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dim(F +G) = dim F + dim G− dim(F ∩G).

A H 0I7KJL.
F
+;O�7:_/25NS<>=�7`OL25P�7QOL4�.FRQ+ M 7 R2 a

F = {(x1, x2) : x2 = −3x1}.
b .Dced M 7:<3=LNfW�Z-.?< M + R2 ZQ+F9g259h456[.?<T+ M .�ij+F)L9k.�l�.?P5NS=L2�.?6m@�)�7:45)�7QO�7:<>=�7 F _D7Q+F9;7:=L)LN8Z-.?9;7:<>=�7 H
b P$conp+F<>=LNS<>2�.?< M +q.r4�7:<TO�.?);_D7Q+F9;7:=L)LN8Z-.?9;7:<3=�7/@ M 7QOLNS_/<T7:9;+/O14�+F) E

+sZQ+F<FJ#25<>=�+ M 7t=�+ M .FOu.FO;)�7QZ:=�.FO;<T+456[.?<T+v4�.?)�.?687:6[.FOe.
F
H�w +FPxJL7QZ:=LNS,D+ M 7QOL=�.y.?6SzS<T7-.y7 M .vO�7:_/25NS<3=�7|{|9;+/OL=L)�.?)�\>2T7/@}4�.?)�.y+F4�7:)�.FRQ~37QOZQ+F<>,D7:<5N87:<>=�7:9;7:<3=�7 M 7�WT<5N M .FO-@ E {^259h7QOL4�.FRQ+;,D7QZ:=�+F)LN[.?6�)�7-.?6 H

0I7:< M + G,H ∈ E
@ M 7�WT<5NS9;+/O G +H M .�O�7:_/25NS<3=�7`i�+F)L9k. a 7QO�ZQ+F6SlT7:9;+/O x ∈ G 7

y ∈ H 7 M 7QOLNS_/<�.?9;+/O4�+F)
G+H

.Y)�7QZ:=�.^4�.?)�.?687:6[.
.
F
\32T7�4�.FO�OV.�4�+F)

x+y
H bj� .FR-.^259k.�WT_/25)�.]\>2T7�NS6S2TOL=L)�7�7QOL=�. M 7�WT<5N8R-UF+ H c0I7:< M + G ∈ E

7
α ∈ R @ M 7�WT<5NS9;+/O αG M .
O�7:_/25NS<>=�7�ij+F)L9k. a 7QO�ZQ+F6SlT7:9;+/O x ∈ G 7 M 7QOLNS_/<�.?9;+/O}4�+F) αG.�)�7QZ:=�.X4�.?)�.?687:6[.k.

F
\32T7^4�.FO�O�.�4�+F)

αx
H bj� .FR-.X259k.XWT_/25)�.�\>2T7YNS6S2TO�=L)�7`7QOL=�. M 7�WT<5N8R-UF+ H c� 2T7^6SlT7Y4�.?)�7QZQ7:9�7QOL=�.FO M 7�WT<5N8RQ~37QOV�

b Z�ce�|+/OL=L)�7^\32T7
E
@TZQ+F9�.FO�+F4�7:)�.FRQ~I7QO M 7�WT<5N M .FO�<�.;.?6SzS<T7-.k.?<>=�7:)LN8+F)-@�{`259h7QOL4�.FRQ+�,D7QZ:=�+F)LN[.?6�)�7-.?6 H

b M ce�|+/OL=L)�7^\32T7 E
=�7:9 M NS9;7:<TO�UF+ G/H

b 7�ced�< M N8\32T7]259k.1=L)�.?<TO#i�+F)L9k.FR-UF+�6SNS<T7-.?)^O�+FP5)�7KJL7QZ:=LNS,F. M 7 R2 4�.?)�. E
7 M 7:=�7:)L9�NS<T7�+1<>�TZ:687Q+ M 7QO�OV.;=L)�.?<TO#�ij+F)L9k.FR-UF+�6SNS<T7-.?) H

�xH�� 7QOL=�717��x7:)�Z:z8Z:N8+o45)�7:=�7:< M 7���O�7u9;+/OL=L)�.?)
\32T7k\32�.?68\32T7:)]9k.?=L)LNS�u)�7-.?6 n × n ZQ+F9
n
,F.?68+F)�7QO
45)��F45)LN8+/O
)�7-.?N8O
{

� =L)LN[.?<5_/256[.?)LNS���Q,D7:6f��4�+F)`259k.o9k.?=L)LNS�1+F)L=�+F_D+F<�.?6 H ��.?N8O
ZQ+F<TZ:)�7:=�.?9;7:<>=�7/@�45)�7:=�7:< M 7���O�71\32T7 M 7:9;+F<TOL=L)�7u\32T7/@
M . M .`259k.]\>2�.?68\32T7:)�9k.?=L)LNS�Y\32�. M )�. M . A ∈Mn×n(R)

\>2T7�=�7:<5l�.
n
,F.?68+F)�7QO�45)��F45)LN8+/Op)�7-.?N8O b <�UF+
<T7QZQ7QO�O�.?)LNf�

.?9;7:<>=�7;=�+ M +/O M N8OL=LNS<3=�+/OVc�@�7��xN8OL=�7:9'259k.e9k.?=L)LNS�k+F)L=�+F_D+F<�.?6
S ∈ Mn×n(R)

7X259k.e9k.?=L)LNS�
T ∈ Mn×n(R)=L)LN[.?<5_/256[.?)�OL254�7:)LN8+F) =�.?N8O�\32T7

STAS = T
H

b .Dco0I7KJL.
A ∈Mn×n(R)

259k.�9k.?=L)LNS�}\32�.?68\32T7:)�ZQ+F9
n
,F.?68+F)�7QO�45)��F45)LN8+/O�)�7-.?N8O b <�UF+�<T7QZQ7QO�O�.?)LN[.?9;7:<>=�7�=�+ M +/O

M N8OL=LNS<>=�+/OVc H �|+/OL=L)�7]\>2T7^7��xN8OL=�7 λ ∈ R 7Y259h,D7QZ:=�+F)�ZQ+F6S25<�.
v1
ZQ+F9 ‖v1‖ = 1

=�.?6�\>2T7
Av1 = λv1

H
b P$ce�|+/OL=L)�7^\32T7^7��xN8OL=�7:9

v2, . . . , vn ∈ Rn
=�.?N8O�\32T7 {v1, v2, . . . , vn}

{^259k.XP�.FO�7^+F)L=�+F<T+F)L9k. M . M 7 Rn H
b Z�co0I7KJL.?9

v1, v2, . . . , vn
+/O�,D7QZ:=�+F)�7QO�)�7�i�7:)LN M +/O�<�.�.?6SzS<T7-.^.?<3=�7:)LN8+F) H 0I7KJL. H .�9k.?=L)LNS��\32T7�=�7:9�<�.�45)LNS9;7:NS)�.

ZQ+F6S25<�.�+X,D7QZ:=�+F)
v1
@x<�.�O�7:_/25< M .�+X,D7QZ:=�+F) v2

@57:=�Z H �|+/OL=L)�7^\32T7
H−1 = HT H

b M ce��O�7�.FO�.?6SzS<T7-.FO}.?<>=�7:)LN8+F)�7QO}<>259�.?)L_/259;7:<>=�+ M 7�NS< M 2TR-UF+
4�.?)�. M 7:9;+F<TO�=L)�.?)}.
.�WT)L9k.FR-UF+`i�7:NS=�.^<T+]NS<5z8Z:N8+
M 7QOL=�7^7��x7:)�Z:z8Z:N8+ H

� H d M 7:<3=LNfW�\>2T7].;OL254�7:)#ijz8Z:N87Y<T+;7QOL4�.FRQ+ M 7�WT<5N M .;4�7:6[.X7Q\32�.FR-UF+ x2 + y + z = 0.


