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Abstract

Let (pn), be a given monic orthogonal polynomial sequence (OPS) and k a fixed positive integer number
such that k > 2. We discuss conditions under which this OPS originates from a polynomial mapping in the
following sense: to find another monic OPS (g ), and two polynomials ;. and 6,,, with degrees k and m
(resp.), with 0 < m < k — 1, such that

Prk+m(X) = O (X)qn (T (x)) (1 =0,1,2,...).

In this work we establish algebraic conditions for the existence of a polynomial mapping in the above
sense. Under such conditions, when (pj), is orthogonal in the positive-definite sense, we consider the
corresponding inverse problem, giving explicitly the orthogonality measure for the given OPS (p,), in
terms of the orthogonality measure for the OPS (g;);. Some applications and examples are presented,
recovering several known results in a unified way.

© 2010 Elsevier Inc. All rights reserved.
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1. Introduction and preliminaries

Let (p,), be a given monic orthogonal polynomial sequence (OPS) and k a fixed positive
integer number such that k > 2. The purpose of this work is to analyze conditions under which
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this OPS originates from a polynomial mapping in the following sense: to find another monic
OPS (gy), and two polynomials 3 and 6,,, with degrees k and m (resp.), with0 <m < k — 1,
such that

Prk+m(X) = O (X)gn (e (x)), n=0,1,2,.... (1.1

The study of the theoretical aspects as well as applications of the OPS’s (p,,), and (g,), which
can be related by a polynomial transformation as in (1.1) has been a subject of considerable
activity in the past few decades, especially due to the interesting applications that we can find in
several domains (e.g., in physics, chemistry, operator theory, potential theory, and matrix theory).
Far from giving an exhaustive list, we mention here specially the works by Bessis and Moussa [8],
Geronimo and Van Assche [15,14], Charris and Ismail [9], Charris et al. [10], Peherstorfer
[27,26], and Totik [34]. From the algebraic point of view, the problem was first considered for
(k,m) = (3,0) by Barrucand and Dickinson [7], and also for the cases k = 2 and k = 3
by Marcellan and Petronilho [21-23]. We notice that most of the works in the literature deal
with situations where m = 0 or m = k — 1, i.e., the polynomial mapping is such that 6,, is
either a constant or a polynomial of degree k — 1. From the analytical point of view, when we
have orthogonality in the positive-definite sense, one of the most important properties satisfied
by OPS’s fulfilling (1.1) is that (p,), is orthogonal with respect to a positive measure whose
support is contained in a union of at most k intervals, and mass points may appear in between
these intervals (as expected, according to the results in the above references).

Let us recall the definition of some determinants which will play a fundamental role in the
sequel. According to the so-called Favard theorem (also known as the spectral theorem for
orthogonal polynomials), any given monic OPS, (p;),, can be characterized by a three-term
recurrence relation. Fixing an integer number k > 2, this recurrence relation can be given by
general blocks (with k equations) of recurrence relations of the type [9,10]

@ = b)Y Paiej () = Pk j1 () + @ picy j1 (),
j=0,1,....k—1;n=0,1,2,..., (1.2)
with @\’ € C\ {0} and bY’ € C for all n and j, and satisfying initial conditions
p-1(x) =0, po(x) = 1. (1.3)

Without loss of generality, we will take a(()o) = 1, and polynomials p; of degree j < —1 will

always be defined as the zero polynomial. Next introduce determinants A, (i, j; -) as in [9,10],
such that
0 ifj<i—2
A, jix) =41 ifj=i-2 (1.4)
x—biTY ifj=i—1

and,if j >i > 1,

x —bi=D 1 0
a,(l") X — b,(li) 1
0 alth  x —plith
A, ji x) = : : : N : S
0 0 0 ox—pyTh 1
0 0 ay’ x — by’
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foreveryn =0, 1,2, .... Taking into account that A, (i, j; -) is a polynomial whose degree may
exceed k, and since in (1.2) the a,(,])’s and b,(,])’s were defined only for 0 < j < k — 1, we adopt

the convention

ptD . )

(k+j) .
n+1° An

o

n+l (1.6)

foralli, j =0,1,2,...andn =0, 1,2, ..., and so the useful equality
An(k+i,k+j;')=An+1(i»j;') 1.7

holds forevery i, j =0,1,2,...andn =0, 1,2, ....

The structure of the paper is as follows. In Section 2 algebraic conditions for the
existence of a polynomial mapping in the sense of (1.1) are established. Under such
conditions, in Section 3 the positive-definite case is analyzed, so that we show that the
orthogonality measure for the given OPS (p,), can be explicitly obtained from the one
for the OPS (g,)n. In Sections 4 and 5 some examples of application of the previous
results are presented, recovering several known results in an unified way. This includes
a description of the so called sieved ultraspherical polynomials of the second kind
introduced by Al-Salam et al. [1], as well as a classical result of Geronimus [16,17]
concerning orthogonal polynomials such that the coefficients in the corresponding three-term
recurrence relation are periodic sequences of period k. In both cases (g,), is a sequence of
classical Chebyshev polynomials of the second kind (suitably shifted and rescaled). In Section 6
an example in a situation corresponding to k = 5 and m = 1 is analyzed in detail. Finally, in
Section 7, we discuss a result of A. Maté, P. Nevai, and W. Van Assche concerning the support of
the measure associated with an OPS with limit-periodic recurrence coefficients and the spectrum
of the related self-adjoint Jacobi operator.

At this point we would like to point out that the subject “OPS’s obtained via polynomial
mappings” is nowadays a classical topic in the theory of OP’s, and so it is not surprising that
many of the results presented here (specially in the last sections) have been discovered previously
by many authors, but we believe that the unified approach presented here may be of interest.
Besides, in most cases our proofs of the known results are quite different from the original ones.

2. OPS’s obtained via polynomial mappings

The following proposition gives necessary and sufficient conditions for the existence of a
polynomial mapping in the sense of (1.1).

Theorem 2.1. Let (p,), be a monic OPS characterized by the general block of recurrence
relations (1.2). Fixr € C, k € Nand m € Ny, withQ < m < k— 1. Then, there exist polynomials
7 and 0y, of degrees k and m (resp.) and a monic OPS (qy), such that q1(0) = —r and

Pkntm () = O (X)gn (e (x)), n=0,1,2,... (2.1
if and only if the following four conditions hold:
@) b,(zm) is independent of n forn =0,1,2,...;
(i) Ay(m+2,m+k — 1; x) is independent of n forn =0,1,2,...;
(iil) Ao(m+2, m+k—1; ) is divisible by Ag(1, m —1; -), i.e., there exists a polynomial ng_—p,
of degree k — 1 — m such that

Aogm +2,m+k —1;x) = Ao(1,m — 1; X)ng—1-m (x);
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(iv) rp(x) is independent of x foralln = 1,2, ..., where

rp(x) = a,(lmH)An(m +3,m+k—1;x)— a(()mH)Ao(m +3,m+k—1;x)

+al™ Ay m4+2,m +k —2;x) —al™ Ag(1, m — 2; X)ng—1—m ().

Under such conditions, the polynomials 6,, and i are explicitly given by

On(x) = Ag(1,m — 15 x) = pim(x),

-_ C2)
mr(x) = Ao(1, ms X)k—1-m(x) —ag  Ao(m+3,m+k—1;x) +r,
and the monic OPS (qn), is generated by the three-term recurrence relation
Gn+1(x) = (X = rp)gn(x) — Spgn—1(x), n=0,1,2,... (2.3)
with initial conditions q—1(x) = 0 and qo(x) = 1, where
ro i=r, rn =1 +ry(0), Sp = a,(l'")ai'f“;l) . .ar(l"jk_l) (2.4)
foralln = 1,2, .... Moreover, foreach j =0,1,...,k—1landalln =0,1,2,...,
Pintmtj+1(x) = ———— 1 A4,(m +2,m + j; X)gpy1 (T (x))
Nk—1—m (x)
j+1 .
+ (l_[ a},”‘+’>> Agm+j+3,m+k—L0gme) . (25
i=1

Proof. Split the first m equations in the first block of recurrence relations (1.2); we rewrite (1.2)
with the initial conditions (1.3) as

p-1(x) =0, po(x) =1,

= e by — D o1 . (2.6)
P,/+1(x) = (x 0 )P,/(x) a p./—l(x)7 J=UL....m ,
and
(x — bl(1m+j))pnk+m+j (x) = Pnk+m+j+1 (x) + al(1m+j)pnk+m+j—l(x)s
i=0,1,... k—1n=0,1,2,..., 2.7)

with the conventions (1.6). Now we consider (2.7) as new blocks, and we proceed by applying a
technique developed in [9,10] to these blocks. Hence, rewrite (2.7) as a system in matrix form:

a}gm+1)

Pnk+m+1 Pnk+m
Pnk+m+2 0
Vi : = : , (2.8)
Prk+m+k—2 0
Pnk+m+k—1 Pn+Dk+m

Pnk+m—1 (x — b,(,m))pnk+m
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where Vi = Vi (m, n; x) is a matrix of order k defined by

x — pmtD —1 0
_ar(zm+2) X — b’(1m+2) -1
Vi ==
_a’(lm+k72) x — b’(lm+k72) -1 0
0 _ar(lm+k—l) Y — bl(lm-o—k—l) 0
1 0 0 0 alm

Notice that Vj differs from a tridiagonal matrix only for the “1” in entry (k, 1). Solving system
(2.8) for pukym+j+1 in terms of ppiipm and pgy1)k4m. by Cramer’s rule we obtain

Apm +2,m +k — 15 X) ppkms j+1(x) = Ay (m 4+ 2, m + j; X) Pat-1)k+m (X)
+a™D L al" Y Ay 4 4 30m A k= 1 3) Pk (0),
j=0,1,...,k—2,n=0,1,2,... 2.9)
and

al™ Au(m 42, m +k — 1; X) prm—1(x) = {(x — b Ay (m +2,m +k —1;x)

— a"™D A m 3, m k-1 x)} Prkm (X) = P D (X),
n=0.1.2 ... 2.10)

Set j = k — 2 in (2.9) and then replace n by n — 1 to find

1 k—1
Api(m+2,m 4k = 1) pairm—1 () = a0 a0 pi im0

+ A im+2,m+k—2;%)ppgamx), n=1,2,3,.... (2.11)
Assume first that conditions (i)—(iv) are fulfilled. Then, from (2.10) and (2.11), and taking into
account hypotheses (i) and (ii), we obtain

Partiiem () = {6 = ™) Bo(m +2,m +k = 1: )

—a\" Ay (m+2,m+k—2x) —al D Ay(m +3,m+k — 1; x)} Prktm (X)

+1 k1
—a{ma" D " e (), n=1,2,3,...,

which can be rewritten as

Pastiem ) = {0 = b5 Aon +2,m + k= 15%) = a" Ao(1,m = 2 2012 ()

— "™V Agm +3,m 4k —1;x) — rn(x)} Prktm (X)

+1 +k—1
—a,(lm)a’(lni1 ). .a’(lnil )p(n,l)ker(x), n=1,273,....

From this, since, by hypothesis (iii),
(x = by Aom +2,m + k — 1;x) — a"™ Ag(1, m — 25 )1 —m (x)
= ((x = by Ag(1,m — 1;.x) — al” Ag(L, m — 25 X)) =1 —m (x)
= Ao(1, m; X)Ng—1—m (x),
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we deduce, using hypothesis (iv), that

Pt Dk4m (X) = (@ (X) — 1) Prkam (X) — Su Pn—1)k-+m (X) (2.12)

forall n = 1,2,3,..., where m; is defined by (2.2) and r, and s, are defined by (2.4).
Equality (2.12) is still true for n = 0. In fact, set j = n = 0 in (2.9) and use p,+1(x) =
(x — b(()m) )P (X) — (m) Pm—1(x) to derive

Pictm (x) = {(x — 5™ Ag(m +2,m +k — 1; x)
—a(()mH)Ao(m +3,m+k—1; x)} P (X)

ad" Aom +2,m +k — 13 X) p1(x)
= Ao(L,m —1: x) {(x — B Ag(m + 2, m +k — 15 x)

ad"" " Agm +3,m + k=1 x) = 4" ni 12 () p-1 ()
= O (%) (T (x) — 1) = O () q1 (7x (X)),
where 6,, is defined by (2.2). We notice that in the above computations for the second equality
we have used hypothesis (iii) and the third one can be justified also by (iii) as follows:
(x — b(m))Ao(m +2,m+k—1;x) —a(()mH) Aoim +3, m+k —1;x)
_a() nk 1=m (X) pm—1(x)
=[x = b ) P @) — " pm1 O 1 - (0) — " Ag(m + 3, m + k — 1; x)
= Pt M 1-m () = ag" ™ Agm +3,m + k= 15 x)
=m(x) —r.
Thus (2.12) is true for alln = 0, 1, 2, ..., from which it follows by induction that (2.1) holds.
We also notice that (2.5) is an immediate consequence of (2.9) and (2.1), taking into account
hypothesis (iii).
Conversely, suppose that there exist polynomials 3 and 6,,, of degrees k and m (resp.), with
0 <m < k — 1, and a monic OPS (g,,), such that (p,), satisfies (2.1), and let us prove that the
four conditions (i)—(iv) must hold foralln = 0, 1,2, .... Settingn = 0 and n = 1 in (2.1) we
find
Om (x) = pm(x) = Ao(l,m — 1; x), Ptk (X) = O (x) (7T (x) — ).
But, since
Pmk(x) = Ao(1, k +m —1; x)
=Ao(l,m—1;x)Ag(m+1,m+k —1;x)
—al™ Ag(1,m = 2; x) Ag(m +2,m + k — 1; x),
we obtain
Ao(l,m — 1; X)) (x) —r) = Ag(l,m — 1; x)Agm + 1, m + k — 1; x)
—al™ Ag(1,m = 2; X) Ag(m +2,m + k — 1 x),

and so, since Ag(1,m —1; ) = p,, and Ag(1, m —2; x) = p,;,—1 cannot have common zeros, we
see that Ag(m + 2, m + k — 1; x) must be divisible by Ag(1, m — 1; -), so condition (iii) holds.
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As a consequence, we also conclude that
Te(x) = Aglm + 1,m 4k — 1;x) — ad” Ag(1,m — 23 ) 1—m (x) + 1,

which can be rewritten as in (2.2) (see Remark 2.3). Since (g,), is a monic OPS then it fulfills
a three-term recurrence as (2.3), where (1), and (s,), are some sequences of complex numbers
with s, # 0 for allm = 1,2,.... Changing x into 7 (x) in this recurrence relation and then
multiplying both sides of the resulting equation by 6,,(x), we find

P+ Dk4m (X) = (T (X) = I'n) Prictm (X) — Sn P(n—1)k+m (X) (2.13)
forallm =0, 1, 2, ....On the other hand, from (2.10) and (2.11) we obtain

Ap1(m 42, m +k — 1; %) piry1)k4m (X)
= {(x —b,(lm))An_l(m +2,m+k—1;x)A,m+2,m+k—1;x)
—a" VA, ym 2, m 4k — 1 0) A m 43, m+k—1;x)

— ™ Ay On 2, m k= 250 Ay + 2, m k= 10 pukn(0)
—a{ma"™ D a DA 42, m 4 k= 15 %) pla ke (X) (2.14)

foralln =1, 2, .... Substituting (2.13) in the left-hand side of (2.14) we derive

{snAn_l(m +2,m+k—1;x)

n n—1 " "n—-1

_a(m)a(m+l) a(m+k—l)An(m + 27 m + k _ 1’ x)}p(n—l)k-‘,—m(x)

= {0 = Aurn 4 2m 4 k=15 x)

—(x = b)Y Ay (m A2, m+k—1;x) Ay (m +2,m +k — 1;x)
—i—a,(zmH)A,,_l(m +2,m+k—1;x)A,m+3,m+k—1;x)
+al" Ay 42, + k= 2508, 0n 4 2,m 4k =150 pn (@)

foralln = 1,2,.... Looking at this equality we see that the left-hand side is a polynomial of
degree at most nk + m — 1, while the right-hand side is either zero or a polynomial of degree at
least nk 4+ m, and so we may conclude that both polynomials inside {} in the two sides of the last
equality must be zero; hence

(m+1) (m+k—1)
S Al

Aym+2,m+k—1;x)
(2.15)

Spdp_1m+2,m+k—1;x) =a,(lm)a

foralln=1,2,...,and
(e (x) —r)Ap1(m +2,m 4+ k —1; x)
= (x —b,(lm))An_l(m +2.m+k—1;x)A,(m+2,m+k—1;x)
—a "D A, 2, m k= 1;x)An(m +3,m+k —1;x)
—a™ A, g m+2,m Ak —2;x) Ay (m 42, m 4k —1; x) (2.16)

foralln =1,2,....Since 4,_1(m +2,m+k —1;-)and A,,(m + 2, m + k — 1; -) are monic
polynomials it follows immediately from (2.15) that the expression for s, given by (2.4) holds
and, as a consequence, also

Ap_im+2,m+k—1;x)=A,m+2,m+k—1;x)
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foreveryn = 1, 2, ..., which proves that condition (ii) holds. Then from (2.16) we obtain
rn = me(x) — (x — b,(l’"))Ao(m +2,m+k—1;x)
+al™ Ay (m +3,m +k— 1;x) +a™ Ay (m 42, m 4+ k — 2; x)

= B —BY") Ag(m +2,m +k — 1) + 7 4 ry(x) (2.17)
foralln = 1,2, ..., where the last equality may be justified by using the expression (2.2) for

7 (x), already proved (see also Remark 2.3), and taking into account the definition of r,(x).
Therefore, since the left-hand side of (2.17) is independent of x, it follows that the right-hand
side also must be independent of x, and so, taking into account that Ag(m + 2, m + k — 1; x)
is a monic polynomial of degree k — 1 and r,(x) is a polynomial of degree at most k — 2, we
conclude that by — b{™ = 0foralln = 1,2, ..., i.e., condition (i) holds. Finally, (iv) and the
expressions for r, as in (2.4) are immediate consequences of (i) and (2.17). This completes the
proof. [

Remark 2.2. If m = 0 then hypothesis (iii) in Theorem 2.1 is always fulfilled, since in such a
case we see that 0, (x) = 0p(x) = 1, where ng_1—m(x) = nxg—1(x) = Ap(2, k — 1; x). On the
other hand, if m = k — 1, then hypotheses (ii) and (iii) together are equivalent to

AL k=2 x)=Ao(1,k—2;x) =0,_1(x), n=0,1,2,....

In fact, if m = k — 1 then hypothesis (ii) and equality (1.7) give A,(m +2,m + k — 1;x) =
Agm~+2,m+k—1;x) = Agtk+1,k+k—2;x) = A1 (1, k—2; x) = Or_1(x), the last equality
being justified by hypothesis (iii); in such a case, of course, we have nx_1_;; (x) = no(x) = 1.

Remark 2.3. It follows from the proof of Theorem 2.1 that the polynomial 7 also admits the
following alternative representations:

x) =4 (x = b)) Agm +2,m +k — 1; x)
—ad"D Aolm +3.m +k = 1:x) = a" -1 —m () pr—1 ()
Ag(m +1,m +k — 15 x) — ag"™ Ag(1,m — 23 )1 -m (x) + 7. (2.18)

Remark 2.4. In order to have independence of x, the leading coefficient in the polynomial 7, (x)
must vanish; hence under the conditions of the theorem, if k > 2 it follows that

(m+1) (m) .
a +a ifme{l,....,k—1
a4 gm — 190 0 { }

a” ifm =0

must hold foralln = 1, 2, ... (i.e., the left-hand side of this equality must be independent of n).
3. Computation of the orthogonality measure

In this section we will analyze the so-called positive-definite case, which corresponds to the
situation when the OPS (p,), in Theorem 2.1 is orthogonal with respect to a positive Borel
measure (and so also (g,), is an OPS in the positive-definite sense). Our aim is to determine
the orthogonality measure for the sequence (p,), in terms of the orthogonality measure for the
sequence (g, ),. For this we first establish a relation between an appropriate subsequence of the
monic OPS of the numerator polynomials, ( p,gl)) n» and the polynomials of the monic OPS’s (g, ),
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and (q,(,l) )n (see Lemma 3.3 below). This will give us the relation between the Stieltjes transforms
corresponding to the sequences (p,), and (g,), and so the relation between their orthogonality
measures will follow by Markov’s theorem. In fact, we need the following improved version of
Markov’s theorem, due to W. Van Assche (stated here for monic OPS’s).

Lemma 3.1 (/36]). Let (p,), be a monic OPS, orthogonal with respect to some positive measure
do. If the moment problem for do is determined, then

(€))
—up lim Pn-1 @) =/ 90 _ Fz: do) (3.1)
R

n—+00  p,(z) X —z

uniformly on compact subsets of C\ (X1 U X»).

Here ug == fR do (x) (the first moment of the measure do’) and, denoting by x,, 1 < -+ < Xp
the zeros of the polynomial p,(x) and setting

Zy={xpjl1<j<n n=12,3,..1}
the sets X1 and X, are defined by (cf. [11, p. 61])

X1 := Z| = {accumulation points of Z;},
X7 = {x € Z1 | pn(x) = 0 for infinitely many n}.

We notice the following chain of inclusions:

supp(dyr) C X1 U X C [£1, n1] C co(supp(dy)), (3.2)

where co(supp(dyr)) denotes the convex hull of the set supp(dir), i.e., the smallest closed interval
containing supp(dyr), and [£1, n1] is the true interval of orthogonality of the sequence (p;,), (cf.
[11, p. 29]). The function F(-; dy) is called the Stieltjes transform of the measure dy.

We need also the following result which has been stated in [24]. The proof is based on the
ideas presented in [15].

Lemma 3.2 ([24]). Let T be a given distribution function with supp(dt) C [£, 7], —o0 < & <
n < +oo. Let T be a real and monic polynomial of degree k > 2 such that the derivative T' has
k — 1 real and distinct zeros, denoted in increasing order by y; < y» < --- < Yr_1. Assume
that either T (y2i—1) = n and T (y2;) < & (for all possible i) if k is odd, or T (y2i—1) < &
and T (y2;) > n if k is even. Let A and B be two real and monic polynomials such that
deg(A) = k — 1 — m and deg(B) = m, with 0 < m < k — 1. Assume also that the zeros
of AB are real and distinct, AB and T’ have the same sign in each point of the set T~ ([€, n])
and, if m > 1,

T dr(y)
— <
/g y—T®p

for j=1,...,m, where by, by, ..., by, denote the zeros of B. Let

1
F(z) = m[A(z)F(T(z); dt) = Lu—1(2)], z e C\T (& n),

where Ly_1(2) = Z?:lij(z)/(z — b)), Aj = Ab))F(T(b;);dr)/B (b)) for all j =
1,...,m(Lo(z) = 0), i.e., Ly,—1 is the Lagrange interpolating polynomial of degree m — 1
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that coincides with A(z) F (T (z); dt) at the zeros of B. Then, F is the Stieltjes transform of the
distribution o defined by

A(x) | dz(T (x))

B(x)| T'(x) ’

whose support is contained in the set T~'([&, n]) (a union of k intervals).

do(x) := ‘

The next proposition gives a relation between the associated polynomials of the first kind of
the sequences (p,), and (g,),. We notice that F. Peherstorfer stated essentially the same relation
(cf. [27, Theorem 3.4]) on the basis of his previous results contained in [26], considering as
the starting point that one knows a priori the relation between the moment linear functionals
associated with (py,), and (g,), (i.e., from the viewpoint of a “direct problem”). Our proof does
not assume previous knowledge of the relation between the orthogonality measures (so we follow
the “inverse problem” point of view).

Lemma 3.3. Under the conditions of Theorem 2.1,

nk+m l(x) AO(z’ m — 15 %)qn (7 (x)) + <1_[ a(()j)) ﬂk—l—nz(X)Q,(Ll,)l(ﬂk(X))

j=1
foralln =0,1,2,....

Proof. We know the three-term recurrence relation (2.3) for the g,’s, also satisfied by the
numerator polynomials q( ) ’s, with q(_ll) = 0and q(()l) = 1. According to (2.1), the contraction
of the three-term recurrence relation for the p,’s must yield (2.3) with argument mj(x).

The numerator polynomials p 1 satisfy the same three-term recurrence relation as p,, so

pr(li) +m—1(x) must be a linear combination of the two solutions of (2.3) with argument 7 (x);

hence

PR 1 () = a0 (T () + B0 (e (x), n=0,1,2,... (33)

with a(x) and B(x) two polynomials in x, independent of n. In fact, to prove (3.3), consider the
following difference equation of second order:

Ynt1(X) = (@ (X) = rn)yn(X) = Spyn-1(x), n=12,..., 4

rn, and s, being defined as in (2.4) and x is regarded as a parameter. According to (2.3), the
solution of (3.4) which satisfies the initial conditions yg(x) = 1 and y;(x) = mr(x) — rg is
given by y,(x) = ¢g,(mr(x)) (n = 0,1, 2,...). On the other hand, since the sequence of the
associated polynomials of the first kind {q(l) }52 | also satisfies the same recurrence (2.3) as is
satisfied by {q,,}n - o> but with initial conditions yp(x) = 1 and y; (x) = x — ry, then the solution
of (3.4) Whrch satisfies the initial conditions yp(x) = 1 and y;(x) = m¢(x) — rq is given by

yp(x) = q (nk(x)) (n =0,1,2,...). These two solutions of (3.4) are linearly independent
since their Wronsklan never vanishes. In fact, by a well-known relation linking the polynomials
of a given monic OPS and the corresponding numerator polynomials (see [11, p. 86]), we can
write

G(me(x) g, (i (x)

_ ceasy £ 0, 1.2
Gn+1(7TK (X)) nl)(”k(x)) =5152 Sy # n
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Consequently, the general solution of the difference equation (3.4) is

Yu(X) = C1() G (M (X)) + C200)g' " (me(x)), n=0,1,2, ...,

where C1(x) and C»(x) are independent of n. Therefore, to prove (3.3), we only need to show that
yu(x) = pfl;)er_l(x) also satisfies (3.4). In order to prove this, denote by u the moment linear
functional with respect to which (p,), is orthogonal. Then, using (2.1) and setting u¢ := (u, 1),
we can write (the subscript y in u, means that u acts on functions of the variable y)

M 1 Prk+m(X) — Puk4+m ()
u
Yo

pnk+m—l(x) = M_O x—y

1 <u Om (X)gn (i (X)) — Gm(y)qn(nk(y))>

uo \ xX—y

1 < Om (x) — O ()
u, ———

uon X —

1
uo

>qn(nk(x))

Gn (K (%)) — qn (7Tk()’))>
x—y

= p (0)gn (T (0)) + Ry (%),

where

R, (x) == ! <lly, O () qn (7 (X)) — gn (i (¥))

— >, n=0,1,2,....
uo xX=Yy

Hence, to prove (3.3), it is sufficient to show that y,(x) = Rj,(x) is also a solution of the
difference equation (3.4). In fact, using the three-term recurrence relation (2.3) for (g,),, we
derive
T (X)Gn (775 (X)) — Tk (X) g (1 ()
= [gn+1 k(X)) = g1 WY + 0 [gn (T (X)) — gn (7 (¥))]
+$nlgn—1 (X)) — gn-1(T (Y] — [ (x) — 76 (Y) g0 (701 ()

Hence,

LRy () Tk (X)Gn (k (X)) — 7 (X)Gn (7Tk()’))>

1
ug xX—y
= Ryp1(x) +rp Ry (x) + sp Rp—1(x)

1 —
<uy, T 2T (1), (nk<y>)>

uo
for every n = 0, 1,2, .... On the other hand, 6,,(y)¢qn 7k (¥)) = Puk+m(y) and gx—1(y; x) =
(mx (x) — mr (¥)) /(x — y) is a polynomial on the variable y of degree kK — 1, so we can write
i (x) — 7 (y)
<uy, — =y ImOManm())) = Wy, 01 (31 X) Pricm (¥)) = 0
foreveryn =1, 2, ..., the last equality being justified by the orthogonality of (p;), with respect

to u. Therefore we conclude that R, (x) satisfies (3.4), implying that pi}() 1
indicated in (3.3). But, for n = 0 we see from (3.3) that

ax) = p) () = 202, m — 1;x),

m

(x) is of the form
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and using (2.2) with n = 1, we find
B) = ppl_i () — () (T (x) — 1)
= Ao(2, k+m—1;x) — Ao2, m — 1; X){ pm+1 () Mk—1-m (x)
a(()mH) Aoim +3,m +k — 1; x)}
= Ao(2,m; x)Ao(m +2,m +k — 1;x) — Ao (2, m — 15 X) put1 () Nk—1-m (x)
= (Ao 2, m; x) pm (x) — Ao(2, m — 15.%) pr+1(x)) Me—1-m (X)

= (PP @) P () = P (@) Pt ) Th— 1 ()

= (H aé”) Mhem1—m (X),
j=1

which completes the proof. [

We are ready to analyze the case where (p,), is a monic OPS in the positive-definite sense.
This is equivalent to saying that the conditions

bV eR,  a>0 (j=01,....k—1;n=0,1,2..))

hold. For simplicity, here and in the rest of the paper, we choose the parameter  in Theorem 2.1
to be

r=0.
Under these conditions, since

Pm(x) = O (x), Prem (X) = O (X)q1 (7 (X)) = O ()71 (X)),

it follows that both 6,, and 7; have all zeros real and distinct (recall that in the positive-definite
case all the zeros of any orthogonal polynomial p,, are real and distinct). So, by Rolle’s theorem,
also JT,Q has k — 1 real and distinct zeros.

Theorem 3.4. Under the conditions of Theorem 2.1, choose r = 0 and assume that (pp), is
a monic OPS in the positive-definite sense, orthogonal with respect to some measure do. Then
(gn)n is also a monic OPS in the positive-definite sense, orthogonal with respect to a measure
dt. Further, assume that the following four conditions hold:

(1) supp(dr) is a compact set, so
—00 < & := minsupp(dr) < n = max supp(dr) < +00;

(i) if m = 1,

T dr(x) :
——<o00, I=1,2,...,m,
£ 1x —me(zi)l

where 71 < 73 < .-+ < zy, are the zeros of Oy,;

(iii) either mr(y2i—1) = n and 7w (y2i) < & (for all possible i) if k is odd, or wi(y2i—1) < & and
7k (y2i) = n if k is even, where y; < --- < yx_1 denote the zeros of m;;

Gv) Opng—1—m and 71,2 have the same sign at each point of the set nk_l (&, nD).
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Then the Stieltjes transforms F(-; do) and F(-; dt) are related by

—vo Ao, m — 152) + (ﬁ aé”) Me—1—m (2) F (e (2); dT)
j=1

F(z;do) =

)

Om (2)
zeC\ (m (€. 0D U {21 .. 2m)),

where the normalization condition vy = fgﬂ dr = ﬁ app(dor) do =: ug is assumed. Further, the
measure do can be obtained from dt by

m
Nk—1—m (X) | 7 (7 (x))
d = M;§(x — z;)d 3.5
o (x) ; e R I N B (3.5)
(up to constant factors), where if m > 1
0
vo Ao, m —1:20)/ | T1 ag” | = me—1-m (2i) F (i (20): d7)
j=l1
M; = >0 3.6
! O, (2i) - -0
foralli =1, ..., m. Notice that the support of do is contained in the set

e (& D Udzis s Zm),

a union of k intervals and m possible mass points.
Proof. By Markov’s theorem (Lemma 3.1) and taking into account Lemma 3.3 and Theorem 2.1,

forevery z € C\ nk_l([g, nD U{zi,..., zm}, we deduce

(D
.p 1@
F(z;do) = —ug lim —kdm=17=2
n—oo pnk-{-m(z)

—vp Ag2,m — 1;2) + (ﬁ aé”) Me1-m () F (. (2); d7)
_ j=1
- O ()
—v9 A2, m — 1;2) + (ﬁ a(()j)> Ly-1(2)
_ j=1
B O (2)
T () Mk—1-m (D) F (i (2); dT) — Li—1(2)
* (Ul % ) o (@)
j_
_ ) 2M; Nk—1—m (2) F (7 (2); dt) — Lyp—1(2)
B (H )(Z—+ e |

where L,,_1 is the Lagrange interpolator polynomial of degree m — 1 that coincides with
Nk—1—m F(mr(-); dr) at the zeros of 6,. Hence we obtain the representation (3.5) from
Lemma 3.2, with A = ngx_1_,, and B = 6.
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It remains to prove (3.6), i.e., M; > O foralli = 1,...,m. Let (p,), be the orthonormal
sequence corresponding to the monic OPS (p;,),, so

1
n -2
Pu(x) = (MOHJ/i) pa(x), n=0,1,2,..., (3.7)
i=1
where Yy = a,(zj) forall j =0,1,...,k—1landn =0, 1,2,....Recall that
n+1
Prr1t ()P () = pua )P @) =[] v, n=0,1,2,.... (3.8)

Changing n to nk + m — 1 in (3.8) and setting x = z; in the resulting equation, we find

nk—+m

Prkcamt GOPSem_1 @) = — [ vi = Hy] Ha(” (3.9)
j=1

foralln =0,1,2,...and each fixedi = 1,...,m. Further, taking j = m in (1.2) and then
setting again x = z; in the resulting equation, we obtain

qm — Pkt @) 01,2, ), (3.10)
DPrk+m—1(2i)

(Notice that pux4+m—1(z;) # O because z; is a zero of p,i4, for every n and the orthogonal
polynomials pyk4m, and pui+m—1 cannot have common zeros.) Combining relations (3.7), (3.9)
and (3.10), we deduce

()
2 Pkn(Zl) H ap
P zi) = p"’jq,(f’) = 3.11)

uo 1_[ Vi qunk+m—l(Zi)pnk+m,](Zi)

foralln =0,1,2,...andi =1, ..., m. Now, by Lemma 3.3, for all x such that g, (mx(x)) # 0
we can write

m .
UOPA 1 (X) = (H aé”) n (T () Fy (1), (3.12)
j=1
where
m
. : () 61,, )| (e (x))
Fp(x) :==uodo2,m —1;x)/ a = Mk—1-m (X)) | —wo—————— | -
’ 11:[1 ° " * ()
Since prntm(¥) = On(X)gn (i (x)) we derive py, . (zi) = 6,,(zi)qn(7k(z;)) for all i =
1,..., m. From this, since p,/erm (zi) # 0 (because ppx+m,m and p;lker do not have common
zeros) and 6/, (z;) # 0, it follows that also g,(mx(z;)) # O for all n = 0,1,2,... and
i = 1,...,m. Henceforth, from (3.12) we obtain

m .
UOPA 1 (1) = (H aé”) Pintm @) Fa (@) /67, (20)
j=1
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foralln =0,1,2,...andi = 1, ..., m. Substituting into (3.11) we obtain
mt
[T an
2 /
~ Dien (@) j=1 0,,(zi)
P i) = kn 27 - L (3.13)
Prk4+m—1(Zi) Py (Zi) I G Fu(zi)
. lao
J:

for al n = 0,1,2,... and i = 1,...,m. Now, using the inequality (cf. [11, p. 24])
p;H_l(x)pn(x) — P, (X)ppy1(x) > 0(n =0,1,2,...), changing n into nk + m — 1 and setting
x = z; we deduce p,,k+m_1(z,-)p;k+m(z,-) > Oforalln = 0,1,2,...andi = 1,...,m.
Hence, from (3.13) it follows that 6,,(z;)/Fu(z;) > Oforalln =0,1,2,...andi = 1,...,m.
Therefore,

F .
M= tim 2GS
n—+00 O;n (zi)

foralli=1,...,m. O

Remark 3.5. Under the conditions of Theorem 3.4, if dr is an absolutely continuous measure
with density w, (a weight function), then the absolutely continuous part of do has density
Nk—1—m ()

Om (x)
with support contained in a union of at most k closed intervals, and mass points may appear at
the zeros of 6,,.

Wy (x) = wr (g (x))

4. The case m = 0
4.1. The casem =0

As a first application involving the results of the previous sections, we will analyze the case
k > 2 and m = 0, and we will see that in this case Theorem 2.1 gives conditions for the existence
of a polynomial mapping in the sense described by Geronimo and Van Assche in [15]. In fact,
such conditions were given by Charris et al. in [10], although there they were not stated explicitly
as a theorem.

Theorem 4.1. Let (p,), be a monic OPS characterized by the general block of recurrence
relations (1.2), and define Ay(x) := 0 and

Ap(x) = a® Ay 12,k —2;0) +alV A, 3k — 1;x) —al Ag(B, k — 1 x) .1
forn=1,2,3,.... Assume that, foralln =0, 1,2, ..., the following two conditions hold:

@) b,(,o) and A, (2, k — 1; x) are independent of n for every x;
(ii) A, (x) is independent of x for every n.

Fix b, ¢ € C, with ¢ # 0, and define a polynomial T (of degree k) as
T(x) =c(Ay(1,k—1;x)—b).
Let (Gn)n be the monic OPS generated by the three-term recurrence relation

qn+1(x) = _?n)an(x) _Enan—l(x)» n=0,1,2,...
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with initial conditions g_1(x) = 0 and qo(x) = 1, where

7= c(A,(0) — D), Sy = 2a©qV a*=b

n Gy_1---4,_1" -

Then
Pin(x) = ¢ "gu(T(x)), n=0,1,2,...

50 (pu)n is obtained from (q,), via the polynomial mapping T. Further, for each j =
1,2,...,k—1landalln=0,1,2...,

c*l’l
Ao(2,k —1; x)

+aMa® . aP A+ 2k - 1 x)a,,(T(x))} .

Phart () = {402 = 150G (T )

Proof. As we have just remarked, this proposition follows from the results in [10], although it
was not stated explicitly as a theorem. The result can be deduced from Theorem 2.1. In fact,
taking m = 0 = r in the theorem we see that

1 _ ‘
m {A"(z’ J = L X)qut1 (i (x))

+aa® . a A G+ 2.k 1 x)qn(ﬂk(x))]

Din+j(x) =

foralln =0,1,2,...and j =0, 1,...,k — 1, where
mp(x) = Ap(1, k — 15 x)

and (g,), is the monic OPS characterized by the three-term recurrence relation with recurrence
coefficients

0,0 @ a*D

ro .= 0, ry = 4,0, Spi=aya,ya, . a,
foralln = 1,2, .... Thus Theorem 4.1 follows on noticing that
2];,()6) :C"qn(c_lx—l—b), ?n =c(r, —b), Eln :C2Sn

forallm and T (x) = c(m(x) — b). O

As an application of Theorem 3.4 we obtain the following proposition, which is essentially a
result stated by Geronimo and Van Assche [15].

Theorem 4.2. Under the conditions of Theorem 4.1, assume that (p,), is a monic OPS in the
positive-definite sense, orthogonal with respect to some measure do. Then (qy), is also a monic
OPS in the positive-definite sense, orthogonal with respect to a measure dt. Furthermore, assume
that the normalization conditions fR dr = f]R do hold, as well as the following three conditions:

(1) supp(dr) is a compact set, so
—00 < & := minsupp(dr) < 1 = maxsupp(dr) < +o00;

(ii) either T (y2i—1) = n and T (y2;) < & (for all possible i) if k is odd, or T (y2i—1) < & and
T(y2i) = nif k is even, where y| < --- < yg_1 denote the zeros of T';
(iii) W := Ap(2, k — 1; -) and T’ have the same sign at each point of 7! (&, nD).
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Fig. 1. A polynomial mapping with (k, m) = (5, 0).

e

Then
F(z;do) = W@F (T(2);dr), zeC\T (& n])
and, up to a constant factor,

de (T
do (x) = |W(x)|%, 4.2)

the support of do being contained in T~ ([€, 1) (a union of k intervals).

Remark 4.3. Fig. 1 illustrates Theorem 4.2 in a situation where k = 5 and m = 0.
4.2. Generalized sieved OPUC

Let (®,), be a sequence of monic orthogonal polynomials on the unit circle (OPUC)
with respect to some positive Borel measure di on [0, 2] and let —1, «g, o1, @2, . .., be the
corresponding sequence of Verblunsky coefficients such that o, € (—1,1) foralln =0, 1, ...
(for background on OPUC see the monographs [29,30] and the survey article [31] by Simon).
Fix a vector (b1, by, ..., br_1) € (—1, D*=1 and let (Pp)n be the monic OPUC characterized by
the sequence of Verblunsky coefficients —1, &g, a1, &, . .., defined by

Qpk—1 = Olp—1 Wonk4j—1 = —bj AntDk+j—1 = br—j

forallm =0,1,2,...and j = 1, ..., k — 1. Notice that from an algebraic point of view we start
with a sequence of Verblunsky coefficients, —1, oo, 1, @2, . . ., and then we make a perturbation
of this sequence by inserting repeatedly blocks of k — 1 real parameters in the following way:

1, =by1, ..., —br_1, 0, bi—1, ..., by, 43)

o1, by, ..., —br_1,02,br_1,...,b1,03,....
When by = by = --- = by—1 = 0 then (4.3) yields the so-called sieved OPUC, studied
by several authors (Badkov [6], Marcelldn and Sansigre [19,20], and Ismail and Li [18]). For
arbitrary (by, ba, ..., bx_1), the natural question is how to describe, in terms of the original
sequence (9,), and the vector (b1, by, ..., bx—1), the sequence (&,), of monic OPUC whose

Verblunsky coefficients are given by (4.3) and, in particular, to give explicitly the corresponding
orthogonality measure, d ;t. This problem has been solved in [28] by using an appropriate
polynomial mapping linking the sequences (P,), and (Py), of monic orthogonal polynomials
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on the real line (OPRL) associated with (), and (5,1),, given by Szegd’s transformation [33].
It has been proved in [28] that

~ ~ X
Pn(x)=d"Pn(a), n=012 ...

where d = (]_[];;11((1 — b?) /2))1/ k and (I”\n)n is a monic OPRL characterized by a three-term
recurrence relation

n+1 (x_ﬂ)’l)P Vn I’l 1 (nzovlazv"')v

the sequences (,3,1),, and (7,), being defined in terms of the given data, i.e., the numbers
by, ..., br_1 and the Verblunsky coefﬁc1ents (cty)p of the glven sequence of OPUC (&), (cf.

formulas (3.3) and (3.4) in [28]). Deﬁmng A 2(, j;-) and A asin (1.4), (1.5) and (4.1), but with

a,(lv) and bfl v) replaced by Vx4, and ﬁnk+v (resp.), it follows from the results in [28] (see (3.1),

(3.8) and Lemma 3.1 in [28]) that (P,), satisfies the recurrence relation
R k—1
Prp1(x) = (x — 4,(0) + 21(0)) Py (x) — (l_[ )7nk—j) Py—1(x)
j=0

for all n :AO, 1,2, .... According to [28, Lemma 3.1], B\nk and Zn (2, k — 1; x) are independent
of n, and 4, (x) is independent of x. Therefore, setting

T(x) = Aog(1,k—1;x) — 81(0),  W(x) = Ao,k — 1; x),
from Theorem 4.1 we obtain

Pinsj(x) =

(2] {A 2,j—Lx)P1(T(x))

j -~
+ (H m+,-> Al +2.k — 1;x>Pn(T<x>>}

i=1
foralln =0,1,2,...and j =0, 1,2, ...,k — 1. In particular
Pu(x) = Py(T(x)), n=0,12,....

Furthermore, from [28, Lemma 3.6] we see that the hypotheses of Theorem 4.2 are fulfilled, and
so we may conclude that

F(z.d5) = éw C)F(r(5).a0). Zec\tdEn

and (up to constant factors)

d
il Ul A P,

ww=|w(3) T'(3)  d

the support of do being contained in a union of k intervals on the real line. Finally, by Szeg6’s
transformation, we obtain (see [28])

do (T (%))
(<)

0<06 <2m.

dii(0) = |d5 (cos@)| = —sgn{sinH} ‘W (cos@)‘
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Fig. 2. 2k arcs defined by a polynomial mapping with (k, m) = (5, 0).

We notice that the support of dit is contained in a union of 2k arcs on the unit circle, Iy, ..., Iy,
pairwise symmetric with respect to the real axis, determined by projecting over the unit circle
the k intervals on the real line defined by the set dr-! ([€, n]), all of which are contained in the
interval [—1, 1] (see Fig. 2). All of these sets can be defined explicitly. For details, see [28].

Remark 44. If by = --- = by_1 = 0, then T and W become Chebyshev polynomials of the
first and second kind (resp.) and so the above formula gives [6,18]

1
di(@) = ;duke). 0<6 <2,

which is the orthogonality measure for the sieved monic OPUC. In this case the above union of
arcs covers the entire unit circle. In this situation, as is well known,

Pt ) =2/ D, (25, j=0,1,...k—1;n=0,1,2,....

5. Thecasem =k —1

In this section we assume k > 3 and take m = k — 1. Fix 2k complex numbers
bo,...,bx-1,¢0,...,ck—1 withc; # Oforall j = 0,1,...,k — 1 and let (p,), be a monic
OPS generated by (1.2) with a,(,] ) and bf,] ) satisfying

b =b; (0<j<k-1
al =c¢; 1<j<k-2)

(5.1)
0 k—1
a% ) = co, a(() ) = Ck—1
0 _
ay +alf ™" = co+cro
foralln =0,1,2,....Here afﬂil and a,ﬁkil) may be arbitrary nonzero complex numbers, which

may depend on n, but since we want to obtain (p,), by a polynomial mapping as described in
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Theorem 2.1 (with m = k — 1) then it is natural to impose the last condition in (5.1), according

to Remark 2.4. Define

x — by 1 0 0 0 1
cl x — b 1 0 0 0
0 c x —by 0 0 0
pr(x) =] : : : : :
0 0 0 x —br_3 1 0
0 0 0 Ck_2 x —br_o 1
co 0 0 0 Ck—1 x —br_1

@i being a monic polynomial of degree exactly & in x, and let A, ;(x) be a monic polynomial of
degree s — r + 1 in x defined as follows: if 0 <r < s < k — 1 then

x — b, 1 0 . 0 0
Cr+1 X — br+] 1 Tt 0 0
0 err2 X—bysa -0 0
Ars(x) = | . : : . : P
0 0 0 x —by_q 1
0 0 0 .- Cs x — by

and if r < s we adopt the convention

0 ifs <r—1
Aprs(x) =11 ifs=r—1
x—b, ifs=r.

Notice that when 0 < r < s < k — 1 one observes that A, ;(x) is obtained from the determinant
which defines ¢y (x) by deleting the first r rows and columns, as well as the last k — r — s rows
and columns, provided that » = 0 and s = k — 1 do not hold simultaneously.

Then we see that A, (1, k — 2; x) = Ag y—2(x) foralln =0, 1,2, ..., so hypotheses (i) and
(i1) of Theorem 2.1 are fulfilled, and

Ok—1(x) = Agr—2(x).

Further, by straightforward computations on the determinant which defines ¢ (x), one finds that
the polynomial 7 in Theorem 2.1 is given by

k=1
me(x) = Apx-1(x) = oA x2(x) = g (x) + (=D (Co +1] Ci) : (5.2)

i=1
Finally, we also have A, (2,k — 2;x) = Ajx—2(x) and A, (1, k — 3;x) = Apx—3(x) for all
n =0,1,2,..., so taking into account the last equation in (5.1) we see that the polynomial
rn(x) in Theorem 2.1 satisfies
rn(x) = @'Y} — c0)(Ap k—2(x) — Agr—3(x)) (5.3)

for all n = 0,1,2.... This enables us to find conditions ensuring that hypothesis (iv) in
Theorem 2.1 holds, i.e., such that r, (x) is independent of x for every n. For example, if k = 3
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then we find
ra(x) = (@} — co)(bo — b1)
foralln =0, 1,2, ..., soitis always independent of x. But if X = 4 we derive

ra(x) = (@), — co)((bo — b2)(x — by) + ¢ — c2)

foralln =0, 1,2,.... Hence r,(x) is independent of x if and only if bg = b or ar(gzl = ¢ for

every n = 0, 1,2.... Next we analyze in detail some general examples where r,(x) becomes
independent of x. As usual, we denote by (7,), and (U,), the sequences of the Chebyshev
polynomials of the first and second kind, which may be defined by the relations

sin(n + 1)6
T, (x) = cos(nb), Ux)=——, x=cos0(0<6<m)
sinf
forallm =0, 1,2.... The corresponding monic polynomials are given by
T,00 =2"""T,(x),  Up(x) =27"Up(x), n=12,.... (5.4)

5.1. OPS with periodic recurrence coefficients

If in (5.1) we choose both a,(g:l and a,(,k_l) to be independent of n for all n, so

a% =cp, afFV=c n=01,2,..).

Then from (5.3) we obtain r,(x) = 0 (independent of x) and all the hypotheses (i)—(iv) of
Theorem 2.1 are fulfilled. Further, since ro = r, = 0 and s, = const. = ¢cocy---cr—1(n =
1,2, ...), then g, is essentially a Chebyshev polynomial of the second kind,

an(x) = s!PU,(x/251)), n=0,1,2....

Notice that in this case (py), is a monic OPS whose recurrence coefficients are k-periodic,
characterized by the three-term recurrence relation

xpn(x):pn—i—l(x)+ﬂnpn(x)+7/npn—l(x)a n=0, 1’23"'7 (5'5)

with initial conditions p_;1(x) = 0 and po(x) = 1, where

Buk+i = bi, Vak+i =¢i, 0<i<k—-1;n=0,1,2,.... (5.6)
Put
k—1 2 2
cy+c¢
2= 1_[ ci, d = (=10
=0 Co

(we choose c to be one square root of ]_[g:é ¢i), and set

~ x—d
Up(x) :=c"U, <—> n=0,1,2,.... 5.7
2c
The next proposition recovers a classical result due to Geronimus [16,17] stated using
continued fractions. Another proof was given by Peherstorfer [26] using the concept of
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Chebyshev or the T-polynomial. Other approaches appear in [5,37,14]. We give another proof
based on the results in the previous sections. The algebraic properties (5.8)—(5.9) were also given
in [12], where the “if” part of Theorem 2.1 was stated in the particular situation m = k — 1. It
seems that the explicit expression (5.11) for the masses is a new result.

Theorem 5.1. The monic OPS (p,), characterized by (5.5)—(5.6), with the b; complex numbers
and the c j nonzero complex numbers for all j, can be expressed in terms of a polynomial mapping
over the Chebyshev polynomials of the second kind (suitably shifted and rescaled) as

J -
Prk+j(x) = Ao, j—1 () Up (@i (x)) + (H Ci) Aj1k—20)Up—1(gr(x)) (5-8)
i=0
foralln =0,1,2,...and 0 < j <k — 1. In particular,
Prksk—1(X) = Ao k2 Un(@r(x)), n=0,1,2,.... (5.9

Further, in the positive-definite case (i.e., the b;’s are real and the c;’s are positive for all j) the
orthogonality measure for this sequence (pp); is

k—1
I V4 — (pr(x) —d)?
d = Mid(x —z;)dx - d
O'(.X) /Z:; J (.X Zj) + 27TCO |A0’k_2(.x)| kal(]d—ZC,d+26[)('x) X
(5.10)

(choosing ¢ = ]_[];;g) /C;), where 71 < -+ < zx_1 are the zeros of Ao —_2(x) and the masses
M are explicitly given by

At jo(z; Ao o 1(z:

My = Sl [1 —min{l,——o’k 1)) ” (5.11)
' Apk—2(zj) A1 k—2(zj)

forallj =1,2,...,k—1.

Proof. Relations (5.8)—(5.9) follow immediately from (2.1) and (2.5) in Theorem 2.1 and the
considerations preceding Theorem 5.1. Let us consider now the positive-definite case. Since
gn(x) = c"U, (5) then (gn)y is orthogonal with respect to

1
dt(x) = — Xj—2¢,2¢](X)V 4c? — x2dx, (5.12)
2mc? '
the corresponding Stieltjes transform being
1
Fdn = o-Fy (). zeC\[-2.2l,
2c 2c
where Fy (z) = —2(z—(z>—1)/?) for z € C\[—1, 1] (in fact, Fy is the Stieltjes transform of the

sequence (Up,),) and the complex function (z2=1)1/2 is defined taking that branch which satisfies
’Z + (Z2 — 1)1/ 2| > 1 whenever z ¢ [—1, 1]. Notice also that the true interval of orthogonality
of this OPS (g,), is

[&, n] = [—2¢, 2¢] = supp(dT).

Let us show that all the hypotheses (i)—(iv) in Theorem 3.4 are fulfilled. Obviously, hypothesis
(i) holds. In order to prove (ii)—(iv) we first state the equalities

w2 (z) — 4c? = QoA p—2(z)) + iz, j=1,... k—1. (5.13)
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In fact, from (5.2) we have

7k (x) = Ao p—1(x) — coAr r—2(x) = pr(x) — Cop;(cl_)z(X),

and so, using also the fact that z; is a zero of 6x_1 = px—1, one can write

(2c0A 1 —2(z;) + i (z;))? = 7P (2)) +dco A1 p—2(z)) (e (2)) + coA1k—2(2))
= 1} (z)) + 4co A1 k—2(2)) Ao k—1(z2))
= w2 (z)) + 4o (P (2 ) () — Pr-1E )P (2)))
k—1

= mi(z)) —4eo [ [ e = mi(z)) — 42,
i=1

which proves (5.13). It follows that
Tk (zj)l >2c>0, j=1,...,k—1 (5.14)

In order to show that hypothesis (ii) holds we have to prove that

2c¢
d
/ B T T e
—2¢ |y — mr(z)]

This holds for all z; such that |7 (z;)| > 2c, so it remains to prove that the same is true for those
z;j such that mx (z;) = £2c. For the case my(z;) = 2c, according to (5.12) we have

2¢ 2¢ _
/ dr(y) ! Ve -y /(1 07V2(1 4 1) P

e ly—=2¢|  2me? )5 2c—y

ZB 31 1 N
= — — =) =- < +o0,
C 22 c

where B(-, -) denotes the beta function. The proof for the case 7y (z;) = —2c is similar. Let us
now prove (iii). Taking into account the considerations before the statement of Theorem 3.4, we
know that 7y has k real and distinct zeros x| < - -+ < xg, and ]T,i possesses k — 1 real and distinct
zeros, y; < --- < Yr—1, which interlace with those of g, i.e., x; < y1 <Xy <y <<

Vk—1 < Xk. Recall that 0_1(x) = pr—1(x) and . (x) = pr(x) — cop (x) Therefore

1 .
7 (z) = pe(e)) — coppa @), j =120 k=1
We know that (cf. [11, p. 86, Theorem 4.1])
) (1) . -
Zj < Zpp i < Tj+ls j=12,..., k=2 (5.15)

where z,il)z | < Zl(c1)2 ), < < z]((l)z ©_o denote the zeros of p,il_)z. Furthermore (cf. [11, p. 28,

Theorem 5.3])
Zk,j<Zj<Zk,j+1, j=1,2,...,k—1 (5.16)

where zx1 < zZx2 < - -+ < zk k denote the zeros of py. Using (5.15) and (5.16) one sees that

sgnfme(z)y = (=D, j=1,... k-1 (5.17)
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and sowehave x] <z1 <X <22 < --- < Zjp—1 < xg. It follows that
X1 <y, 2 <X2<Yy, 22<X3<-<Xk—1<Vk—1, Zk—-1 < Xg. (5.18)

Assume that k is an odd number (the case when k is an even number can be treated in a similar

way). Then sgn{m;(x)} = (—D"Vif x € (xj,xiq1) for every i = 1,...,k — 1. Hence
mr(y2j—1) > 0 and m¢(y2;) < 0 and so from (5.14) and (5.18) we derive my(y2j—-1) > 2c
and 7 (y2;) < —2cforall j =1,2,..., (k — 1)/2 (since the extreme values of ; occur at the

zeros of 71,2). Thus hypothesis (iii) holds, and it is clear that (iv) also holds according to (5.18).
It follows from Theorem 3.4 and taking into account (5.12) and the relation 7y (x) = @i (x)—d
that the measure do is given (up to the factor co/c?) by (5.10) where

Ay k—2(zj) — (¢*/co) F (mi(z;); dr)
Aé),k—z(zj)

M; = (5.19)
forall j =1,...,k — 1 (notice that vg = [~ 2; dr = 1). In order to complete the proof we need
to show that this expression for M; coincides with (5.11). Notice first that T (Z’ > 1ifk—j

k(z,)

is even, and —1if k — j is odd, as follows from (5.14) and (5.17). As a consequence,

according to the ch01ce of the branch of the complex function (z2 — 1DY2, we have (in what
follows _/ denotes the usual real square root)

(nk<z,~>>2_1 R (nk<zj)>2_l
2c 2¢

_ &= f
2c
the last equality being justified by (5.13). Therefore

1 | 1 | 2 12
F(mi(z)); dt) = ZFU (%) = ﬂkz(j/) 3 ((mii;)) _ 1)

1 .
= _E{nk(zj) - (—1)k_]|ZCOA1,k—2(Zj) + m(z )|}

|2c0A1 k-2(z;

1
_E{Ao,kfl(zj) — oAy k—2(z;)

— (=" Agu1(z)) + coAr—2z ).
Substituting this expression in (5.19) we arrive at (5.11), taking into account the relations

h—l|g—nh h —h
g"‘f@h max{g, h} = %lgl (g, h € R).

We remark that M; > Oforall j =1,...,k — 1, as follows from Theorem 3.4.  [J

min{g, h} =

Remark 5.2. For each fixed j € {0, 1, ..., k — 1}, the zeros of the polynomial pj ;(x) satisfy
the equation

J
cAp, j—1(x) sin(n + 1)6 4 (H c,-) Ajyqk—2(x)sin(mb) =0,

i=0
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with
Tk (x)
2c
In particular, the zeros of the polynomial p,x4+r—1(x) are the k — 1 zeros of the polynomial

cosf =

q=1,..., n

)y _ qr
m{(xj!q) = 2c cos (n n 1) .

This result has been stated by Simon in [32, Theorem 2.1]. (We notice that the polynomial A(x)
appearing in [32] is related to our polynomial 7 by the relation A(x) = mx(x)/c.)

5.2. Sieved ultraspherical polynomials of the second kind

Taking

1
bj=0, c¢j=- (=01,....k—1)

in (5.1) then the corresponding monic OPS (p,,), is a system of sieved random walk polynomials
of the second kind (see [10]). Then

-~

A s(x) =Usr11(x)

forallr,s € {0, 1, ..., k—1}. From these and (5.3) we find again r,, (x) = 0; hence all hypotheses
(1)—(iv) in Theorem 2.1 are satisfied, (g,), being characterized by

rn =0, Sn =427ka,(10)a,(1k71), n=0,1,2,....

Further,
~ ~ 1~ ~
Ok—1(x) = Up—1(x), i (x) = Up(x) — ZUk—2(x) = Ti(x),

and, for every n = @1,2,... and 0 < j < k-1, A,1,j — L1x) = ﬁj(x) and
Ap(j 42,k —2; x) = Ug—j—2(x). It follows from Theorem 2.1 that

Pkt (0) = U ()ga(Tk () + 477 a0 U j -2 () g1 Tk (x)) (5.20)
foralln =0,1,2,...and 0 < j < k — 1. In particular,

Prkctt-1 () = U1 g (Tr (), n=10,1,2, ...
The special case when we fix A > —1/2 and take

T A+ 140 T A+ L)

is of historical importance since then g, is (up to an affine change in the variable) an
ultraspherical polynomial with parameter A,

a n=0,1,2,..)

qn(x) = My, n=0,1,2,...,

210+ 1),

and p, becomes the monic polynomial corresponding to the sieved ultraspherical polynomial of
the second kind B,i‘(-; k) introduced by Al-Salam et al. [1]. In fact, from (5.20) we find that, for
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all j=0,...,k—landn=0,1,2,...,

U; (x)qn (Tr(x)) + U—2—j () gn—1(Ti (x))

n! N
= 2kﬂ+j()\’+ l)n Bkl’l-i—j(x?k)v

the last equality being justified by (see [9])
By (6 6) = U () Ci (T () + Up— j—2 () CH (T (x)

n
pkn+j(x) m

and the above relations (5.4). Further, since the OPS (g,), is orthogonal with respect to the
measure

1
dT(x) = we (X) X)_1—4 21-4(dx, we(x) = 25711 — 4k 1x2)M 2
then from Theorem 3.4 (we notice that here all the hypotheses in this theorem are very easy to
verify, using well-known properties of the Chebyshev polynomials of the first and of the second
kind) we obtain, up to a constant factor, the orthogonality measure for the sieved ultraspherical
polynomials of the second kind:

1
do (x) := (1 — xH* 2| U1 )1 X110y (¥)dx.

Notice that in this case all the masses M; in the expression (3.5) for the measure vanish. In
fact, since the zeros of 61 = Uk | are z; = —COS(]TL’/k) for every j = 1, ,k — 1, then
m(zj) = Tk(zJ) = 21"k cos(kmr — jm) = 2'7%(=1)*=/; hence, using well- known properties of
the Gamma and Beta functions (see e.g. [2]), on one hand we compute

e _x)x+%(1 +x)k+%
L1 x— (=Dk

: 1 3
= (—1 k—l—]2k+2)\B 2z — A ),
(=D +5ht s

F(mi(zj); dr) = F((—1)k7217k; dr) = ok~

and on the other hand, since

3 3
vo = / dr = / (1 — x2)MH124x = 2242 (A +3 At -)

2

3\ 142x

=22 (x4 -, A ,
(+2 +2)1+A

A2,k —2;z)) = Uy 2(zj) = 227 K=k 1and]_[U laév) = 41- klff‘,we see that

k—1
: 1 3
v Ao (2, k —2;2;)/ (]_[ aé”) — (—)k-1-igk+2rp (A + oAt E)

v=1

and, therefore, from (3.6) we obtain M; =Oforall j =1,...,k— 1.

Remark 5.3. The connection between sieved orthogonal polynomials and orthogonal
polynomials defined via polynomial mappings has been observed by Geronimo and Van Assche
in [15], where these authors used appropriate polynomial mappings to give a new approach to
sieved orthogonal polynomials.



M.N. de Jesus, J. Petronilho / Journal of Approximation Theory 162 (2010) 2243-2277 2269

6. An example withk =5and m =1

The examples considered in the previous sections correspond to extremal choices of m (for
a given k), i.e., m assumed either its minimum possible value (m = 0) or its maximum value
(m = k — 1). Our next example corresponds to an intermediate situation, withk = 5Sandm = 1.
Let us consider the monic OPS (p,), characterized by the three-term recurrence relation

xpn(X) = Pp1(X) + Bppn(X) + Yapn-1(x), n=0,1,2,... (6.1)

(with initial conditions p_; = 0 and pg = 1), where

1
Bo = Bsn+1 = Bsn+3 = Bsna =0, Bsnt2 =1, Bsnis = 3 (n>0),

1 3
V=3 =5 Vsntl =Vsng2 =1 (n=1), (6.2)
3 3
Vsnt3 = 1, Vsnt4 = 7 Vsnts =7 (n > 0).

Rewriting this recurrence in terms of blocks as in (1.2), we see that the sequences {a,(zj )}nzo and
(b =0 (0 < j < 4) are defined foralln = 0, 1,2, ... by

0 ifn=0
O =11 bV =b) =pP =0, P =1,

— ifn>1,
2
1 ifn=0 Lo 3.
4;20)2{3 . ad =12 ifn=0 a® =13 ifn=0
7 ifnz1l 1 ifn>1. 1 ifn> 1
3
=1 o=,

Then it is straightforward to verify that the hypotheses (i)—(iv) in Theorem 2.1 are fulfilled (with
k=5andm = 1), as
11 5

3 7
A,(3,5,x) = xt = §x3 — Tx + zx (independent of n),

0 ifn=0
ra(x) = _E n> 1 (independent of x),

, 3, 117

01(x) = x, m(x) =x — X -t
3 19 19 23
75(x) =x — §x4 — ZX3 +5x% + Ix — 3

Further, the monic OPS (g,), in (2.3) is characterized by the recurrence coefficients

. 27 .
0 ifn=0 E ifn=1
rn = 5 . Sp =
—= ifn>1, 9 .
8 3 ifn>2

and thus one concludes that each g, can be expressed in terms of Chebyshev polynomials of the
second kind as
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n
@ 32 U <8x+5) 5V2 U <8x+5> Ly <8x+5) ©3)
X)=|—— - — -1 - = -2 .
o 4 "\ 12v2 2 " \inv2/) 27"\ 12v2
foralln =0,1,2,....It follows from Theorem 2.1 that (p, ), can be obtained from (g,), via a
polynomial mapping, with

Dsn+1(x) = xqu(ms5(x)), n=0,1,2,...

and the remaining polynomials ps,4;(x) (2 < j < 5; n =0,1,2,...) can also be given by
applying Theorem 2.1. In fact, we readily see that all the polynomials p, can be expressed by
means of a polynomial mapping over the Chebyshev polynomials of the second kind. In order to
find the orthogonality measure for the sequence (p,), we will apply Theorem 3.4. Notice first
that (g,), is orthogonal with respect to the measure

3
dr(x) = (x - 5) Twe))xy_s 3053435 (0dx,
where
3672 <8x + 5)2
we(x) = — 1-— .
7(2x — 3)(8x +27) 1242

We omit the details here but we mention that these facts can be proved by using results due to Ya.
L. Geronimus, also proved by Dombrowski and Nevai (see [13, Section 2, Example A]). Now
we can easily see that all the hypotheses (i)—(iv) in Theorem 3.4 are fulfilled. In fact, we have

5 3 5 3 3
dr) = |- — V2, - + V2| U=t
supp(dr) [8 2 82 ] {2}
and hence (i) in Theorem 3.4 holds trivially, with & = % - % 2and n = % It is clear also that
hypothesis (ii) holds, since the only zero of 6;(x) is z; = 0 and 75(0) = —23/8, so the poles
of the function w;(x)/|(x — 75(0))| are —23/8 = —2.875, —27/8 = —3.375 and 3/2 = n, all
living off the interval
5 3 5 3
— T - ZV2, =+ V2| & 274632, 1.49632
|: 8 2 8 + 2 :| [ ]
(which is the support of the absolutely continuous part of the measure dr); and the remaining
hypotheses (iii) and (iv) can be confirmed geometrically by plotting all the polynomials involved
(see Fig. 3). Moreover, since

2
8x+5
_/d() 1 36[/—s+3ﬁ - (53)
Yo tw= 35 2x—3)@x+27)

and
dr(x)
F(r5(0); dr) = / 53
N
2
8x+5
8 288\/_ {32 - (353) 4
T 455 33va Bx+23)2x =3)Bx+27) T
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Fig. 3. Polynomial mapping for the OPS (py), given by (6.1)—(6.2).
then we compute the mass M given by (3.6) getting
1
My =vo/a’ — n3(0)F (75(0): dr) = 0.
Therefore, the monic OPS (p;), is orthogonal with respect to the measure

5
do(x) =) Nis(x — a;)dx + Wo (¥) X133 5, 34 3/3p ()X,

i=1
where (cf. Remark 3.5)

|4x3 — 6x2 — 11x + 14|
W (x) = 2] we (75(x)),

ai, ..., as are the solutions of the algebraic equation 5(x) = %, and Ni, ..., Ns are nonnegative
real numbers. Notice that w, (x) can be explicitly written as

—34/2sgn{dx3 — 6x2 — 11x + 14)y/—18 — 2x(x — 1)(dx* — 2x3 = 21x2 — x + 18)(4x* — 6x3 — 19x2 + 20x + 19)

We (x) =
7 277 |x](2x3 — 4x2 — 4x + 5)(4x% 4+ 2x3 — 15x2 — 10x — 1)

Furthermore, since 75(x) — % = x4+ 2= éz‘)(x3 —2x2—2x + %), then one readily sees that
the a;’s are given (in increasing order) by

-2

a = T9 ~ —1.5963,
2 2

a =3 (1 _ JlOcos%) ~ 12398 a3 =3 (1 + /10 cos =~ ;r §> ~ 0.8405.
1429 2 _

ay = +T ~ 10963, as=3 (1 +/10cos = . §> ~ 2.3993,

— 31 . > .
where ¢ := arccos 20J10" The corresponding N;’s (masses) are given by

B (a; —2)?
274} — 108} + 160a? — 130a; + 130’

i=1,...,5, 6.4)

i
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and hence we compute

Ni = 0.0095, N> ~0.0130, N3~0.0162, N4~0.0107, Ns5=0.0011.
Before proving (6.4), let us point out that

supp(do) = E U {a1, a2, a3, as, as},
where E = 75 ([— —5v2, —% + %ﬁ]) is a union of five disjoint intervals:

E ~ [-1.8199, —1.5967] U [—1.2392, —0.6834] U [0.0264, 0.8387]
U[1.0980, 1.8118] U [2.1651, 2.3992].

In order to prove (6.4) consider the orthonormal sequence (P, ), corresponding to the monic OPS
(Pn)s 30 pn(x) = (uo [ 17—, v4) Yy 12p,(x)foralln =0, 1,2, .... Then, we know that

1
+00 -
> pia)
n=0

Since ug = 1 and taking into account (6.2), we obtain

an(x)—l—i-ZZpSnﬂ(x)_l—l-Z ( ) Vi (%), (6.5)

n=0 j=

where

2 2 2 2 5 8 5
Vi (x) = p5,41 (%) + P5,,5 (%) + p5,,3(x) + 3 P5pa(X) + 9P5n+5(x)-

But, according to Theorem 2.1, for each j € {1, ..., 5} one has

A3, j = 1300 gns1(T5(x)) + (H a“*”) An(j 42,5 )qn (r5(x))

DPsn+j(x) = 700

foralln =0, 1, 2, .... Therefore, taking x = a; (i =1, ...,5) we see that we have to compute
qn(mws5(a;)) = qn(%) foralln =0,1,2,.... According to (6.3) we see that

o ()= () [ ()220 (1) - s (229)]

foralln =0, 1,2.... Now, recall that the Chebyshev polynomials of the second kind satisfy

inh 1 h
Un(x) = = (.(n + Dargeosh x) ifx > 1.
sinh(argcosh x)

Therefore, for x = 5 f we derive
U ( 17 > sinh (n + 1)z)  e(+Dz _ g=(r+Dz ) 17
= - = , coshz = ——.
124/2 sinh(z) o _ e NG
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The positive solution of the last equation is z = In(3+/2/4); hence, after straightforward

computations (using MAPLE), we obtain

9a} — 364} + 53a7 — 42a; + 42
4(a,- — 2)2 ’

Notice that each V,,(a;) is independent of n. Substituting into (6.5) for x = a;, we finally arrive
at the required expressions (6.4).

Va(a;) = i=1,...,5.

7. The spectrum of a periodic Jacobi operator revisited

In this section we will discuss the spectrum of a periodic Jacobi operator (and so the spectrum
of an asymptotically periodic Jacobi operator), recovering known results stated by Maté et al.
[25]. Such an operator can be defined by the infinite tridiagonal matrix

by c1 O
c1 b o .
Y=o ¢ b .| (7.1)

where {b,},>0 and {c,},>1 are k-periodic sequences of real or complex numbers:
by = by, bni+j = bj, Cnk+j=c¢;j (G=1,...,k) (7.2)

foralln =0, 1, 2, .... By the usual operation of multiplication of a matrix by a vector, J; defines
a bounded linear operator acting on the complex Hilbert space £2(C) of the square summable
complex sequences. The next proposition characterizes the spectrum of J; in the bounded and
self-adjoint case, and it improves Theorem 13 in [25]. The proof in [25] makes use of the Hardy
class H?2. Our proof is based on the results presented in the previous sections.

Theorem 7.1. Consider the k-periodic Jacobi operator Ji. defined by (7.1)-(7.2), with b; € R

and cj > 0 forevery j =1, ..., k, so that Ji defines a bounded and self-adjoint linear operator
in €*(C). Define D; j(x) = 1 if i > j and
x—=bi  Ciyl 0 e 0 0
Ciyl X —biy1  ciya - 0 0
0 Civa  X—biya - 0 0
D; j(x) = . , i<
0 0 0 X — bj_l Cj
0 0 0 Cj x—b;
Set

T (x) == Do g—1(x) — C;%Dl,k—z(X), Ok—1(x) == Do k—2(x)

and define
k
XY= n,;l([—Zc, 2c]), c¢:= ch.
j=1
Then:

(1) m has k real and distinct zeros x1 < --- < xi and 6x_1 has k — 1 real and distinct zeros
21 < --- < Zk—1Suchthatxj < zj < xjy1 and |mp(z)| > 2c forevery j =1,...,k — L
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(i) X is a union of k closed intervals such that between two of these intervals there exists a
zero of Ox—1 and any two of these intervals may touch each other at most at a single point
which must be necessarily a common zero of the polynomials 61 and ;.

(iii) The spectrum of Ji is
o) =2 UZ,
where Z is a subset of {z1, ..., 2k—1} (the zeros of Or_1), where
zj€Z ifandonlyif Doj—1(zj)/Dii-2(zj) > —c}

foreach j = 1,2,...,k — 1. Furthermore, Z is the set of eigenvalues of Ji (i.e., Z is the
point spectrum of Ji).

Proof. Notice that D; ;(x) is obtained from 4; ;(x) in Section 5, by changing each ¢, into c%
in the definition of A; ;(x). Thus we see that Theorem 7.1 is a consequence of Theorem 5.1
and its proof, since under the above hypothesis the spectrum of J; coincides with the support
of the orthogonality measure of the corresponding OPS (p,),. We notice that the condition
Dox-1(z)/ D1 k—2(zj) > —c,% is equivalent to the condition M; > 0, where M; is defined
in Theorem 5.1. [

Remark 7.2. In [25, Theorem 13] the authors described o (Ji) by stating that it coincides with
the set 7~ ' = 2¢, 2¢]) up to a finite set of possible additional elements. From Theorem 7.1
we see that this additional set of points is precisely the set Z described above together with
the reals A such that mx(A) = £2c¢. Moreover, in [25, p. 520] the authors made a statement
according to which it is plausible to admit the existence of real numbers A which are not spectral
points in o (Jx), but |4 (A)| = 2c, and this is why they considered 7 ! (1 — 2¢, 2¢|) instead of
Xo=m ! ([—2c, 2c]) for the description of the spectrum (up to a finite set of additional points),
but as regards such a possibility, they also made the following statement (written here in our
notation): “We do not have an example showing that there are reals A satisfying |mx(1)| < 2¢
but not |mx (A)| < 2c¢ that do not belong to the spectrum”. The above Theorem 7.1 leads to the
conclusion that such an example does not exist. (The main reasons are statements (i) and (ii) in
the theorem, which imply that the set X' does not contain isolated points.)

Remark 7.3. In [25, p. 520] the authors gave an example showing that, in fact, the spectrum
of Jx may have additional points out of the set Y. (According to Theorem 7.1 these points must
necessarily belong to the set Z.) In their example they consider a certain 2-periodic Jacobi matrix,
D, and state that O is an eigenvalue of D, and they gave an associated eigenvector, namely

=}

Il
co— O
oo~
— oo
o—oo
NOo oo

1 1 1 *
and (1,0,—-,0,-,0,—=,0,...) ,
2 4 8

where the asterisk indicates the transpose, so it is a column vector. In [25] there is a misprint
in the definition of D as well as in the expression for the given eigenvector, which should be as
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above. In fact, more generally, when k = 2, and so Ji is the 2-periodic Jacobi matrix

bp c1 0 O O
cit by ¢o 0 O
b= 0O ¢ by ¢ O
0 O ¢ b

(bo, b1 € R; c1,cp > 0), then one sees that 61 (x) = x — bp; hence from Theorem 7.1 we may
conclude that by is the only possible eigenvalue of J, and, moreover, by is an eigenvalue of J; if
and only if ¢; < ¢ (see also [35,22,4]).

In the same way, when k = 3, we see that the only possible eigenvalues of the 3-periodic
Jacobi operator

bo (4] 0 0 0
C1l b1 (6] 0 0
J; = 0 ¢ b ¢35 O
0 0 ¢33 by ci

(bo, b1,by € R; ¢, cp,c3 > 0) are

1
Ay o= 3 (bo+b1 i,/(bo—b1)2+4c%),

with A4 being an eigenvalue of J3 if and only if the following condition holds:

2 bi—boE,/(bo~ b1)? +4c?

- >

2
€2 by—bi£,/(bo — b1)? +4c3

(see also [4]). In particular, if b1 = by, we see that the only possible eigenvalues of J3 are by +cq,
and bo+cj is an eigenvalue of J3 if and only if bg—c; is an eigenvalue of J3 if and only if ¢5 < c3.

Remark 7.4. A description of the spectrum and the essential spectrum of a complex periodic
Jacobi operator was given by Almendral Vazquez in [3].
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