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Abstract: In this paper, we study a numerical scheme for a nonlinear system of partial
differential equations arising from the mathematical modeling of drug delivery enhanced
by light. The system consists of diffusion-reaction equations for drug concentration and a
diffusion equation for light propagation. Suitable initial conditions and Neumann-Dirichlet
boundary conditions close the system. We establish that the numerical scheme is second-
order supraconvergent in space in a discrete H'-norm and first-order convergent in time in
a discrete L?-norm. Numerical experiments illustrate our convergence results.
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1 Introduction

In this paper we study a numerical scheme for the system of partial differential equations (1)-(3)
where Dy, Dy : R — R are appropriate functions and =z € Q, t € (0,7]. Let Q be the set
Q = (0,1)2. We denote the boundary of Q by the union of its edges: 99 = UI‘i,i =lLu,r,d
(edges left, up, right and down). To complete our problem, we impose the initial and boundary
conditions (4)-(6).

I(z,0) =0, cf(z,0)=0,

4
101 ep(x,0) =cpolz), zeQ, (4)
—~— =V - (D;VI) — pl, (1)
B ot I(z,t) =Io(t),x € Ty, t € (0,T], (5)
0 = _
% — V- (DaVes) + e, ) Vi(z,t)-n 0,2 €900 -T,,te (0,T],
dcy Veg(z,t)-n =0,z€0Q—-T,,te (0,1, (6)
T —yenl, (3) cr(z,t) =0,z eI, te(0,T].

Drug delivery systems (DDS) have great potential for cancer treatment, in particular, those
DDS that use near-infrared (NIR) light as an external stimuli to induce the drug release, since
they allow not only spatio-temporal control of the drug but better penetretion in tissue [1]. We
propose the model (1)-(6) to approximate the drug delivery dynamics from a polymeric matrix
when light is used as enhancer. In equation (1), I is the light intensity. It is well known that
light propagation through a scattering and absorbing medium can be described by the radiative



transfer equation (RTE) [3]. Depending on the magnitude of the absorption and scattering
coefficients, p, and us, respectively, different approaches can be considered to approximate
the RTE. Following [2], we use the diffusion equation for light intensity (1), where Dy is the
traditional light diffusion coefficient Dy = 1/(3(pq + f1s)), term u,I symbolize the absorption of
light and g is the speed of light in the medium.

It is assumed that drug molecules are initially linked to the polymeric chains and the links are
broken due to energy absorption, that is, the cleavage of the links occur by light irradiation.
Equation (2) approximates the dynamics of the free drug c; and the function yc¢,I represent
conversion percentages of bound drug ¢ into free drug that is allowed to be transported through
the polymeric structure by diffusion. In (5) and (6), n denotes the unitary exterior normal.

Suppose that the diffusion coefficients in (1) and (2) are bounded from below by a constant and
are Lipschitz with Lipschitz constant L, i.e

me' > Dy >0 and |Dp,ii(x)_Dp,ii(j)| < L|$—i|, r,t € Rt = 1,2,p=[,d.
Let A be a sequence of vectors H = (h,k) with h = (h1,...,hn,), k = (k1,...,kN,) with

Ny Na
positive entries, such that Zhi = Zkl = 1, with Hpee = max{hmaz, kmaz} — 0, where
i=1 i=1
Rmar = max h; and ke = max  k;.
i=1,....N} i=1,....Na

Let Qg be a non-uniform partition of Q such that Qy = {(zi,y;),i =0,...,N1,j =0, s Na},
where x; = ;1 + hi,i = 1,...,N1,y; = yj—1 + kj,j = 1,--- ,No, and and let Qy = Qg N Q,
oy = QH N of, and Fi,H =0; Ny, i =1,u,rd.

We introduce the finite difference operators D_jyup (z;,y;) = “2 (@i,9; )_hu_H (@i—1,95)

ur (Tit1,Y5) —uwm (Zi,Y;)

Rl
(Dyup, Dyup), where D_, and Dy are the finite difference operators defined analogously to D_,
and D;.

In W () we consider the following inner product (ug,vy)y = Z(:ci,yj)eﬁH Oij|wm (xi, yj) v (xi, yj),
1N Q, and uy,vy € W(Qg). The norm induced by this

, where h, 1 = %(hi+1+hi), and the operators Vyuy = (D_yup, Dyup), Viug =
2

where Dij = [xi_%,xH%] X [yj—%’yj—‘r%

inner product is denoted by || - || .

We also use the notations (uy, vy )z + = Z(x“yj)eﬁH_Fl’H !Dz,zj\uH(iEi, yj)vH($i7 yj)7 lum ||z =
V (g, ug )z, where Oy 5 = (-1, 2] ¥ [yjfé,y]gr%] NQ, and ug,vy € W(Qy —I' ). Analo-
gously, we define the notations (upm, v )y .+ and ||ug|ly+ where ug, vy € W(Qg — Tam).

For ugy = (up,um2),vn = (v1,vm2), where ug1,vg1 € W(Qu—T1m), up2, vme € W(Qy —

Ly ), we take (um,ve)m+ = (um1, vE )2+ + (Ur2,vE2)y+  and  |uglly = /(ug, um)m -

The diffusion coefficients D; and Dy are diagonal matrices with entries Dy ;;, Dy, for ¢ = 1, 2.
We take Dy as a function of ¢y, then, to approximate this nonlinear coefficient we use the aver-
age operators Myug (zs,y;) = %(UH(ZEZ, yj) + uH(xi,l,yj)), being M), defined analogously. By
Dq(Mpup) we denote the diagonal matrix with diagonal entries Dy 11 (Mpup) and Dy oo(Myup).

To discretize the light intensity equation (1) and the boundary conditions (5) we need to consider

the auxiliary point xn,+1 = N, + hNy, UNo+1 = YN, + kN, and y—1 = —y; and the fictitious

points T’ EI}I, for i = d,u,r, see (7). Similarly, to discretize the free drug concentration equation

(2) and the boundary condition (6) we need to introduce the auxiliary point x_; = —z; and the
fictitious points Ficl){, for i =1,d,u.

I . .
Ft(il)q == {(%‘;y—l)az = 17"'7N1}7 Fgf[){ == (x—lyyj)v.j = 07 7N2}7
u}-]:{(xi7yN2+1)7i:17"'7N1}7 FE[?}{:{(xiay—l)ai:07"'7N1_1}7 (7)
FT,I)'I - {(37N1+17yj)7j = 07 <o 7N2}7 Fffj)}[ = {(xiayNz—‘rl)yi = 07 s 7N1 - 1}



Let W}, and W7, be the space of grid functions defined in Qy U (Ui:dyr7ufglgl) and Qg U

(Ui:l’d,ufg%), respectively. Moreover, let Wj,(€2 —T',. i) be the space of grid functions defined in
Q—-T,n.

2 Results and discussion

In the time domain [0, 7] we define the uniform grid {¢,,,m = 0,--- , M}, with tg =0, tpy =1
and ty11 =ty + At, form=0,--- M — 1.

We consider that the fully-discrete approximation I7; € WI* e c?fH € WC* o G € Wy (Qy —
I, i) are solution of the system

DIt = Vi - (Dr(Mu I)VuIF+) + GI7) in Qp — i g (8)
D.cfy =V - ((Dd(MHc’;?H)VHC??,Tl)) + F(I, ¢y, com) in Qg — Ty g (9)
D-tcl:,,LH = S(Iﬁ, C??H, CEV,LH) in QH — F’[‘,H (10)

with  Iy(tm) = Ruli(tm) on 095, VP Ig(ty,) -1 =0 on (005 — Tig) x (0,T),

11
cri(tm) =0o0nTyy x (0,T), Vs p(tm) - n=0on (32 — Tpy) x (0,T). 1

Define D?%i)uH(xhyj) = L(Drin(Mpup (i1, y;)) Daur (wig1, y;)+Dran (Mpup (2:,y5)) Dogup (24, y5)).

for (z;,y;) € I'; g and Dq(é)uH(xi,yj) =0, for (z;,y;) € 00y —I'v 1.

Similarly Dvg{,)uH(fUia yj) = 5 (Dr22(Myup (w4, yj41)) D—yun (i, Yj1)+Dr oo (Myup (w3, y5)) D—yup (25, y5)),
for (xi,yj) € Fu,H U Fd,H and D%)UH({L‘“%) =0, for (:L‘Z', yj) € o0y — (Fu,H U Fd,H)~

The boundary operators D,(]i) and D?%f,) are defined analogously. Let Vg,)n be defined by Vg?n =
(D%),D%)), for j=1,ec.

Notice that system (8)-(11) is an IMEX (implicit-explicit) scheme. In example 1, we illustrate
numerically the convergence rates in time and space for cf iy and ¢ 7, however, we remark that
I behaves in the same manner. Example 2 shows the numerical solution of ¢y for different
values of Ip(t) in the system (1)-(6) as well as the release rate of cy.

Example 1 Let Q = [0,1] x [0,1] and t € [0,1]. In system (1)-(3) we consider the functions
with Dr(cy) = 0.58, Dg(cy) =1+ c?c. We set the parameters B,y and u, equal to 1.

The functions gr(x,t), g¢(x,t) and gy(x,t) were added to the right hand side of equations (1), (2)
and (3), respectively, such that, the exact solution of the problem is I(x,t) = exp(t) sin(zy)(x —
)(y—1), cp(z,t) = exp(t)(@? —z)(y* —y) and cp(z,t) = exp(t)x cos(zy). We solved this example
using the IMEX scheme (8)-(10).

For the approximations cy ; and ¢ 7, define the numerical error on a random mesh H, respec-
: 2 _ m |2 m m |2 2 _ m |2
tively as Errory ; = maxm=1,.. v [|EV g5 + At 3205 [[Do Byl and  Errory ;= maxym=1,.. M|y |7

s

Error
The numerical rate of convergence for cy y is given by Rateyy = log, EfH>, where
ITOT ; 1

denotes the mesh obtained by halving the step sizes of the mesh H. The time step is chosen
small enough (of the order of H?2,.) so that the spatial error dominates the time error. The
results are presented in table 1.



M N Ny Hpax Errory g Rates n Errory, g Ratey, o

At Proray  Rateany Brroran,  Rateaw 82 12 12 1.1039x10 ' 7.2627 x 10—° B 1.2644 x 100 -
’; iig%} ;2321 . 1373 00013 f?é?g x }87; L1100 328 24 24 55105x 1072 27008 x 100 2.3745  5.6640 x 107 2.2402
e ‘ ety : 1312 48 48 27598 x 10 % L6714x 107 20071 38612x 10 ° 1.9374

16 x107% 1.0211 x 1073 0.9548  3.3167 x 10~*  1.0729
32 x107% 2.6236 x 107%  0.9802  7.7990 x 1075 1.0442
64 x1075 6.6167 x 1075 0.9936 1.8721 x 1077 1.0293

5251 96 96 1.3799 x 1072 1.0367 x 10°°  2.0055  2.5305 x 1077 1.9658
21007 192 192 6.8994 x 10% 6.4455 x 10710 2.0038 1.6203 x 1010 1.9826
84030 384 384 3.4497 x 10° 4.0165 x 1011 2.0021 1.0251 x 1011 1.9912

Table 1: Time errors (on the left) for ¢; and ¢,. Space errors and convergence rates for ¢y and
¢y (on the right).

Example 2 This example illustrate the behavior of the drug delivery system in the domain
Qx[0,T]. The initial conditions are cy(x,0) =1 for 0 < z < 0.25, ¢p(x,0) =0 for x > 0.25 and
cf(x,0) =0, I(x,0) =0 for x € Q. In figure 1, the values of cy are plotted for different values of
I(z,t) = Io(t), v € I';, t € [0,T], with T = 60s. Figure 2 shows the cy release rate for a bigger
time domain with T = 3600s. For both figures the parameters values are 8 = 2.0689 x 101%m/s,
po = dem™, pg = 13em™1, Dy = 1/(3(mu + muy)), Dg = 4 x 10~*cm?/s.
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Figure 1: Free drug c; for diferent Iy values Figure 2: ¢ release rate for T = 1h.

3 Conclusions and Future work

We consider an IMEX time scheme combined with a nonuniform finite difference method for a
non-linear system modeling light-enhanced drug delivery. We state and numerically illustrate
that our method is first-order convergent in time and exhibits supraconvergence in space. By
supraconvergence, we mean that the error is second-order convergent in a discrete H'-norm
despite the truncation error being first order in the L°°-norm.

Acknowledgments

This work was partially supported by the Centre for Mathematics of the University of Coimbra -
UIDB/00324/2020, funded by the Portuguese Government through FCT/MCTES. H.P. Gémez
was also supported by the FCT PhD grant PD/BD/150551/2019, funded by the Portuguese
Government through FCT/MCTES.

References

[1] Xiaoying Wang, Zeliang Xuan, Xiaofeng Zhu et al. Near-infrared photoresponsive drug
delivery nanosystems for cancer photo-chemotherapy. JNanobiotechnol 18, 108 (2020).
https://doi.org/10.1186/s12951-020-00668-5

[2] L. Wang, H. Wu. Biomedical optics - principles and imaging, John Wiley and Songs,2007.

[3] A. Ishimaru. Wave Propagation ans Scattering in Random Media, Academic Press, 1978.



