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N o O
PRQTSUPVXWZY P�[]\_^U`Ra Y P V_b_b_c d*e ^f\_`hg_a�ikj b_l

N_m<n \_o$p e o$P�aZq�^Ta Y�e Sfa�i 


2 2 1
−2 1 2
1 −2 2






2 −2 1
2 1 −2
1 2 2


 .

r 4�sRA-03t�uKv�A�w [ 2 2 1
−2 1 2
1 −2 2

] [
2 −2 1
2 1 −2
1 2 2

] x [
4+4+1 −4+2+2 2−4+2
−4+2+2 4+1+4 −2−2+4
2−4+2 −2−2+4 1+4+4

] x [
9 0 0
0 9 0
0 0 9

] m

V�m�y Qf\_z Y a1a l|{ Sfa Y a Y P}Pho�~ l ~$zG\_`hg_a Y PZ��\ e QTQh��P}~�z Y ~�p�\_z Y a�aKQ�q�~��KaXSfQ e SU~$o�~$��\ Y aKQh��^TPhQUa_o��X\�a?QTPh� e ~�zDSfP
QT~$Q�SfP l \�i 




2x+ 2y + z = 1
−2x + y + 2z = 3
x− 2y + 2z = 5

r 4�sRA-03t�uKv�A�w { 2x+2y+z = 1
−2x+y+2z = 3
x−2y+2z = 5

L2 7→L2+L1

L3 7→L3− 1
2
L1⇐⇒
{

2x+2y+z = 1
3y+3z = 4

−3y+ 3
2
z = 9

2

L3 7→L3+L2⇐⇒
{

2x+2y+z = 1
3y+3z = 4

9
2
z = 17

2

⇐⇒
{

x = 1
9

y = − 5
9

z = 17
9

� ~��Ka_SUQ
� \_QUQT~$zG\Xo�\ Y a_Q�\Zz�Ph�K^T~�SfaD��i 2, 3, 9

2

m

j m�� z Y ~$� e P_�X� e QTSf~��Gp�\Xz Y a���QTP�ph\ Y \ e�l \ Y \_Q�QUPR� e ~$zDSUPhQ�\X�G^ l \_`R��PRQ { �KPh^ Y \ Y PR~$^U\|a e�� \_o�Qf\ m
� \K���+��~�QTSfP e�l \ l \�Sf^U~�� A S�\Xo�� e P A

[
2 2
2 2

]
=

[
1 3
1 3

]
.

�3� � y�l QT~$QTSUP l \ o$~$z�P�\_^�pRa l SU^U¡hQ�PR� e \_`h�
PhQ¢P�� e \XSf^Ta|~�z�ph£_�Kz�~�Sf\_Q { QUP l q�^UP�~$z Y PRSfPR^ l ~$zG\ Y a m
� p���¤*g_aZP¥��~�QTSUP�z�PRz�¦ e�l \ l \XSU^U~$�*^UP�\Xo A � e \ Y ^f\ Y \ Y P"a_^ Y P l n S�\_o§� e P A2 = −In

m
r 4�sRA-03t�uKv�A�w
� \D�1¨%\Xo$Qf\ mª© P«�U\ [ x y

z w ] �kpha l x, y, z, w ∈ R e�l \ l \XSf^T~$�¬^UP�\Xo­� e \_o�� e Ph^ Y aMSU~$q%a 2 × 2
m �kzDSfg_a��+SfP l a_Q

[ x y
z w ] [ 2 2

2 2 ] =
[

2x+2y 2x+2y
2z+2w 2z+2w

]
6= [ 1 3

1 3 ] � e�l \}�KPR��� e P 1 6= 3
m

�I� ��¨%\Xo$Qf\ m+® QU~�QTSfP l \�q%a Y P�QUPR^k~ l q-aKQTQU¯��KPho m
n aKz�QU~ Y Ph^TP�°±QUP�a�QUPR� e ~$zDSUP²QU~$Q�SfP l \ � Y P­Sf^T¡hQkPh� e \X`h�
PhQ�P²� e \XSU^Ua
~$z�pR£K�Kz�~�S�\_Qf��i { x+y+z+w = 0

x+y+z+w = 1
x+y+z+w =2

m
� pE��¨%\Xo$Qf\ m � \_^U\ n = 2 pha_z�QU~ Y Ph^TP�°³QTP}\ l \XSU^U~�� A = [ 0 −1

1 0 ]
� l \XSU^U~$��� e \ Y ^f\ Y \¬QUa � ^TP�a¬phaK^Tq-a Y aKQ�^TP�\_~�Q�� m

O
P l °±QUPMPRz6Sfg_a�i A2 = [ 0 −1
1 0 ] [ 0 −1

1 0 ] =
[−1 0

0 −1

] m´n aKzDS e�Y a { �KPh^ Y \ Y PR~$^U\µqG\_^f\ n ¯ l qG\_^ m¶© P n {
¯ l qG\_^¢PhzDS�g_a det(−In) = −1

m � aK^�a e SU^Ua1o$\ Y a�� detA2 = (detA)2 ≥ 0 �-o$aK�_a?zGg_a?P¥��~$QTSUP A Sf\_o�� e P
A2 = −In

m
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V o O
PRQTSUPà Y P�[á\_~�a Y P V_bKb_c d*e ^f\_`hg_a�ikj b_l

N_m<n aKz�QU~ Y Ph^TP�\ QTPh� e ~�zDSfP l \�Sf^U~��_i A =




1 1 1 1
1 2 2 2
1 2 3 3
1 2 3 4



m

NKm¢d PRSUPh^ l ~$z�P�\ Y PRpha l q%aKQU~�`�g_a A = LDLT
m

V�m¢y QUP�\Z\_o$¯�z�P�\ \Xz6SUPh^T~$aK^�q�\_^f\ p�\Xo$p e o�\_^ det(A)
m

r 4�sRA-03t�uKv�A�w � l q�^T~ l Ph~$^TaMo e �D\_^ e QU\ l aKQ Pho�~ l ~$zG\_`hg_a Y P]�"\ e QUQ qG\_^U\âa � SfPR^ U � e P_� e�l \á�KPh��� e P A {
QT~ l|{ SU^U~$ph\���pRaK~$z�ph~ Y P�pha l LT

m
[

1 1 1 1
1 2 2 2
1 2 3 3
1 2 3 4

] −→
L2 7→L2−L1
L3 7→L3−L1
L4 7→L4−L1

[
1 1 1 1
0 1 1 1
0 1 2 2
0 1 2 3

] −→
L3 7→L3−L2
L4 7→L4−L2

[
1 1 1 1
0 1 1 1
0 0 1 1
0 0 1 2

] −→
L4 7→L4−L3

[
1 1 1 1
0 1 1 1
0 0 1 1
0 0 0 1

]
.

ã QUQT~ l �-\Z^UPRQUq%aKQTSf\?ä|\_o$¯�z�P�\ � \K� { A =

[
1 0 0 0
1 1 0 0
1 1 1 0
1 1 1 1

] [
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

] [
1 1 1 1
0 1 1 1
0 0 1 1
0 0 0 1

]
.
y Qf\_z Y a�PRQTS�\ � \_pRSUaK^U~���\_`hg_a�� det(A) =

1 · 1 · 1 = 1 ��� e P { \|^TPhQUq%aKQ�S�\|\ �I� � m

V�m
n aKz�QT~ Y PR^UP<a�Q e � PhQTqG\_`ha Y P R4 �KPR^f\ Y a�q%Pho�aKQ��KPRpRSfa_^UPhQ (0, 1, 0, 1) � (0, 2, 0,−2) � (0, 4, 0, 0) � (−1, 1, 1, 1)P (1, 0,−1, 0)
m+� z Y ~�� e P e�l \ � \_QTP Y PhQ�SfP"Q e � PhQTqG\_`ha|S�\_o§� e P

NKm \ � \_QUP"QUP³�U\ e�l Q e � phaKz'� e zDSfa Y aKQ²�KPRpRSfa_^UPhQ Y \ Y aKQhå
V�m z�Phz�¦ e�læY aKQ²�KPhp�SfaK^TPhQ Y \ Y aKQ²o�¦�P�q-PR^TSUPhz�`h\ m

r 4�sRA-03t�uKv�A�w n aKz�QU~ Y Ph^ l a_Q¬\ l \XSf^T~$�?p e �U\_Q|phaKo e zG\_QZQfgXa�aKQZ�KPR^f\ Y aK^UPRQ Y \ Y aKQ m ��zDS�g_a��çQf\ � P l aKQZ� e P]\_Q
pRaKo e zG\_Q�� e PèSf~��KPh^TP l q�~��Ka_SUQ?\_a�p�\ � a Y a�q�^Ua
phPRQUQUa Y PáPho�~ l ~$zG\X`�g_a Y PM�"\ e QUQ¬phaKz�Q�Sf~�S e P l e�l \ � \_QUP Y a
PRQUqG\X`ha��_Ph^f\ Y aZq-aK^�SUa Y \_Q�\_Q�phaKo e zG\_Q m O
P l a_Qhi

[
0 0 0 −1 1
1 2 4 1 0
0 0 0 1 −1
1 −2 0 1 0

] −→
L1↔L2

[
1 2 4 1 0
0 0 0 −1 1
0 0 0 1 −1
1 −2 0 1 0

] −→
L4 7→L4−L1

[
1 2 4 1 0
0 0 0 −1 1
0 0 0 1 −1
0 −4 −4 0 0

] −→
L4↔L2

[
1 2 4 1 0
0 −4 −4 0 0
0 0 0 1 −1
0 0 0 1 −1

] −→

−→
L4 7→L4−L3

[
1 2 4 1 0
0 −4 −4 0 0
0 0 0 1 −1
0 0 0 0 0

]
.

ã QUQT~ lée�l \¬^UPRQUq%aKQTSf\?ä?\_o�¯$z�Ph\ � \D� { ((0, 1, 0, 1), (0, 2, 0,−2), (−1, 1, 1, 1))
m<y�l \¬^UPRQUq%aKQTSf\?ä�\Xo$¯$z�P�\ �3� � {

((0, 10, 0, 10), (0, 20, 0,−20), (−10, 10, 10, 10)) ��� e PçQTPka � S {Rlêl}e o�Sf~�q�o$~�p�\_z Y a­p�\ Y \��_Php�SfaK^ Y \ � \_QTPç\Xz6SUPh^T~$aK^
q%aK^ 10

m

n aKzDSf~$z e \ z�aZ�KPR^UQTa m
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j m�� z Y ~$� e P_�X� e QTSf~��Gp�\Xz Y a���QTP�ph\ Y \ e�l \ Y \_Q�QUPR� e ~$zDSUPhQ�\X�G^ l \_`R��PRQ { �KPh^ Y \ Y PR~$^U\|a e�� \_o�Qf\ m
NKm�© P«�U\ l x, y, z �KPRpRSfa_^UPhQ Y P Rn m�© P {x, y} P {x, z} QUg_a�pRaKz�� e zDSUaKQ*o�~$z�Ph\_^ l PhzDSfP"~$z Y Phq%Phz Y PhzDSfPRQ�PhzDS�gXa
{x, y, z} { o$~$z�P�\_^ l PRz6SUP�~$z Y Phq%Phz Y PhzDSfP m

V�m�© P�\_Q}pRaKo e z�\_Q Y P e�l \ l \XSf^T~$�¬� e \ Y ^f\ Y \ Y P1aK^ Y P l n
� aK^ l \ lëe�l \ � \_QTP Y P Rn PhzDSfg_a:\_Q}o�~$z�¦G\XQY PhQTQf\ l \XSU^U~$��S�\ l � {hlì� aK^ l \ lìe�l \ � \_QUP Y P Rn m

j m�© Phz Y a u, v �KPRpRSfa_^UPhQ Y P Rn ��SfP l °±QUP ‖u+ v‖2 = ‖u‖2 + 2‖u‖‖v‖+ ‖v‖2 m

r 4�sRA-03t�uKv�A�w
NKm ¨%\Xo$QUa m ã q�^TPhQUPRzDSfP l aKQ e�l pha_z6SU^f\�°±P���P l q�o�a m¬® Q�pRaKz�� e zDSfa_Q {(1, 0), (0, 1)} P {(1, 0), (0, 2)} Y PZ�_Php¥°SfaK^TPhQ Y P R2 Qfg_aèo$~�z�P�\X^ l PhzDSfP ~�z Y Phq%Phz Y PhzDSfPRQh�
phaKzDS e�Y a {(1, 0), (0, 1), (0, 2)} { o$~�z�P�\X^ l PhzDSfP Y PRq-PRz�°Y PhzDSfP m
V�m²í Ph^ Y \ Y Ph~�^Ua m}© P|\_Q�pha_o e zG\XQ Y P e�l \ l \XSU^U~�� � aK^ l \ lîe�l \ � \_QTP Y P Rn PhzDS�g_a dimC(A) = n

m [á\_Q
dimC(A) = car(A) = dimR(A) o$aK�_a dimR(A) = n

mân aKz�pho e ~�°±QUP¬� e P�\_Q}o$~�z�¦G\_Q Y \ l \XSU^U~$�|QfgXa
o$~$z�P�\_^ l PRz6SUP�~$z Y Phq%Phz Y PRzDSfPhQ m�y�l \Z�_Ph��� e P�PRQTS�\XQ�o�~$z�¦G\XQ¢pRaKz�Q�Sf~�S e P l n �_PhpRSUaK^UPRQ Y P Rn ��P l �
~�^TS e�Y PY P A QTPh^ e�l \ l \XSU^U~���� e \ Y ^U\ Y \���PRo�\_Q � aK^ l \ l �
~$� e \_o l PhzDSfPX� e�l \ � \_QTP Y P Rn m

j m ¨%\Xo$QUa m
‖u+ v‖2 = {u+ v, u+ v}

= {u, u}+ 2 {u, v}+ {v, v}
= ‖u‖2 + 2 {u, v}+ ‖v‖2

6 ‖u‖2 + 2‖u‖‖v‖+ ‖v‖2,

q-PRo�\ Y PRQU~$� e \_o Y \ Y P Y P n \ e p�¦DïDð © p�¦Dñ�\_^T� mò© \ � P l aKQ}� e P�qG\_^U\M� e Pè\:~�� e \_o Y \ Y P¬QUP³�U\:PRQTSU^U~�Sf\ � \_Q�S�\
Sfa l \_^ u P v o$~�z�P�\X^ l PhzDSfP�~�z Y Phq%Phz Y PhzDSfPRQ m
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