fm(x)∥2 ≤ ζ2 + c∥∇Fm(x)∥2. (3.1)

Assumption 3.3 controls the dispersion of each objective function relative to the weighted-
sum function Fm. As our algorithm evaluates different objectives at intermediate points, we use
thus assumption to bound the corresponding error. Since it does not impose a bound on the
gradient, the assumption is relatively mild, and the individual gradients can grow as ∇Fm(x)
grows. The condition is independent of the ordering of the objective occurrences. For one
objective, Hm ≡ 0. For two objectives with weights w = m1/p and 1 − w = m2/p, direct
expansion gives Hm(x) = w(1− w)∥∇f1(x)−∇f2(x)∥2.

The following lemma bounds the error caused by evaluating gradients at the successive points
generated during a main iteration.

Lemma 3.1 (Detailed main-iteration estimates) Suppose Assumptions 3.1–3.3 hold. Let

a := 2sp2(1 + c), b := 2sp2ζ2 + s2p2ν2, and R(x) := a∥∇Fm(x)∥2 + b,

We also denote dt,r = zt,r − xt. If αt ≤ 1
2spL , then for every r ≤ sp,

Et∥dt,r∥2 ≤ 2α2
tR(xt), (3.2)

sp−1∑
r=0

Et∥dt,r∥ ≤ spαt

√
2R(xt), (3.3)

where Et[·] = E[· | Ft,0]. Furthermore, define

K := s
√
2a+

√
b/2s+ a/p and C1 := Lsp

√
b/2 + Lb.

If additionally αt ≤ ᾱ := 1
2KL ≤ 1

2spL , then

Et[Fm(xt+1)] ≤ Fm(xt)− pαt

2
∥∇Fm(xt)∥2 + C1α

2
t . (3.4)

Proof. We define ht,r(x) = Uit,r∇it,rfkt,r(x), then fix t and abbreviate α = αt, x = xt, zr = zt,r,
dr = dt,r, ir = it,r, and kr = kt,r. Because d0 = 0 and zℓ+1 − zℓ = −αUiℓGt,ℓ, repeated
substitution yields

dr = −α

r−1∑
ℓ=0

UiℓGt,ℓ. (3.5)

Hence, using Cauchy-Schwarz in (3.5), the fact that Uiℓ is norm preserving, taking Et, and using
r ≤ sp, we obtain

Et∥dr∥2 ≤ α2r
∑
ℓ<r

Et∥Gt,ℓ∥2 ≤ spα2
∑
ℓ<r

Et∥Gt,ℓ∥2. (3.6)
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We write Gt,ℓ = ∇iℓfkℓ(z
ℓ) + εℓ and from conditional unbiasedness we get E[εℓ | Ft,ℓ] = 0.

Expanding the square and taking the conditional expectation, we obtain

E[∥Gt,ℓ∥2 | Ft,ℓ] = ∥∇iℓfkℓ(z
ℓ)∥2 + 2

〈
∇iℓfkℓ(z

ℓ),E[εℓ | Ft,ℓ]
〉
+ E[∥εℓ∥2 | Ft,ℓ]

≤ ∥∇iℓfkℓ(z
ℓ)∥2 + ν2.

Lipschitz continuity and the fact that Uiℓ is norm preserving imply the bound

∥∇iℓfkℓ(z
ℓ)∥2 ≤ 2∥∇iℓfkℓ(x)∥

2 + 2∥∇iℓfkℓ(z
ℓ)−∇iℓfkℓ(x)∥

2

≤ 2∥ht,ℓ(x)∥2 + 2L2∥dℓ∥2.

By using the tower property and substituting the terms in (3.6), we have

Et∥dr∥2 ≤ 2spα2
∑
ℓ<r

∥ht,ℓ(x)∥2 + 2α2spL2
∑
ℓ<r

Et∥dℓ∥2 + s2p2α2ν2. (3.7)

We next bound the first sum. Since the order only permutes the prescribed pairs,

sp−1∑
r=0

∥ht,r(x)∥2 =
s∑

i=1

p−1∑
j=0

∥∇ifπm(j)(x)∥2 =

p−1∑
j=0

∥∇fπm(j)(x)∥2

=

p−1∑
j=0

∥∇fπm(j)(x)−∇Fm(x)∥2 + p∥∇Fm(x)∥2 ≤ p
(
(1 + c)∥∇Fm(x)∥2 + ζ2

)
,

where the last inequality follows from Assumption 3.3. Let D = max0≤r≤sp Et∥dr∥2. From (3.7)
and definition of D we have

D ≤ 2sp2α2
(
(1 + c)∥∇Fm(x)∥2 + ζ2

)
+ 2s2p2α2L2D + s2p2α2ν2 ≤ α2R(x) +

1

2
D.

The last inequality uses 2spαL ≤ 1 and the definition of R(x). Subtracting D/2 from both sides
proves D ≤ 2α2R(x), which is (3.2). From, Jensen’s inequality and summation over r we obtain
(3.3).

It remains to prove descent. From the smoothness of Fm we get

Fm(xt+1) ≤ Fm(x) +
〈
∇Fm(x), xt+1 − x

〉
+

L

2
∥xt+1 − x∥2. (3.8)

From the updates,

xt+1 − x = −α

sp−1∑
r=0

UirGt,r.

We analyze the linear term by conditioning successively on Ft,r and noting that the gradient is
conditionally unbiased:

Et

〈
∇Fm(x), xt+1 − x

〉
= −α

∑
r

Et ⟨∇Fm(x), ht,r(z
r)⟩

= −α
∑
r

⟨∇Fm(x), ht,r(x)⟩ − α
∑
r

Et ⟨∇Fm(x), ht,r(z
r)− ht,r(x)⟩
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= −pα∥∇Fm(x)∥2 − α
∑
r

Et ⟨∇Fm(x), ht,r(z
r)− ht,r(x)⟩ ,

where the last equality uses (2.2). We bound the final term using Cauchy-Schwarz inequality,
block Lipschitz continuity, and (3.3):∣∣∣∣∣α∑

r

Et ⟨∇Fm(x), ht,r(z
r)− ht,r(x)⟩

∣∣∣∣∣
≤ α∥∇Fm(x)∥

sp−1∑
r=0

Et∥Uir

(
∇irfkr(z

r)−∇irfkr(x)
)
∥ ≤ αL∥∇Fm(x)∥

∑
r

Et∥zr − x∥

≤ Lspα2∥∇Fm(x)∥
√
2R(x) = Lspα2∥∇Fm(x)∥

√
2a∥∇Fm(x)∥2 + 2b

≤ Lspα2∥∇Fm(x)∥
(√

2a∥∇Fm(x)∥+
√
2b
)

≤ Lspα2∥∇Fm(x)∥2
√
2a+

√
2bLspα2∥∇Fm(x)∥

≤ Lspα2∥∇Fm(x)∥2
√
2a+

√
b/2Lspα2

(
∥∇Fm(x)∥2 + 1

)
,

where we apply the inequality 2g ≤ g2 +1. For the quadratic term in (3.8), applying (3.2) with
r = sp yields:

L

2
Et∥xt+1 − x∥2 ≤ L

2
(2α2R(x)) = Lα2

(
a∥∇Fm(x)∥2 + b

)
.

Combining these terms with (3.8), we obtain

Et[Fm(xt+1)] ≤ Fm(x)− pα∥∇Fm(x)∥2

+ Lspα2∥∇Fm(x)∥2
√
2a+

√
b/2Lspα2

(
∥∇Fm(x)∥2 + 1

)
+ Lα2

(
a∥∇Fm(x)∥2 + b

)
≤ Fm(x)− pα∥∇Fm(x)∥2

+ Lα2∥∇Fm(x)∥2
(
sp
√
2a+

√
b/2sp+ a

)
+ Lα2(

√
b/2sp+ b).

We use the condition α2L
(
s
√
2a+

√
b/2s+ a/p

)
≤ 1 and the definition of C1 to conclude that

Et[Fm(xt+1)] ≤ Fm(x)− 1

2
pα∥∇Fm(x)∥2 + C1α

2.

This proves the main descent bound. □

4 Convergence analysis
4.1 Smooth nonconvex objectives
We first establish the convergence rate for smooth nonconvex objective functions under the
assumptions of Section 3.

Theorem 4.1 Under Assumptions 3.1–3.3, choose αt = α = min{ᾱ, γT−1/2}, where ᾱ is
defined in Lemma 3.1 and γ > 0. Select x̄ uniformly from {x0, . . . , xT−1}. Then

E∥∇Fm(x̄)∥2 ≤ 2(Fm(x0)− F∗)(γ + ᾱT 1/2)

γᾱpT
+

2C1γ

pT 1/2
.
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Proof. Taking expectation and applying the tower property in the bound (3.4), we have

EFm(xt+1) ≤ EFm(xt)− pαt

2
E∥∇Fm(xt)∥2 + C1α

2
t .

Rearranging this inequality and summing from t = 0 to T − 1 yields

pαt

2

T−1∑
t=0

E∥∇Fm(xt)∥2 ≤ Fm(x0)− EFm(xT ) + TC1α
2
t ≤ Fm(x0)− F∗ + TC1α

2
t .

Dividing both sides by pTαt/2 and noting that x̄ is sampled uniformly from {x0, . . . , xT−1} gives
us:

E∥∇Fm(x̄)∥2 ≤ 2(Fm(x0)− F∗)

pTαt
+

2C1αt

p

≤ 2(Fm(x0)− F∗)

pT min{ᾱ, γT−1/2}
+

2C1min{ᾱ, γT−1/2}
p

≤ 2(Fm(x0)− F∗)(γ + ᾱT 1/2)

γᾱpT
+

2C1γ

pT 1/2
,

□
Our convergence rate for Function-Block-Alternate recovers the classical convergence rate

O(1/T 1/2) of stochastic gradient descent for single-objective optimization [19]. We note that for
MOO, the work [28] does not consider the non-convex setting. Meanwhile, in single-objective
optimization, [41] only considers asymptotic theoretical non-convex results for their stochastic
BCD algorithm.

4.2 Convex objectives
For the convex case, we impose the existence of a minimizer of the weighted-sum function.

Assumption 4.1 (Convexity and attainability) Fm is convex and attains its minimum
at x∗.

The following lemma shows a recursion bound for the expected squared distance from the
iterate xt to the solution x∗.

Lemma 4.2 (Distance recursion) Under Assumptions 3.1–4.1, define

A0 := Lsp(
√
2a+

√
2b), A1 := Lsp

√
2a+ 2a, and A2 := Lsp

√
2b+ 2b.

For αt ≤ ᾱ,

D2
t+1 ≤ (1 +A0α

2
t )D

2
t − 2pαtE[Fm(xt)− F∗] +A1α

2
tE∥∇Fm(xt)∥2 +A2α

2
t , (4.1)

where D2
t = E∥xt − x∗∥2.
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Proof. We start with the following equality

∥xt+1 − x∗∥2 = ∥xt − x∗∥2 + 2
〈
xt − x∗, xt+1 − xt

〉
+ ∥xt+1 − xt∥2.

Using similar argument as in Lemma 3.1, we analyze the linear term:

Et

〈
xt − x∗, xt+1 − xt

〉
= −αt

∑
r

Et

〈
xt − x∗, ht,r(z

t,r)
〉

= −αt

∑
r

Et

〈
xt − x∗, ht,r(x

t)
〉
− αt

∑
r

Et

〈
xt − x∗, ht,r(z

t,r)− ht,r(x
t)
〉

= −pαt

〈
xt − x∗,∇Fm(xt)

〉
− αt

∑
r

Et

〈
xt − x∗, ht,r(z

t,r)− ht,r(x
t)
〉
.

To analyze the first term, using the convexity of Fm we get〈
xt − x∗,∇Fm(xt)

〉
≥ Fm(xt)− Fm(x∗) = Fm(xt)− F∗.

Similar to Lemma 3.1, to analyze the second term, we use Cauchy-Schwarz inequality, Lipschitz
continuity, and (3.3):

2

∣∣∣∣∣αt

∑
r

Et

〈
xt − x∗, ht,r(z

t,r)− ht,r(x
t)
〉∣∣∣∣∣

≤ 2αtL∥xt − x∗∥
∑
r

Et∥dt,r∥ ≤ 2Lspα2
t ∥xt − x∗∥

√
2R(xt)

≤ 2Lspα2
t ∥xt − x∗∥

(√
2a∥∇Fm(xt)∥+

√
2b
)

≤ Lspα2
t

√
2a
(
∥xt − x∗∥2 + ∥∇Fm(xt)∥2

)
+ Lspα2

t

√
2b
(
∥xt − x∗∥2 + 1

)
.

In addition, we note that (3.2) gives the estimate

Et∥xt+1 − xt∥2 = Et∥dt,sp∥2 ≤ 2α2
t (a∥∇Fm(xt)∥2 + b).

From these bounds, we finally obtain

Et∥xt+1 − x∗∥2 ≤ Et∥xt − x∗∥2 − 2pαt[Fm(xt)− F∗]

+ Lspα2
t

√
2a
(
∥xt − x∗∥2 + ∥∇Fm(xt)∥2

)
+ Lspα2

t

√
2b
(
∥xt − x∗∥2 + 1

)
+ 2α2

t (a∥∇Fm(xt)∥2 + b).

Taking total expectation, we arrive at (4.1). □
From this lemma, we are ready to show the convex results as follows.

Theorem 4.3 (Convex rate) Under Assumptions 3.1–4.1, choose αt = α = min{ᾱ, γT−1/2},
where ᾱ is defined in Lemma 3.1 and γ > 0. Let x̂T = T−1

∑T−1
t=0 xt. Additionally, we define

Vt := D2
t +

2A1

p
αE[Fm(xt)− F∗], C2 :=

2A1C1

p
ᾱ+A2,

Then
E[Fm(x̂T )− F∗] ≤

V0(γ + ᾱT 1/2)

2pTγᾱ
+

[A0e
A0γ2

(V0 + C2γ
2) + C2]γ

2pT 1/2
.
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Proof. Throughout this proof, α denotes the common value of αt for t = 0, . . . , T−1. Rearrange
the expected descent inequality (3.4) we get

pα

2
E∥∇Fm(xt)∥2 ≤ E[Fm(xt)− Fm(xt+1)] + C1α

2.

Multiply both sides by 2A1α/p yields

A1α
2E∥∇Fm(xt)∥2 ≤ 2A1α

p
E[Fm(xt)− Fm(xt+1)] +

2A1C1

p
α3.

Substitute this bound into (4.1) we get

D2
t+1 ≤ (1 +A0α

2)D2
t − 2pαE[Fm(xt)− F∗] +

2A1α

p
E[Fm(xt)− Fm(xt+1)] +

2A1C1

p
α3 +A2α

2,

which leads to

D2
t+1 +

2A1α

p
E[Fm(xt+1)− F∗] ≤ (1 +A0α

2)D2
t +

2A1α

p
E[Fm(xt)− F∗]

− 2pαE[Fm(xt)− F∗] +

(
2A1C1

p
ᾱ+A2

)
α2.

Hence by definition of Vt and C2, we have the following recursive bound

Vt+1 ≤ (1 +A0α
2)Vt − 2pαE[Fm(xt)− F∗] + C2α

2. (4.2)

Dropping the term 2pαE[Fm(xt)− F∗] and applying this bound recursively, we obtain

Vt ≤ (1 +A0α
2)tV0 + C2α

2
t−1∑
j=0

(1 +A0α
2)j .

As (1 +A0α
2)t ≤ eA0tα2 ≤ eA0γ2 for t ≤ T , we have

Vt ≤ eA0γ2
V0 + C2tα

2eA0γ2 ≤ eA0γ2
(V0 + C2γ

2).

Now we return to (4.2). Summing from t = 0 to T − 1 we get

2pα

T−1∑
t=0

E[Fm(xt)− F∗] ≤ V0 − VT +A0α
2
T−1∑
t=0

Vt + TC2α
2.

Use 0 ≤ Vt ≤ eA0γ2
(V0 + C2γ

2), and divide by 2pTα:

1

T

T−1∑
t=0

E[Fm(xt)− F∗] ≤
V0

2pTα
+

[A0e
A0γ2

(V0 + C2γ
2) + C2]α

2p
.

Substituting α = min{ᾱ, γT−1/2} we get

E[Fm(x̂T )− F∗] ≤
V0(γ + ᾱT 1/2)

2pTγᾱ
+

[A0e
A0γ2

(V0 + C2γ
2) + C2]γ

2pT 1/2
.
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□
To compute the whole Pareto front, Algorithm 2.1 can be applied to a collection of frequency

vectors whose normalized weights sample the (q − 1)-dimensional simplex. The convex conver-
gence result applies to each scalarization whenever the corresponding Fm is convex and attains
its minimum. Note that Fm is convex for all m if all the individual functions are convex.

Theorem 4.3 recovers the standard convergence rate O(1/T 1/2) of BCD single-objective
optimization [19, 41] and of stochastic alternating function minimization for bi-objective opti-
mization [28].

4.3 Polyak-Lojasiewicz functions
In this section, we consider the Polyak-Łojasiewicz (PL) inequality, a generalization of strong-
convexity [25, 34] , which we impose for the weighted-sum function Fm.

Assumption 4.2 (PL condition) There is µ > 0 such that ∥∇Fm(x)∥2 ≥ 2µ(Fm(x)−F∗) for
every x.

It is well known that a function satisfying the PL condition is not necessarily convex [25].
Under this assumption, one can show that single-objective stochastic gradient descent achieves
the same theoretical rate as the sublinear rate O(1/T ) in the strongly convex setting [11, 21].
Similarly, we show the same convergence rate for the optimality gap of Function-Block-Alternate
as follows.

Theorem 4.4 Under Assumptions 3.1–3.3 and 4.2, choose

αt = min{ᾱ, 2/[µp(t+ 2)]},

where ᾱ is defined in Lemma 3.1. Let

T0 =

⌊
2

pµᾱ

⌋
and K = max

{
(Fm(x0)− F∗ + T0C1ᾱ

2)(T0 + 1),
4C1

µ2p2

}
.

Then we have

E[Fm(xT )− F∗] ≤
K

T + 1
, for T ≥ T0.

Proof. Taking expectation in (3.4) and applying the PL inequality gives

E[Fm(xt+1)− F∗] ≤ E[Fm(xt)− F∗]−
pαt

2
(2µE[Fm(xt)− F∗]) + C1α

2
t

= (1− µpαt)E[Fm(xt)− F∗] + C1α
2
t .

After a finite number of initial iterations T0 = ⌊ 2
pµᾱ⌋, we have αt = 2/[µp(t + 2)]. As the

quantity E[Fm(xt) − F∗] increases by at most C1ᾱ
2 after each iteration, we can only consider

the algorithm process for t ≥ T0. Then

E[Fm(xt+1)− F∗] ≤
t

t+ 2
E[Fm(xt)− F∗] +

4C1

µ2p2(t+ 2)2
.
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We prove E[Fm(xt)−F∗] ≤ K/(t+1) by induction for t ≥ T0. It holds at t = T0. Assuming
it at t, we obtain

E[Fm(xt+1)− F∗] ≤
tK

(t+ 1)(t+ 2)
+

K

(t+ 2)2

≤ tK

(t+ 1)(t+ 2)
+

K

(t+ 1)(t+ 2)
=

K

t+ 2
,

which shows the bound for t+ 1. □
The Polyak-Łojasiewicz convergence rate analysis of Function-Block-Alternate matches the

strongly convex convergence rate O(1/T ) of BCD single-objective optimization [19, 41] and the
stochastic alternating function minimization for bi-objective optimization [29]. However, the
Polyak-Łojasiewicz condition is weaker than assuming strong convexity, and in this case we do
not need to assume bounded iterates as in [28].

5 Experiments
We compare Pareto-front approximations under three gradient-access regimes: all objective
gradients are available; the full gradient of only one objective is used at each elementary iteration;
and only one objective-block partial gradient is available at each elementary iteration. These
regimes allow us to separate the effects of function alternation and block alternation.

5.1 Multi-environment regression formulation
The first two problems have the following form. Environment k provides a design matrix Xk ∈
RNk×n and a response vector yk ∈ RNk , defining the objective

fk(x) =
1

Nk
∥yk −Xkx∥2, k = 1, . . . , q.

The same decision vector x ∈ Rn is used in all environments. When the data-generating regres-
sion parameters differ across environments, the objectives generally have different minimizers
and cannot all be minimized simultaneously. Each environment therefore defines one objective
function, while groups of features define the variable blocks.

5.2 Problems and gradient-access regimes
We consider three problems, each with three conflicting objectives.

Problem 1: synthetic multi-environment regression. The decision vector contains 48
regression parameters. Each of the three environments has 4096 training observations and 2048
test observations. In environment k, the response is generated from a regression parameter βk ∈
R48. Each βk is the sum of a component common to all three environments and an environment-
specific component whose direction and sign vary with k. The optimization variable x is a
single regression vector shared by the three environments. Consequently, x cannot in general
equal all three individual least-squares minimizers. All three objective gradients are available at
every elementary iteration. We compare Weighted-Sum, Function-Alternate, Block-Alternate,
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and Function-Block-Alternate. The comparison between Block-Alternate and Function-Block-
Alternate also covers the regime in which only partial gradients with respect to one variable
block are available across all objectives, since both methods operate within this restriction.

Problem 2: Beijing multi-site air-quality regression. We use the Beijing Multi-Site Air
Quality data [26, 44]. The twelve monitoring stations are divided into three groups of four
stations. For each group, one objective is the mean squared prediction error for PM2.5 over the
observations from that group. Thus, the problem has three objectives, all predicting PM2.5 but
using observations from different station groups. A common nine-dimensional regression vector
is used for all groups, and station-indicator variables are excluded. The three groups exhibit
different pollution patterns and therefore yield different individual least-squares minimizers.

To study function alternation, we impose a separate-objective access rule: at each elementary
iteration, an algorithm may use the gradient of only one selected station-group objective. Al-
though all three objective gradients can be computed from the dataset, the algorithm is not per-
mitted to combine them within a single elementary iteration. Under this rule, we compare cyclic
and randomized Function-Alternate with cyclic and randomized Function-Block-Alternate. We
do not include Weighted-Sum or Block-Alternate because their elementary updates use gradients
from all three objectives and therefore do not satisfy the one-objective-per-iteration rule.

Problem 3: human-activity classification. We use the Human Activity Recognition Using
Smartphones data [37]. Its 561 accelerometer- and gyroscope-derived features are used to fit a
common scalar score for three mutually exclusive activity classes: walking activities, sitting or
standing, and lying. Each class defines one binary least-squares objective, giving three objectives
with incompatible targets. At each elementary iteration, the oracle returns the partial gradient
of one selected objective with respect to one selected feature block. Function-Alternate is not
applicable under this oracle because its elementary iteration requires the full gradient of the
selected objective, whereas the oracle supplies only one block of that gradient. We therefore
compare cyclic and randomized orderings of Function-Block-Alternate.

5.3 Experimental setup
The variables are partitioned into three blocks. In Problems 1 and 2, we consider all 231
nonnegative integer vectors (m1,m2,m3) satisfying m1 +m2 +m3 = 20. In Problem 3, because
the decision space is substantially larger, we consider all 66 vectors satisfying m1 +m2 +m3 =
10. Each vector determines a weighted-sum scalarization and produces one candidate objective
vector.

All problem and algorithmic parameters were fixed by the following common protocol. Ev-
ery method starts from the zero vector, and the coordinates are split, without using response
information, into three contiguous blocks whose sizes differ by at most one. Stepsizes have the
form c/L, where L = maxk 2λmax(X

⊤
k Xk/Nk). For every method, the value c is chosen from

the same grid {0.03, 0.06, 0.12, 0.25, 0.50, 0.75} by minimizing a training loss consisting of equal
objective weights.

In Problem 1, for a given frequency vector m, Weighted-Sum takes full-gradient steps on
Fm(x), whereas Block-Alternate applies the gradient of the same scalarization to one variable
block at a time. In Problems 2 and 3, the cyclic and randomized variants differ as follows. For
Function-Alternate, the cyclic variant repeatedly uses a fixed order of the function steps, whereas
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the other one randomly permutes the function-step sequence at the beginning of each main
iteration. For Function-Block-Alternate, the cyclic variant uses fixed function and block orders
and the other one randomly permutes both the function-step sequence and the block sequence
at the beginning of each main iteration. The resulting ordering ρt is therefore determined by
both randomized orders, rather than by shuffling only the functions. Randomized methods are
run with ten random seeds while cyclic methods contain no randomness.

All methods compared within a problem use the same computational budget, measured in
objective-block gradient evaluations. One partial gradient ∇ifk has unit cost. Because there
are three variable blocks, a full gradient ∇fk costs three units. Computing the gradient of
a weighted sum of all three objectives costs nine units. The budget for each scalarization is
5400 units in Problems 1 and 2 and 900 units in Problem 3. Thus, the comparison accounts
for the different amounts of first-order information required by full-gradient and block-gradient
iterations. In Problem 3, objective-block partial gradients are not assigned an artificial lower
cost; they are the only gradients supplied by the oracle.

The algorithms minimize the scalarized training objectives. After optimization, we evalu-
ate each computed solution on the three corresponding test objectives. For each method, the
nondominated test-objective vectors form its Pareto-front approximation.

5.4 Pareto-front metrics and numerical results
For each problem, let Aa denote the Pareto-front approximation produced by method a. We
form the empirical reference set

R = ND

(⋃
a

Aa

)
,

where ND denotes the nondominated subset.
We use four established Pareto-front metrics. Purity [9] is the fraction of the points in

Aa that also belong to R; larger values are better. Before computing hypervolume [7], each
objective is scaled to [0, 1] using the smallest and largest values of that objective over

⋃
aAa.

Hypervolume is then computed with the reference point (1.1, 1.1, 1.1), which is componentwise
worse than every normalized point; larger values are better. The maximum spread Γ [9] is the
largest gap between consecutive points along any objective, including the gaps to the extreme
values in R. The generalized spread ∆ [10] measures both the nonuniformity of these gaps and
failure to attain the extreme values in R. Smaller values are better for both spread metrics.
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Figure 1: Pareto-front approximations in test-objective space for Problem 1 (top left), Problem 2
(top right), and Problem 3 (bottom). Only methods applicable under each problem’s gradient-
access regime are shown.

Table 1: Metrics for the Pareto-front approximations in three problems. For the random meth-
ods, the numbers reported are the averages over ten comparisons

. Higher is better for purity and hypervolume; lower is better for Γ and ∆.
Problem Method Purity Hypervolume Γ ∆

1 Weighted-Sum 0.991 1.06095 0.0963 0.9797
Function-Alternate 0.892 1.05653 0.0641 0.9011
Block-Alternate 0.991 1.06095 0.0963 0.9797
Function-Block-Alternate 0.974 1.05695 0.0647 0.9168

2 Function-Alternate (cyclic) 0.547 0.89478 0.2022 1.1459
Function-Alternate (randomized) 0.653 0.92455 0.2668 1.1122
Function-Block-Alternate (cyclic) 0.059 0.85284 0.2499 1.6235
Function-Block-Alternate (randomized) 0.709 0.95725 0.2664 1.1069

3 Function-Block-Alternate (cyclic) 0.959 0.89538 0.1360 0.8219
Function-Block-Alternate (randomized) 0.998 0.90763 0.1233 0.8399

In Problem 1, Weighted-Sum and Block-Alternate attain the largest purity and hypervolume,
whereas Function-Alternate gives the smallest values of Γ and ∆. Function-Block-Alternate
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remains close to Function-Alternate on all four metrics. Thus, no method is best according to
every metric, and the alternating methods obtain more evenly distributed fronts despite realizing
the scalarization indirectly through sequential objective updates.

In Problem 2, randomized Function-Block-Alternate attains the largest mean purity and
hypervolume and the smallest mean ∆, whereas cyclic Function-Alternate gives the smallest
mean Γ. Randomization improves purity, hypervolume, and ∆ for both alternating methods,
but increases Γ. Thus, the effect of ordering depends on the chosen Pareto-front metric.

In Problem 3, randomized Function-Block-Alternate improves mean purity, hypervolume,
and Γ, while the cyclic variant gives the smaller mean ∆. Thus, under objective–block partial-
gradient access, randomization improves convergence and the largest-gap measure, but not the
overall uniformity measure.

6 Concluding remarks
The analysis shows that function and block alternation can be combined without imposing a
particular order on the objective–block updates. The frequency with which each objective is
selected determines the weighted-sum scalarization being optimized, while the ordering of the
updates affects only the error generated by evaluations at intermediate points. This separation
between frequency and order is the main mechanism that allows the convergence analysis to
cover deterministic and randomized orderings and any number of objectives.

The convergence results require neither uniformly bounded stochastic gradients nor bounded
iterates. The analysis requires conditional bounded variance on the stochastic gradients and a
bounded relative disagreement condition for the objective functions. Under these conditions,
Function-Block-Alternate achieves the standard O(T−1/2) rates for smooth nonconvex and con-
vex objectives and the O(T−1) rate under the Polyak–Łojasiewicz condition.

The numerical results clarify when the different forms of alternation are useful. When all
objective gradients are available, no method is best according to every Pareto-front metric, and
the alternating methods produce more evenly distributed fronts. This is remarkable because
Function-Block-Alternate realizes the scalarization indirectly through repeated, sequential steps
on individual objective functions, rather than by applying each step directly to the weighted-sum
objective. When only one objective gradient can be accessed at a time, the results depend on
both the method and the ordering; in Problem 2, randomized Function-Block-Alternate gives
the best mean purity, hypervolume, and generalized spread. When only one objective-block
partial gradient is available at a time, randomization improves three of the four mean Pareto-
front metrics in Problem 3. Thus, experiments show the value of function and block alternation
and the randomized flexible ordering in Pareto-front approximation.
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