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Abstract

The aim of this paper is to present a finite difference method on nonuniform grid
for quasilinear coupled partial differential equations that can be used to simulate the
pressure and the concentration of single phase flows in porous media. The qualitative
behaviour of the method is studied and its convergence behaviour is numerically an-
alyzed. An unexpected second convergence order for the pressure and concentration
are observed which means that the finite difference method is supraconvergent. As the
method introduced can be seen as a fully discrete piecewise linear finite element method,
we conclude that such piecewise linear finite element approximations for the pressure
and concentration are also second order convergent and consequently such finite element
method is superconvergent.
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1 Introduction
In this paper we study a fully discrete method for the coupled system
—(G(C)pw)x =q1 in (07 1) X (O7T]7 (1)

¢+ (b(ca pz)c)a: - (d(c7pm)cx)g; =gz in (Ov 1) X (OaTL (2)

with the following boundary conditions

p(o,t) :pé(t)v p(l,t) :pr(t)7t € (O,T], (3)
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c(0,t) = ¢g(t), c(1,t) = ¢ (t),t € (0,T7, (4)

and initial conditions
C(.%’, 0) = CO(x)v YIS (Oa 1),]9(33,0) = p0($),$ € (05 1) (5)

The initial boundary value problem (IBVP) (1)-(5) can be used to describe miscible
displacement of one incompressible fluid (resident fluid) by another (injected fluid) in one
dimensional porous media. In this case, a(c) = Ku(c)™t, blc,ps) = év, d(c,pz) = Dy, +
Ddé|v|, v = —Ku(c) " 1p, denotes the velocity of the fluid mixture, p the pressure of the
fluid mixture, ¢ the concentration of the injected fluid, K the permeability of the medium,
D,,, the molecular diffusion coefficient, D, the dispersion coefficient and ¢ represents the
porosity. The viscosity of the mixture u(c) is determined by the commonly used rule p(c) =
wo((1—c)+ M ic)_‘*, where M denotes the mobility ratio and g represents the viscosity of
the resident fluid. The two-dimensional or three dimensional versions of this problem with
Dirichlet boundary conditions or with Neumann or Robin boundary conditions were largely
considered in the literature to study the miscible displacement of one incompressible fluid
by another in a porous medium (see for instance [6], [10], [11], [13]).

Piecewise linear finite element method for (1) leads to a first order approximation
for the space derivative of p in the L?-norm. This accuracy deteriorates the numerical
approximation for ¢ obtained from (2) if the same method is considered. Several approaches
have been considered in the literature to increase the convergence order of the numerical
approximation for the velocity. Without be exhaustive we mention the use of cell centered
schemes ([14]), mixed finite element methods ([1], [3], [8], [12]), gradient recovery technique
([5] and [9]) and mimetic finite difference approximations which can be seen as a mixed
finite element methods with convenient quadrature rules ([2]).

In the present paper we introduce a finite difference method, for the IBVP (1)-(5), de-
fined on a non uniform grid. The qualitative behaviour of the numerical approximations for
the pressure and concentration is studied using energy method. Numerically we observe an
unexpected second convergence order for the pressure (with respect to a discrete H'-norm)
and concentration (with respect to a discrete L?-norm). These facts allow us to postulate
that we are in presence of a supraconvergent method: it enable us to compute second order
convergent approximations for the pressure, for its gradient and for the concentration while
its truncation error is only of first order. As such finite difference scheme can be seen as
a fully discrete Galerkin method based on piecewise linear approximation and convenient
quadrature rules, our numerical results can be also seen as superconveconvergent results.

The paper is organized as follows. In Section 2 we introduce the semi-discretization of
problem (1)-(5). The qualitative behaviour of the pressure and concentration are studied
in Section 3. An implicit-explicit discrete scheme is studied in Section 4 and fully discrete
version of the results proved for the semi-discrete approximations are also established. In
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Section 5 we present numerical simulations that allow us to postulate that our method enable
us to obtain second order convergent approximations for the pressure and concentration.

2 The semi-discrete approximation

In what follows we introduce the variational formulation of the IBVP (1)-(5). To simplify
we assume homogeneous boundary conditions. By L?(0,1), H*(0,1) and H}(0,1) we denote
the usual Sobolev spaces where we consider the usual inner products (.,.)p and (.,.);.

Let V be a Banach space. By L?(0,T’; V) we denote the space of functions v : (0,T) — V

such that
T ) 1/2
lollzory = ([ oo dt)
0

is finite. By L*°(0,7"; V') we represent the space of functions v : (0,7) — V such that

]| oo 0,731y = esssup [[v(t)[]y < oo.

)

We replace the IBVP (1)-(5) by the following variational problem: find p € L>(0,T; H'(0,1)),
c € L?(0,T; H*(0,1)) such that ¢ € L%(0,T; L?(0,1)), conditions (3), (4) hold and
(a(c()pa(t), w)o = (a1(t), w)o ac. in (0,T), Y € HL(0,1), (6)
(), w)o  (d(c(t), pa(t))ca(t), w)o — (bc(t), pa(t))e(t), w')o
= (go(t),w)o a.e. in (0,T),Yw € H}(0,1).

N
Let H be a sequence of vectors h = (hy, ..., hy) such that Z h; = 1 and hyyq, = maxh; — 0.
. (A

(7)

Let Ij, = {z;,i = 0,...,N,z0 = 0,2y = 1,2, — x;—1 = h;,i = 1,..., N} be a nonuniform
partition of [0, 1]. By W), we represent the space of grid functions defined on I, and by Wj, ¢
we represent the subspace of Wy, of functions null on the boundary points. Let Pjup be
the piecewise linear interpolator of a grid function up, € Wy,. The space of piecewise linear
functions induced by the partition I is denoted by S}.

The piecewise linear approximations for the pressure and for the concentration are
solutions of the finite dimensional coupled variational problem: find P,p, € L*°(0,T;S}y)
and Py, € L?(0,T;Sy) such that Ppe, € L*(0,T;Sy), boundary conditions (3), (4) hold
and

(CL(]P’hCh(t))(IPhph)x(t),Phwg)o = (ql(t),IF’hwh)o a.e. in (O, T),th € Wh,07 (8)

((Phen)e(t), Prwn)o + (d(Pren(t), (Prpn)e(t)) (Prch)x(t), Prw),)o
—(b(Phcn(t), (Prpn)a(t))Pren(t), Prwy)o 9)

= (qg(t),Phwh)o a.e. in (O,T),th S Wh,o-
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In the space Wy we consider the norm ||uh||%h = |lunl? + ||D,xuh||z’+, where D_,
denotes the backward finite difference operator with respect to the space variable, ||.||5 is
the norm induced by the inner product

N g,
(wh, vn)n =) J(wh(%q)vh(ﬁﬂiq) + wh(%’)”h(xi))a wp, v, € W,

— )
=1

5\ 1/2 '
and ||wp||p+ = <Z hiwp (x;) ) . In what follows we use the notation
i=1

N

(Why 0R)nt = 3 hiwp (i) (i), wh,vp € Wi,
i=1

The fully discrete (in space) approximations for the pressure and for the concentration
are solutions of the following coupled variational problem: find p, € L*(0,T;Wy), ¢, €
L%(0,T;Wp,) such that ¢}, € L?(0,T; W), and

(an(t)D—_epn(t), D_gwp)n+ = (qn(t), wn)n a.e. in (0,T), Ywy, € Wy, g, (10)

(dn(t) D—zen(t), D—gwp)n+ — (Mp(bn(t)en(t)), D—zwn)n, + (11)
= (g2,n(t), wp)p, a.e. in (0,T),Vwy, € Wy,
(

h

pe(t), pr(zn,t) = pr(t) ae. in (0,7), (12)
cp(xo,t) = co(t), en(zn, t) = cr(t) ace. in (0,7), (13)
Ch(l'i, 0) = co,h(:ci),ph(a:i, 0) = p07h(a¢i), 1= 1, ey N —1. (14)

n (10), (11) the following notations were used

(ch(t), wn)n +

Pn(Zo, )

1 i+1/2
qop(xi,t) = / q(z,t)dz,i=1,..., N —-1,0=1,2, (15)
, hi+1/2 i—1/2

1
hivi/2 = $(hi + hiy1), Mp(wp)(z;) = §(wh(xi_1) + wp(x;)),i=1,...,N. The coefficient
functions ap(t) and dp(t) are defined by ap(zi,t) = a(Mp(cn(t))(zi)),
dp(xi,t) = d(Mp(cp(t))(x;), D_ypp(zi,t)) and the grid function by(t) is given by

b(Ch((L’(),t), Dl‘ph(x07t))7i = O?
bh(xiat) - b(ch(xiat)u thh(.’ﬂi,t)),i = 17 oo 7N - 17

b(en(wn,t), D_gpn(zN,t))),i = N,
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with

Dppn(zi,t) = (hiD_zpn(xit1,t) + hiy1 D_opn(zi,t)). (16)

hi + hit1
In what follows we establish an ordinary differential algebraic coupled system equiv-
alent to the variational problem (10)-(14). In order to do that we introduce the fol-

Wi+1 — Wi—1 Wi+1 — Wj
—————(Dzwp)iy12 = ——, and
hi + hit1 /

, where wj := wp(z;) and wj1;/o are used as far as it makes

lowing finite difference operators (D.wp); = N
i+1
Wit1/2 — Wi-1/2

(Dy/%wp); =
hit1/2
sense. In order to simplify the presentation we also consider that ap(zt1/2,t) = ap(zit1,t),
dn(Tit1/2,t) = dp(Tix1, ).

It can be shown that the approximations py(t) and ¢, (t) are solutions of the following
discrete problem:

—DY?(an(t) Dapn(t)) = qua(t) in T, — {0,1}, (17)
ch(t) = DY*(dp(t) Dapn(t)) + De(bp(t)cn(t)) = qop(t) in I, — {0, 1}, (18)
with the conditions (12), (13) and (14).

3 Energy estimates for pressure and concentration

We establish now energy estimates for the solution of coupled variational problem (10),
(11), or equivalently for coupled finite difference problem (17), (18), under homogeneous
Dirichlet boundary conditions, that is, p,(t) = p,(t) = c¢(t) = ¢-(t) = 0.

We require some smoothness on the solution of the variational problem (10), (11),
namely, we assume that ¢, € C1(0,T; W), that is, cp, ¢}, : [0,T] — W, o are continuous
when we consider the norm ||.||;, in Wy, o. In what follows we establish energy estimates for
the pressure and for the concentration.

Proposition 1 If 0 < ag < a then there exists a positive constant Cp, h independent, such
that

lon ()]0 < Cpllar,n(t)||n,t € [0,T7. (19)

Proof: Taking in (10) wy, = pp(t) and considering the Poincaré-Friedrich’s inequality
|wn||n < ||D,gcwh||,2l7+ for wy, € Wj, g, we conclude (19).

[
If
”(h(t)HU < qu,t € [OvTL (20)
then the sequence ||pp(t)||1,n, h € H, satisfies
lpn()|1,n < Cp, t € 0,T], h € H, (21)

©CMMSE Page 565 of 1573 ISBN:978-84-615-5392-1



AN UNEXPECTED CONVERGENCE BEHAVIOUR IN DIFFUSION PHENOMENA IN POROUS MEDIA

for some positive constant C,.
As [pp(x;)| < |lpn(t)]l1,n, we get ,_max |pn (i, t)| < C4, that is ||pp(t)|lec < Cp. Moreover,

as holds the following
(M (cr (D) (2i11) D—apn(@is1,t) = Y hjp1 oD (an(t) D_opn (1)) (z;)
j=1

+a(Mp(cn(t))(21)) D—apn (21, 1),

(2
=- Z hj12q1,0(25, 1)
i=1

+a(Mp(cn(t))(z1))D—zpp(z1,1),

fori=1,...,N — 1, we conclude

max |a(My(en(t))(2:)) D—apn (@i, )] < Cp + [a(Mn(cn(t))(21))| D-apn(a1,t)],
provided that q; € L>(0,T; L?(0,1)). It is then plausible to admit that, for 0 < ag < a and
h € H with A4, small enough, we have
max |D_gpp(zi, 1) < Cp, (22)
for some positive constant C),.
We remark that if we replace the Dirichlet boundary conditions for the pressure by

Neumann boundary conditions p,(0,t) = p,(1,t) = 0 that are discretized by D_,pp(x1,t) =
D_,pn(xn,t) = 0, then condition (22) holds.

Proposition 2 If0 <ap <a, 0 <dy <d, (22) holds and

b(z,y)| < Cylyl, (z,y) € R?, (23)
then
t 1 (; 20124 9,2
2 2 C2C2+2n%)t
D_, < 20 Cp
Jent® + [ Do) g ds < e
Lot (24)
len(O)7 + 55 [ llazn(s)lids), t € [0,T],
2n° Jo
n # 0 is an arbitrary constant and € # 0 is such that
dy — €2 > 0. (25)
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Proof: Taking in (11) wy, replaced by ¢ (t), we easily deduce that
1d

—Nen(®)lI7 + doll D—acn(®)1f + — (Ma(bn(t)en(t)), D—gcn(t))n+
2dt
(26)
< @llqm(t)\l% + 17 |en (B)]17,
for an arbitrary n # 0.
As under the assumptions (22) and (23), we have
[(M (b (t)en (1)) D—zcn(t))n+|< CoCpllen(®)|nll D—zcn () ln.+, (27)

from (26) we obtain

d 1 1
G en®IR + 200 = AID_cen(®lF 1 < (505G + 2 len Ol +5 5 Il 817

where €, are nonzero constants.This inequality leads to
t
llen (@117 + 2(do — €) /0 ID—acn(s)7,+ ds< llea(0)17

1 t
+(3aC8C3+27) [ Nen(s)lf ds + 55 / lazn(s)I2 ds.

Finally inequality (24) easily follows from inequality (28).

4 An IMEX method

In [0,T] we introduce a uniform grid {¢,} with tg = 0,tys = T and t; — t;_1 = At. By
D_; we denote the backward finite difference operator with respect to ¢t. Let us suppose
that the numerical approximations pj(x;) and ¢} (x;) for p(x4,t,) and c(x;, ty,), respectively,
are known. Let pZH(:Ui) and C”H(x,;) be the numerical approximations for p(z;,tp+1) and
c(x, tpy1), respectively, defined by the following system

(apD_ppy™, D_gwp)p + = (QT;{l,wh)hv wp, € W0, (29)

(D—ecy ™ wp)n + (™ D_gel ™, D_gwp )it — (M (0™ ™), D_gwn)n +

(30)
(q;-}tl’ wh)ha wp, € Wh,Oa
with the boundary conditions
pz—H(:L’o) = pf(tn-i-l)a pz+1(xN) = pr(tn—f—l)a (31)
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n+1 _ n+1 _
Ch, (xO) = Cﬁ(thrl)v Cp, (xN) = Cr(tn+1)> (32)

and with the initial conditions
ch(xi) = conlxi), ph(xi) = pon(xs), i=1,...,N — 1. (33)

In (29) and (30), qZZI is obtained from gy 4 (t) taking t = t,11, (¢ = 1,2), the coeflicient
all is obtained from ay,(t) replacing cp(t) by ¢, dp" ' and 57" are obtained from dj,(t)
and by (t), respectively, replacing ¢ (t) and pp(t) by ¢} and pZH, respectively.

We establish in what follows energy estimates for the numerical approximations cZH , pZH

defined by (29) and (30). In order to do that we assume that p; = p, = ¢y = ¢, = 0.

Proposition 3 Under the assumption of Proposition 1, there exists a positive constant C,
which does not depend on h such that

Iy s < Collaiy llnom = 0,..., M 1. (34)

If g1 satisfies (20) then the sequence ||p}| 1,n, h € H, satisfies

i lin < Cpon=1,....,M—1,heH, (35)

for some positive constant C,,.
As in the semi-discrete case, from (35) we conclude ||p}|jcc < Cp, n =1,..., M, and it
is reasonable to assume
HllaXN‘Dfpo(m’L” Scpa ’I’L:]_,...,M. (36)
i=1,...,
Proposition 4 If0 < ag < a, 0 <dy <d, (23) and (36) hold, then c} defined by (29),(30)
with homogeneous boundary conditions satisfies

n
. 1 OnAt
|2 2 nll_ — 2
At D_ Cj < min{1—0A¢t,2(dg—e=)}
len I + ZH T hHh,Jr— min{l—@At,Q(do—62)}e 0
7=0
. " (37)
(1= 020 Ien(O)IF +2(do = D=kl 1 + 5580 D ezl ds).
m=1
where 1
6= 2—620505 + 2%, (38)
n # 0 is an arbitrary constant, € # 0 is fized by (25) and At satisfies
1—60At > 0. (39)
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Proof: Taking in (30) n and wy replaced by m and czﬁl, respectively, and following

the proof of Proposition 2, it can be shown that

1 1 1
e 2 + 2(do — )AHD ot E L < el + (L CRCE + 202 Atlle 3

(40)
ol At 2,
where €, are nonzero constants. Summing (40) for m = 0,...,n — 1, we obtain
n n
el +2(do — )AL > ID—aci s < llRl7 +0AE Y il
m=1 ) TTLn:l (41)
+2772A75 Z g5%17 »
m=1
with 6 defined by (38).
Inequality (41) can be rewritten in the following equivalent form
4 OAt —
n||2 m (|2 m||2
lexlly + At Z | D—zcp, Hh,+ ds< min{2(dy — €2),1 — AL} Z ller! (1%
m=0 m=0
1
1—0A)| A7 + 2(do — ) At||D_, )3 (42)
oo 1oan (1~ AR + 200 — AU,

1 n
+o A gl
27’ m=1

provided that e and At satisfy (25) and (39), respectively. Using in (42) Gronwall Lemma
(Lemma 4.3 of [4]) we deduce (37).
[

5 Convergence order for the pressure and concentration

We illustrate in what follows the behaviour of the fully discrete scheme (29), (30). Let e,
and ey, be the errors for the concentration and for the pressure defined by

een(wi) = cp(wi) — Rpe(zistn), epp(wi) = py(xi) — Rpp(zistn),i=1,...,N — 1,

where R;, denotes the restriction operator. We would like to show numerically the following
estimates

n
legnlh + At Y I1D—zel )7+ = OPiaa): (43)
7=0
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and

lep all = O(himaa), (44)

for all n. To do that we consider At < h2

< ae 11 the numerical simulations that we present
in what follows.

Example 1 Let us consider (1)-(5) with a(c) = 1 + c(z,t), b(c,pz) = (c(z,t)ps(z,1))?,
d(e,pg) = c(x,t) + pz(x,t) + 2, q1, g2, the initial and boundary conditions such that this
IBVP has a known solution. The numerical approrimations cj and pj were obtained with
the IMEX method (29)-(33) with nonuniform grids in [0,1] and with T = 0.1 and At = 1075.
The spatial initial grid is arbitrary and the new grid is obtained introducing in [z;,x;11] the
midpoint. In Table 1 we present the errors

n . 1/2
2 2
Brror.= max (|let 7+ At Y [D—ael )2 L) (45)
EARAS) ]:O
Brror, = max, [[D-aep pln+ (46)
and the rates Rate., Rate, that were computed by the formula
Errorhmaz,l
ln (Errorhmaz 2 )
Rate = ’ (47)

hmaz,l ’
ln ( hmaz,Q )

where hpmaz1 and Rppqr 2 are the mazimum step sizes of two consecutive partitions.

honaz Error, Error, Rate. | Rate,

1.3174 x 1071 | 5.5435 x 1072 | 1.1099 x 102 | 1.9492 | 1.5048

6.5869 x 1072 | 1.4355 x 1072 | 3.9113 x 1073 | 2.0010 | 1.5808

3.2934 x 1072 | 3.5863 x 1073 | 1.3075 x 1073 | 2.0024 | 1.8337

1.6467 x 1072 | 8.9511 x 10~ | 3.6682 x 10~* | 2.0008 | 1.9296

8.2336 x 1072 | 2.2366 x 10~* | 9.6288 x 107° | 2.0029 | 1.9671

4.1168 x 1073 | 5.5804 x 107° | 2.4628 x 107° | 2.0109 | 1.9866

2.0584 x 1073 | 1.3846 x 10 | 6.2144 x 1075 | 2.0301 | 2.0015

1.0292 x 1073 | 3.3899 x 1076 | 1.5520 x 10~© - -

Table 1

The numerical results presented in Table 1 show that Error, = O(h2,,,) and Error. =
Example 2 In this example we consider the IBVP (1)-(5) with a(c) = 141_0, b(c,pg) = 1]::_5 =

Pz

1o q1,q2 the boundary and initial conditions are such that this IBVP has
c

d(c,pz) =1+
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a known solution. The numerical approrimations cj and py were obtained with the IMEX
method (29)-(33) with nonuniform grids and with At = (Rmaz/100)? and T = 10000At. In
Table 2 we present the errors defined by (45) and (46) and the rates defined by (47) for the

pressure and for the concentration.

homaz Error, Error, Rate. | Rate,
9.4478 x 1072 | 2.7522 x 1073 | 1.0142 x 1073 | 1.5183 | 1.8416
4.7239 x 1072 | 9.6078 x 10™* | 2.8297 x 10~* | 1.7922 | 1.9648
2.3620 x 1072 | 2.7741 x 10~* | 7.2488 x 1075 | 1.9739 | 1.9793
1.1810 x 1072 | 7.0618 x 107° | 1.8383 x 107° | 2.0221 | 1.9901
5.9049 x 1073 | 1.7386 x 107° | 4.6274 x 1075 | 2.0177 | 1.9953
2.9524 x 1073 | 4.2935 x 1076 | 1.1607 x 1076 | 2.0089 | 1.9977
1.4762 x 1073 | 1.0668 x 1076 | 2.9063 x 107

Table 2

The numerical results presented in Table 2 show that for this example we have Error, =
O(h2,,,) and Error. = O(h2,,,)-

In the previous two examples and in a huge number of numerical experiments performed
and not included in this paper, we observe an unexpected convergence behaviour of the
numerical approximations for the pressure and for the concentration. These facts allow
us to postulate that the error estimates (43) and (44) hold. These estimates mean that
the finite difference scheme used is supraconvergent or equivalently the correspondent finite
element method is supraconvergent.
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