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Abstract
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1. Introduction and preliminaries

In this paper, we study spectral properties of Jacobi operators related to certain polynomial
mappings. We are particularly interested in the description of the essential spectra of such
operators. Let H be a Hilbert space and T a bounded and self-adjoint linear operator in H.
Under such conditions, it is well known that the spectrum of T, o (T), is a subset of R, and it
can be decomposed as

0 (T) = 0.(T) U o, (T),

where o.(T) denotes the continuum spectrum and o,(T) is the point spectrum. Recall that
A € 0,(T) if and only if T, := T — AL is not one to one (I is the identity operator in /), and
A € 0.(T) if and only if T, is one to one and T;l is not a bounded operator in H. Moreover,
if T, is one to one, then the range of T,, T, (H), is a dense subset of H. A limit point of the
spectrum of T is any point in o.(T), or any accumulation point of o (T), or an eigenvalue of
T with infinite multiplicity. The set of limit points of the spectrum of T is called the essential
spectrum of T and it is denoted by o5 (T). Therefore, o (T) also admits the decomposition

0 (T) = 0ess(T) U o/ (T)

(adisjoint union), where o/: (T) := 0 (T)\ 0ess(T) is a set of real numbers which contains only
isolated points of the spectrum which are eigenvalues of finite multiplicity. o,,f (T) is called the
discrete spectrum. It is well known that the essential spectrum of a bounded and self-adjoint

1751-8113/11/375203+20$33.00 © 2011 IOP Publishing Ltd  Printed in the UK & the USA 1



J. Phys. A: Math. Theor. 44 (2011) 375203 M N de Jesus and J Petronilho

linear operator may be described by using the associated spectral family. This fact can be used
to prove the following characterization of the essential spectrum.

Theorem 1.1 (Weyl’s criterium). Let T be a bounded and self-adjoint linear operator in a
Hilbert space H, and let ) be a real number. Then A € oes(T) if and only if there exists
a sequence (f,), in H such that || f,|| = 1 for all n and the following conditions hold as
n— +oo:

fu — OweaklyinH, (T —AI)f, — O stronglyin H.

Weyl’s criterium implies the following two useful propositions.

Theorem 1.2 (Weyl’s theorem). Let H be a Hilbert space, T a bounded and self-adjoint linear
operator in H, and K a compact operator in H. Then

Ocss (T + K) = 0¢ (T).

Theorem 1.3. If T is a bounded self-adjoint linear operator in a Hilbert space, then
q(0ess (T)) = 0ess(q(T))

for any nonzero polynomial q.

The above results (and some of their extensions to non-self-adjoint linear operators) can
be found e.g. in the books by Riesz and Nagy [29, section 133] and Reed and Simon [27,
section VIL.3], [28, section XIII.4].

Let us consider a Jacobi operator J acting on the complex Hilbert space of the square
summable sequences £> = ¢2(C) represented in the canonical basis of £> by the infinite and
symmetric tridiagonal matrix (which we also denote by J)

(©0) (1)
b 0 o0 0 0 0
o B 0 0 0 0
(2) (2)
0 ¢ BY -~ 0 0 0 0
J=l0 0 o b Y 0 0 ] (L1)
0 0 0 D ph O o
(0) (0) (1)
0 0 0 0 c by” ¢
0 0 0 0 (N
where b) € Rand ¢!’ > Oforall0 <i<k—1landn=0,1,2,..., with k being a fixed

positive integer number, with

D <00, 0<i<k-—1l. (1.2)

n

B; ;= sup |bf,i)| <00, Ci:=supc
neNy neNy

Under such conditions, J is a symmetric bounded linear operator on £2(C) with

I3 := sup |Jx|| < sup {B;+2C;}.
IxlI=1 0<i<k—1
If J is a bounded and self-adjoint Jacobi operator, then the eigenspace associated with any
eigenvalue is one dimensional [15, theorem 5.1]; hence, there are no eigenvalues with infinite
multiplicity. Furthermore, o.(J) C o (J)'. Therefore, we may write

Oess(J) =0 (J)/’
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so that 0. (J) becomes the set of accumulation points of o (J), and 0,{ (J) the set of isolated
points of o (J). We mention the work [17] by Koelink for background on the spectral theory
of Jacobi operators.

Our aim in this paper is to characterize the spectrum and the essential spectrum of J in a
special situation where this operator can be related to a certain polynomial mapping. The study
of polynomial mappings in the framework of orthogonal polynomial sequences (OPS) theory
has been a subject which attracted several researchers, especially after an important work by
Bessis and Moussa [3]. The subject has been treated for general polynomial transformations
by Geronimo and Van Assche [10], by Charris, Ismail and Monsalve [5, 6] (in the more
general framework of the so-called blocks of orthogonal polynomials), and by Peherstorfer
[24]. Applications of this type of polynomials have appeared in quantum chemistry and physics
(see e.g. Wheeler [30] and Pettifor and Weaire [25]), as well as in quantum physics in the study
of the so-called chain models (Alvarez-Nodarse ef al [2])—concerning information about the
chain model, see the papers by Haydock [13, 14]. More recently [8, 9], characterization
results have been stated in order to ensure that a given OPS is obtained via another OPS via
a polynomial mapping. In order to describe this mapping, denote by (p,), the sequence of
orthonormal polynomials associated with J, so that

(= D) Pty () = €D Pk 1 () + € Pk o1 (1),

j=0,1,...,k—1; n=0,1,2,...,
with the convention c,(lk) = cr(gr)l for all n = 0,1,2,..., and satisfying initial conditions
p-1(x) = 0 and po(x) = 1. The monic OPS corresponding to this orthonormal sequence
(Pn)n is the sequence (p,), characterized by

(x — by ))Pnk+_j () = Pkt jr1 %) + @ Py j—1 (),

j=0,1,...,k—1; n=0,1,2,...,
where the relation between a}’ and ¢’ is given by

af =[] (=0,1,....k=1; n=0,1,2,..), (1.5)
and satisfying initial conditions p_;(x) = 0 and po(x) = 1. Without loss of generality, we
will take a(()o) = 1, and polynomials p; with degree j < —1 will always be defined as the zero
polynomial. With these numbers bf,'i ) and af,j ), we may construct the determinants A, (i, j; x)
as in [5, 6], so that

(1.3)

(1.4)

0 it j<i—2
Ay (i, i x) 1= 1 it j=i-2 (1.6)
x=bUD i j=i—1
and,if j>i> 1,

X — bf,"*l) 1 0 ... 0 0
al’ x— bW 1 e 0 0
0 alth  x—pith 0 0
An(i» j;x) = : : : - : . (17)
0 0 0 o x—=bYY 1
0 0 0 .. a x—bY
for every n = 0, 1, 2, ..., where the order of this last determinant is j — i + 2. Taking into

account that A, (i, j; -) is a polynomial whose degree may exceed k, and since in (1.4) the

a,(/ )s and b,ﬁj )s were defined only for 0 < j < k — 1, we adopt the convention
(k+j) . 3, k+j) . ()
b, =b, a, =a,;, (1.8)

3
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foralli, j=0,1,2,...andn =0, 1, 2, ..., and so the useful equality
Aptk+ i k+jix) = A (@, Js x) (1.9)
holds forevery i, j =0,1,2,...andn=0,1,2,....

Theorem 1.4 ([9, theorem 2.1]). Let k € N and (p,), be a monic OPS characterized by the
general block of recurrence relations (1.4). Fix an integer number m such that0 < m < k—1,
and put

Qm(x) = A0(17 m— I;X) = pm(x)-
Assume that, for alln =0, 1,2, ..., the following four conditions hold:

(i) b,(l’") is independent of n;
(ii) Apy(m+ 2, m+ k — 1; x) is independent of n for every x;
(iii) Ao(m + 2, m + k — 1; ) is divisible by 0, i.e. there exists a polynomial ni_i_,, with
degree k — 1 — m such that

Aom~+2,m~+k—1;x) = 0,()Nx—1-m(x);
(iv) the expression
o= a™OA (m+3,m+k—1;x) — a(()m+l)A0(m +3,m+k—1;x)
+al™ Ap oy (m+2,m+k —2;x) — ad” Ao(1, m — 2; )1 (x)
is a constant with respect to x for everyn = 1,2, .. ..
Consider the polynomial 1y of degree k defined as
T (x) = Ag(L, 15 %) et (X) — @™ Ag(m 43, m+k—1;x),  (1.10)
and let (q,), be the monic OPS generated by the recurrence relation
Gni1(X) = (X = 1) Gn(x) = Spugn1(x), n=0,1,2,..., (1.11)
with initial conditions q_(x) =0 and qo(x) = 1, where
Mgt gDy =12, (1.12)
Then, for each j =0,1,2,...,k—1andalln=0,1,2,...,

ro:=0, s,:=a

1 .
Pin+-m+j+1 (X) N {An(m + 25 m+ 75 )C) qn+1 (nk(x))
Mi—1-m (X)
j+l1
* (l_[aif"“)) An(m+ j+3,m 4k = 1) g, (ue(x) ¢ - (1.13)
i=1

In particular, for j = k — 1,
pkn+m(x) :0171(x)q;1(77:k(x))v n=0,12.... (114)

Remark 1.5. In [9], we have indeed stated a more general result, by showing that the four
conditions (i)—(iv) appearing in theorem 1.4 are also necessary for the existence of a polynomial
mapping in the sense of (1.14), provided that we assign ¢;(0) = 0. The result remains true
without imposing the conditions

PP eR, a’ >0 (j=0,1,....k—1; n=0,1,2,...),
i.e. without assuming that (p,,), is orthogonal in the positive-definite sense (by simply assuming

that the a/’s and the b’s are complex numbers with a # 0 for all n and j).
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Theorem 1.6 ([9, theorem 3.4]). Under the conditions of theorem 1.4, with the monic OPS
(pn)n being orthogonal in the positive-definite sense with respect to some positive measure
dw, (gn)n is also a monic OPS in the positive-definite sense, orthogonal with respect to a
measure dt . Further, assume that the following four conditions hold:

(i) [§, n] := co (supp(dr)) is a compact set;
(i) ifm > 1,

|x — i (zi)]

"o
[T <o i=t2m,
&

where 71 < 7o < --- < z,,, are the zeros of 0,,;

(iii) either i (y2i—1) = n and 7w (y2i) < & (for all possible i) if k is odd, or wi(y_1) < & and
e (y2i) = 1 if k is even, where y| < - -- < yy_| denote the zeros of w; ;

(iv) Omni—1—m and w; have the same sign at each point of the set nk_l ([&, n]).
Then the Stieltjes transforms F (-; du) and F (-; dv) are related by

—u0Ag(@2.m = 152) + (T1y @) e 1-m(DF (e (2); dr)

F(z;dp) = e .

zeC\ (m (. D ULzt .- zm})

where the normalization condition vy := f; dr = fS
measure du can be obtained from dt by

upp(do) du =: ug is assumed. Further, the

- M- () | de (T (x))
d = M;5(x —z;)dx 1.15
e (x) Z (x —z)dx+ e () (1.15)
i=1
(up to overall constant factors), where, if m > 1,
v 802 m = 1:2)/ (T @) = mcron(@) Fmo): de)
M= L >0 (1.16)
0, (zi)
foralli =1, ..., m. The support of du is contained in the set

(7] CR AT

a union of k intervals and m possible mass points.

Remark 1.7. In statement (i), co(A) means the convex hull of a set A. Under the conditions
of theorem 1.6, if dt is an absolutely continuous measure with density w, (weight function),
then the absolutely continuous part of du has the density

Nie—1—m (X)

RO e

we (7 (X))

with support contained in a union of at most k closed intervals, and it may have mass points
at the zeros of 6,,,.

In the following sections, we will study the spectral properties of the operator J in (1.1),
assuming the hypothesis of theorem 1.4.
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2. Spectra of Jacobi operators via polynomial mappings

We begin with the following useful

Lemma 2.1. Ler k be a fixed positive integer number and (r,), and (s,), two bounded
sequences of real numbers with s, > 0 for all n. Denote by Jo and Jo x the linear operators
defined in €>(C) by the infinite band matrices

ro ﬁ
Vs s
Jo= Vs s
Vo s

and

roli  /silk
Sl il /s2dk
P D = R
' sl il /saly

where I is the identity matrix of order k. Then Jg and Jo x are bounded self-adjoint operators
and their spectra, point spectra, essential spectra and discrete spectra coincide respectively:

@) olox) =0Up) (i) opJox) =0,(Jo)
(iil)  OessJok) = Oess(Jo) (V) ol Jox) =0} Jo).

Proof. It is clear that J, and Jo  are bounded self-adjoint operators in ¢2(C). For the proof
of (i)—(iv), we make use of the notion of tensor product of operators (see e.g. Reed and Simon
[27, section 1.4 and VIIL.10], [28, section XIII.9] and Prugovecki [26]). A different proof
is presented in the appendix, without using tensor products. We begin by noting that Jo «
is equivalent (via a unitary operator) to the tensor product Jp ® I;, where I is the identity
operator in C¥ (regarded as a vector space over C) which is represented by the matrix I; with
respect to the canonical basis of Ct. Clearly, o (I;) = o, (Ix) = {1} and, since CF has finite
dimension, oes (Ix) = @. Therefore, on the first hand, to prove (i) we just need to take into
account that the spectrum of the tensor product of two operators acting in the tensor product
of two separable Hilbert spaces is equal to the product of the spectra of the two involved
operators (this is a classical result due to Brown and Pearcy [4]; see also Reed and Simon
[28, theorem XIII.34]), so that

oJo) =0 ® L) =o(Jg)o ) =0 o).
On the other hand, (iii) may be proved as follows:

Oess (Jo,x) = Gess(JQ QL) = Gess(JQ)G CI9RY) U(JQ)O'ess(Ik) = Uess(JQ)’

where the second equality may be justified by theorem 4.2 in [16] by Ichinose (note that our
operators are self-adjoint; hence all the different notions of essential spectra considered in
[16] coincide—cf [16, p 79]). Statement (iv) is an immediate consequence of (i) and (iii), so
it remains to prove (ii). Indeed, from the general theory of tensor products, we have (see e.g.
Kubrusly and Duggal [18, proposition 0])

opJox) = 0p(Jo ® Ir) 2 0,(Jo)o, (k) = 0, (Jo)-
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The reverse inclusion also holds, because I is the identity matrix of finite size k and so it may

be readily verified that o,(Jp ® It) € 0,(Jp). O
Returning to the Jacobi operator J in (1.1), it is clear that we can write
Ay B
B, A B
!
) = Jox + By Ay Bs : @.1)

B, Ay B

where the last matrix is an infinite tridiagonal block matrix with (A,), and (B,), uniquely
determined sequences of matrices of order k, each B, being a lower triangular matrix. Note that
the explicit expressions for the entries of the matrices A, and B, are achieved by computing
the difference m; (J) — Jo k. We are ready to state our main result.

Theorem 2.2. Let J be the Jacobi operator in (1.1) and assume that the conditions
PP eR, >0 (j=0,1,....,k—1;n=0,1,2...)

as well as (1.2) hold, so that J is bounded and self-adjoint in £*(C). Assume that the hypothesis
of theorem 1.4 holds and suppose that

A,— 0, B,—0 (asn— 400), 2.2)

where A, and B,, are the matrices of order k defined by (2.1). Let Jp be the infinite Jacobi
matrix defined in lemma 2.1 with the numbers r, and s, appearing in the entries of Jo defined
by (1.12). Then the following holds.

(i) The essential spectra of J and Jo satisfy the relation

i (Oess (J)) = Uess(JQ)- 2.3)

(ii) In addition, if we also assume that the hypothesis of theorem 1.6 holds together with the
condition

C:= USRTIC 2.4)

xer (o (Jg)) Om (X) 7T ()

then the following holds:

op,(1) =7, ' (0,(Jp)) UE, 2.5)
o) = (0.Jp) N (R\ E), (2.6)
o) =m"(0J)VE, 2.7)
where B is the subset of {21, ..., znm} (set of the zeros of 6,,) characterized by the condition

z€ 8 ifandonlyif M;>0 (=1,...,m),

with M; being defined by (1.16).
(iii) Under the conditions of (ii),

Oess(J) = ﬂk_l (Oess(Jg)). (2.8)
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Proof. Note that hypothesis (2.2) ensures that the infinite banded matrix appearing in the
second term on the right-hand side of equality (2.1) is a compact operator (see e.g. [12,
theorem 16.4]). Thus, it follows from theorem 1.3, lemma 2.1 and Weyl’s theorem that the
equalities

nk(Uess(J)) = O'ess(nk(J)) = Uess(JO,k) = Uess(JQ)
hold. This gives (2.3). Note also that (2.3) implies

Oess (J) C 717 (0ess(J0))- (2.9)
Next we prove (2.5). Let x € 0,,(J). Then

o0
Zpﬁ(x) < 0.
n=0

Therefore, if x is a zero of 6,,, say x = z; for some i € {1, ..., m}, then the orthogonality
measure for the sequence (p,), has a mass point at x = z;; hence, the corresponding mass M;
is a positive number, and so x € E; otherwise, if x is not a zero of 6,,, we may write (using
theorem 1.4)

oo 1 oo
;qi () = gz ge,ioc)qi (M) = g7 ( ) Zpk,,+m(x) < 00;

n=0

hence, m(x) € op(JQ), ie. x € 7' (0,(Jo)). Therefore, 0,(J) C 7, '(0,(Jp)) U E
Further, it is clear that E C o,(J). Hence, to prove (2.5) it remains to demonstrate that
7, (0,Jo)) C 0,(J). Letx € 7w, ' (6,(J)). Then

Zqﬁ (74 (x)) < 00. (2.10)

n=0
We need to prove that Y oo p%(x) < oo. Note that

o0 k—1 oo
ACE Z PaC) + DD Pl (0
n=0 j=0 n=0
hence, we have to show that
o0
> Phwimej () <00, j=0.1,... k-1 (2.11)

n=0
Indeed, according to theorem 1.4, we may write

Dintmj+1(X) = Ki_j(x; n)gny1 (i (%)) + Ko (x; n)q, (7 (x))

forall j=0,1,...,k— 1, where

. A (mA2,m+j3x)
K ](x’ n) = Ne—1-m(x) ’

J+l1
: )\ Auntj43mik—1:
Ky j(x,n) = (l_[ a,(,erl)) = r— =3

i=1
Since nk (x) € 0,(Jp), (2.4) implies that n;_;_,, (x) # 0. Moreover, since the sequences (a(’ ))n

and (by; 0 ), are bounded, we conclude from the definition of the determinants A, (i, j; x)s that
there exist continuous functions A ;(x) and A, ;(x), independent of n, such that

A j(x)

|Ki j(x,n)| < |———
b S e 1em (%)

(i=1,2 j=0,1,....k—1).
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Figure 1. A situation s.t. 7; (xo) = max my (I); o (Jp) is represented in the y-axis.

It follows that

Prntms i1 ) <2K7 () { gry ) (e () + g (i () } (2.12)

forall j =0,1,...,k— 1, being K;(x) := max{|Ay ;(xX)|, | Az j ()|} /Nk—1-m (x). (Of course,
if needed, we may redefine K;(x) at each zero x of nx_;_,, in such a way that (2.12) holds
for all such values of x.) Thus, (2.11) follows, taking into account (2.10). This completes the
proof of (2.5).

Next we prove (2.6). Note first that, taking into account (2.9), we may write

0. (J) C 0ess(J) C 7, (0ess(J0)) C 7, (0 (Jp)). (2.13)

Let x € o.(J). Then x & o,(J) and so, by (2.5), m(x) & 0,(Jp) and x ¢ E. Since
m(x) € o0,(Jp) and, by (2.13), m(x) € o(Jp), it follows that m(x) € o.(Jp), ie.
x € nk’l(oC(JQ)). Therefore, we conclude that o.(J) C JTI:I(O'C(JQ)) N (R\E). To
prove that the reverse inclusion also holds, let x € 7, 1(aC(JQ)) N (R\ E). Then x ¢ &
and m;(x) € o.(Jp); hence, mi(x) & 0,(Jp). It follows from (2.5) that x & o,(J). As a
consequence, if we can prove that

77 (0 Jo)) C o), 2.14)

then from 7x(x) € o.(Jp) we may write x € 7Tk_l(O'L-(JQ)) C 7Tk_1(O'(JQ)) C o(J), and so
xeo()\o,(J) = o.(J), concluding the proof of (2.6).

To prove (2.14), take xo € rrk_l (0 (Jp)) and let us prove that xo € o (J). Since we are
assuming the hypothesis of theorem 1.6, then

o(J) =supp (du), o(Jg) =supp(dr).

Thus, we need to prove that xo € supp (du), i.e.
m(xo—8,x0+46[) >0, V§=>O0.

Fix § > 0 and set [ :=]xp — 8, xo + 8[. Then, according to (1.15),

(1) = / dux) > f 1m0 | AT 0)) f sgn(r (1)) de (74 (),
1 1l On(x) 7T, (X) I

where the last inequality is justified by (2.4) and by hypothesis (iv) in theorem 1.6. Therefore,
making the change of variables y = m; (x), we obtain

w1 > c/ dz(y) = Cr (u(l)) > 0.
(1)

Note that the last inequality holds since mx(x9) € o (Jp) = supp (dr) and we have only
two possibilities (figure 1 illustrates a situation such that m;(xyg) = max m; (1), with the set
o (Jp) being represented in the y-axis):



J. Phys. A: Math. Theor. 44 (2011) 375203 M N de Jesus and J Petronilho

(i) if 7, (xo) # O, then we choose §; > 0 such that 7 (I) D] (x0) — 81, mi(xo) + 8;[; hence
T (e (1)) > 0;

(ii) if 7/ (xo) = 0, then either 7y (xo) = max mx (1) or m (xo) = minm,(/); hence, either there
exists 61 > 0 such that m;(I) D]mi(xg) — 81, ik (xp)] (in this case, | (xg), mr(xo) +
1[N (I) = ¥) or there exists §; > 0 such that 73 (1) D [7x(x0), mx(x9) + 8;[ (in this
case, 7 (1)N]my (xg) — 81, 7 (x0)[= @) and so, assuming without loss of generality that
the first of these situations holds, we deduce t (7t (1)) > T (Jmr(xp) — 81, T (x9)]) =
T (Jmi (x0) — 81, i (xo) + 81[) > 0.

Next, we note that (2.7) is an immediate consequence of (2.5) and (2.6):
o) =0,(NH Vo) =7, ' (0,Jp)) Um, ' (0.Jp)) U E =7, ' (0(Jp)) UE.

Finally, we will prove (2.8). Taking into account (2.9), we need only to show that
T Noess 0)) C 0ess(J). Indeed, to prove this relation, we first show that

7 (0(Jp)) Cad). (2.15)

To prove this relation, let x € 7, Yo (Jo)"). Then mi(x) € o(Jp) and so there exists a
sequence (z,), C o(Jp) such that z, — m(x) as n — +oo. Let {(pj_' }I;=1 be a complete
set of inverse branches of m; (this set exists, according to the hypothesis of theorem 1.6—cf
[10, 21]). Then there exists j € {1, ..., k} such that (pj_l(nk(x)) = x. Set y, = goj_l(z,,)
foreach n = 1,2,.... Note that y, € 7, ' ({z1, 22, 23,...}) C 7, ' (0 (Jp)) C o (J) for all
n =1,2,.... Therefore, as n — 400, we have y, := goj_l(z,,) — (pj_l (. (x)) = x; hence
x € o(J)'. This proves (2.15). Therefore, we may write

77](_1 (Uess(JQ)) = n/jl(G(JQ)/) - O(J)/ = Oess (J).
This completes the proof of the theorem. ]

In the next sections, we will analyze some special cases, involving a periodic Jacobi
operator, as well as Jacobi operators related to quadratic and cubic polynomial mappings. For
convenience, we set

Ay = 1oy + Ay, B, := /s, I + By, (2.16)
so that (2.1) can be rewritten as
Ao B
By A B
() = By Ay By . 2.17)

We also need the following useful result due to Chihara [7] (see also Last and Simon
[20, theorem 7.2]).

Theorem 2.3 ([7, 20]). Under the conditions of lemma 2.1, if s, — 0 and R is the set of limit
points of (r,),, then

Uess(JQ) =R.

Remark 2.4. We recall that a real number x is called a limit point of a real sequence (x,), if
there exists a subsequence of (x,), which converges to x.

10



J. Phys. A: Math. Theor. 44 (2011) 375203 M N de Jesus and J Petronilho

3. Essential spectrum of a periodic Jacobi operator revisited

In this section, we consider a periodic Jacobi operator. Such an operator may be represented
by the infinite tridiagonal matrix

b() C1 0
C1 b1 C
= 1
A 0 o b oo | G.1)
where (b,),>0 and (c,),>1 are sequences of real numbers such that
b():bk, bnk+j:bj, anJrj:Cj (jZl,...,k; n:0,1,2,...). (32)
It is assumed that
bjeR, ¢;>0 (j=1,...,k). 3.3)

The spectrum of J is well known (cf[11,23,22, 19, 1, 9]). In what follows we will characterize
it using results in the framework of polynomial mappings.

Theorem 3.1. Let J;. be the periodic Jacobi operator defined by (3.1) and (3.2) such that
conditions (3.3) hold (hence J; defines a bounded self-adjoint linear operator in £2(C)). Set
D; j(x)=1ifi> jand, fori < j,

X — b,‘ Cit+1 0 0 0
Ciy1  X—biy1  cip 0 0
0 Ciyp  X—bip 0 0
D,-,j(x) =
0 0 0 X — bj_| Cj
0 0 0 Cj X — bj
Let i be the polynomial of degree k defined by
7(x) == Do -1 (x) — ;D1 2 (x)
and let ¥ and B be the subsets of R defined as
=m0 (=20, 2e]). =] ¢

E:={x e R | Doj2(x) =0, Doyt (0)/Dis—2(x) > —ci}.
Then the following holds:
oJy) =X UE,

oc(J) = 0esJ) =T, 0,(Ji) = 0] (Jx) = E.

Remark 3.2. The set ¥ is a union of at most k disjoint intervals, and E is a finite set (possibly
the empty set) containing at most k — 1 points taken from the set of the zeros of the polynomial

Ok—1(x) := Dg j—2(x).

Proof. Note first that in the present situation, we have

=0, s,=c¢ (n=0,1,2,...):

11
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hence, g, (x) = U, (%) foralln =0, 1,2, ..., where (U,), is the sequence of the Chebyshev
polynomials of the second kind. Moreover,

0 ¢ Gi cly
c 0 ¢ cly  Op cly
c 0 ¢ cl, Op I
Jo = . , m(Jx) = o ¢ . ,
c 0 . Clk Ok .

with the last equality being justified by [1, theorem 1], where Gy is a matrix of order k, I; is
the identity matrix of order k and Oy is the null matrix of order k. Therefore, we see that the
matrices A, and B,, in (2.16) are given by

A():Gk, A,lZBnIOk, n=1,2,3,....
Moreover, the polynomials 6,, and n;_i_,, appearing in theorems 1.4 and 1.6 are given by
(beingm =k —1)
Or—1(x) = Do r—2(x), no(x) = 1.
Thus, taking into account the results in [9] (cf theorems 5.1 and 7.1 therein, together with their
proofs), we see that all the hypotheses of theorem 2.2 are fulfilled. It is well known that
G(JQ) = GC(JQ) = Gess(JQ) = [_an 20]» Up(JQ) =
Moreover, according to [9, theorems 5.1 and 7.1], in the present situation the set E defined in
theorem 2.2 coincides with the set E defined above, and
YNE=0.

To see that this last equality holds, take x € X and let us prove that x ¢ E. Indeed, if
x € X, then m;(x) € [—2c, 2c]. Suppose that Dy ;_>(x) = 0. Then m(x) = £2¢. Without
lost of generality, assume that 7 (x) = 2¢. Then, taking into account that rrk2 (x) —4c* =

{2¢1D) k-2 (x) + 7y (x)}2 (see the proof of theorem 5.1 in [9]), we obtain Dy y_»(x) = —c/c}

and so, by the definition of 7y (x), we obtain Dy ;_; (x) = ¢; hence Dy j—; (x) /D) y—2(x) = —c,%,
and so x ¢ &E. The required equalities for the spectra follow now immediately from
theorem 2.2. g

Example 3.3. Let J4 be the 4-periodic Jacobi operator (3.1)—(3.2), with
bp=—-1, b1 =0, by=1, bs=—-a, c1=c=2, c=a, c =4,
where a is a fixed positive number. In this case, (k, m) = (4, 3) and
o) =&, n] = [-32a, 32a],
T4 (x) = x* + ax® — (@ + 25)x* — (@ + 9a — 16)x + 4(a® + 16),
63(x) := Do (x) = x° — 9x,

Dy 5(x) _ 4 ax® — (@ +9x% —a(a + 9x + 4a°
Dir(x) X2—x—4 '

We have 05(x) = 0iff x € {0, £3}, R(—3) = —[2—2, R(0) = —a? and R(3) = —4a?; hence,
E={-3,0,3} if 0<a<?2;, E={-3,0} if 2<a<4

R(x) :=

E={-3) if 4<a<8 E=¢ if a>8.

12



J. Phys. A: Math. Theor. 44 (2011) 375203 M N de Jesus and J Petronilho

Figure 2. Spectra of J4 fora = 1.

Moreover, from theorem 3.1,
op(Ja) = B, 0.(Js) = 0es(Ja) = T =7, (324, 32a]), o(Js) =S UE.
For instance, letting a = 1, we obtain

E=1{-3,0,3},

¥~ [-5.62,-5.39]U[-1.91, —1.07] U [1.4,2.68] U [3.62, 4.28].

This last example is illustrated in figure 2.

4. Essential spectra via quadratic polynomial mappings

Let J be the Jacobi operator in £2(C) given by
b() C1 0 0 0

C1 b] Co O 0
0 Cc b() C3 0
J:= 0 0 c3 bl [ ? (41)
0 0 0 C4 b()
where we suppose
by,by eR, ¢, >0 (n=1,2,3,...), supc, < Q. “4.2)

neN

Under such conditions, J is a bounded and self-adjoint Jacobi operator in £2(C). This operator
can be studied using a polynomial mapping with k = 2 and m = 1. In fact, we have (take into

account (1.5))
B =, B =b @ =G, o=
foralln =0, 1, 2, ... and so we see that all the hypotheses of theorem 1.4 are satisfied, being
Fn 1= g T Gy — G = 0 Sa = 5, @.3)
0, (x) :==x — by, mwa(x):=x*— (by+ b))x+ bob; — C% — c%.

13
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Making the convenable choice ¢ = 0_and computing 7>(J), after straightforward
computations, we may identify the matrices A, and B, in (2.17) as
- 2 _ 2,2 _ 2
A’1=<C2,1 C2+C2n+1 (& s 20 5 2>’ n=0,1,2,...,
0 Con2 — €3 F €y — €
and

~ Cou—1C2m 0
B, = , n=12,....
" ( 0 Can2n+1)

Consequently, according to (2.16), we find
2 _ 2 —_
An _ (Czn 0C2n+2 8) , Bn =y <02nl 0 Con+1 8) (44)

for all n. Hence by theorem 2.2, we may state the following proposition.

Theorem 4.1. Let J be the Jacobi operator defined by (4.1) and (4.2). Let 1t be the quadratic
polynomial in (4.3) and Y the set of limit points of (¢2n—1)n. If c2n — 0 as n — +00, then

72 (0ess(J)) = 8§ := {x =y — (c% + c§)|y € Y}.
Example 4.2. Let {o, a2, 3, ...} be the set of rational numbers in the interval ]0, 1[, and set
in (4.1)

bo=b =0, cy=1/n, cop1=0, (n=1,2,...).
Then we have m;, (x) = 21— Ollz, Y=1[0,1]and S = [— 1— alz, —alz]; hence,

7 (0ess () = [-1 — o], —af],  0ess(@) C [—1,1].

5. Essential spectra via cubic polynomial mappings

Let J be the Jacobi operator in £2(C) given by
bo C1 0 0 0

C1 bl C 0 0
0 (&) b2 C3 0 e
J = 0 0 Cc3 b3 Cq4 - ’ (51)
0 0 0 C4 b4 e
where we suppose
b, eR, «¢,>0, sup{c,+ |b,|} < o0. 5.2)
neN

Assume further that the conditions

(i) b2 =by (i) 3,1 — banbans1 = ] — boby 53)
() by+bua=bo+b () S+, =d+3
hold for all » = 1, 2, .. .. Under these conditions, J can be related to a polynomial mapping

with k = 3 and m = 2. In fact, we have

bflj) = b3n+ja ar(zj) = C%n+j (J = O’ 1’ 2)

14
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for every n, and conditions (5.3) ensure that all the hypotheses of theorem 1.4 are fulfilled,
being

. 2 2 2 2
Iy = C3b4 + C2b0 - C3n+3b3n+4 - C3n+2b3n»

Sn 2= C%ncgn-k—lcgn-&-b
60r(x) = 2 - (by + by)x + boby — C%, 5.4)
m3(x) := x> — (bo + by + by)x> + (b0b1 + boby + b1by — c% — c% — c%)x

+ C%bo + C%bz + C%b4 — bob]bz.

We now compute 73(J), so that after straightforward computations, we can identify the
matrices A, and B, in (2.17) and then from (2.16) we compute

3, (b3n — b3ng1) + 3 (banga — b3) (3, —3ys) O

A, = cant1 (63, — GSus) 33 D3ngs — b3ugr) 0
0 0 0
foralln =0, 1,2, ... (with the convention ¢y = 0) and
C31-2C3n—1 — Cant1C3n42 0 0
B, = c3, C3n—1 (b3n — b3,-3) Cang1 (C3n—1 — C3np2) O
0 0 0
foralln = 1,2, .... Therefore, we may state the following

Theorem 5.1. Let J be a Jacobi operator satisfying (5.1)—(5.3). Let 73 be the cubic polynomial
in (5.4) and Y the set of limit points of (b3,),. If ¢z, — 0 as n — +o0, then

73 (Oess(J)) = S 1= {x = C%bo + C§b4 - (C% + C%))’|y € Y}'

Example 5.2. For the choice

by=0, cupi=1, c=1//n+1, c31=+n/(n+1),
we find 773 (x) = x(x* — 2), 6,(x) = x> — 1, and S = {0}; hence,

73 (0ess (D) = {0}, 0ess (D) C 7157 (10)) = (2,0, V2.

Example 5.3. Fix arbitrarily » € R and ¢ > 0. Choosing
by, =csin*(n+1), by =ccos*(n+1), by =b,

Cany1 = 5 [SIN2n+2)|, ez =1/v/n+1, c31=+/n/(n+1),

we find
O (x) =x(x —c),

T3(x) = & — (b+ )% + (e — Dx + %(sinz 1+ cos22).

Therefore, taking into account that {sinn | n € N} is a dense subset of the interval [—1, 1], we
derive Y = [0, c], so that

713 (Oess (J)) = S = [%(sin2 1 + cos’ 2) —c, %(sin2 1 + cos? 2)] ;
hence

Oess(I) C ;' () =L UL UL,

15
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Figure3.b=0,c= §.

N

. _ 1
Figure 4. b = 7=

where
(b—VvP+4 | c+b—Jc—b2+4
I} ;= | ——— min {0, ,
2 2
i c+b—c—br+4| | b+VPPF4
L :=|max 0, ,minj§c, ———— )
2 2
i { b+¢w+4} c+b+J@—bﬁ+4]
L; ;= | max {c, > s 2 .

In this example, we see that 7, 1S is

(i) a union of three disjoint intervals if bc # 1 and c¢(b — ¢) # 1;

16
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(i1) a union of two disjoint intervals if bc # 1 and c(c—b) = 1, orif bc = 1 and c(c —b) # 1;
(iii) the single interval [—¥2, 3¥2]if be = ¢(c — b) = 1, ie.c = 2b = /2.

Figures 3 and 4 illustrate the set 1'(8) for two particular choices of the parameters b
and c.
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Appendix

For the sake of completeness, we include an alternative proof of the basic lemma 2.1 for readers
not familiar with tensor products. Taking into account proposition VII.12 in [27], statement (1)
is a consequence of the proof of (iii) given below, and (iv) follows from (i) and (iii). Therefore,
we have to prove only (ii) and (iii). ~

First we shall prove (ii). Let any A € 0,(Jo ). Then there exists ¥ = (§;) >0 € €*(C)\{0}
such that (Jo, — ADX =0, i.e.

Von Etyirs + Fa = MEmrs + /Snrt Emsins; =0,
n=0,1,2,.... j=01,... k-1

Since )Z;é 0, there exist np € Ny and jo € {0, 1, ...,k — 1} such that glokﬂo # 0. Define
&, = &uyj, for every n € Ny. Since &,, # 0, x := (§,), € EZ(C)\{O}, and from (A.1) for
J = Jjo, we obtain

\/Egnfl + (rn _)")En+\/sn+lg:n+l =O, I’l=0, 1a 21 ey

ie. (Jo — ADx = 0; hence A € o,(Jp). Therefore, 0,(Jox) C 0,(Jp). Next we prove
the reverse inclusion. Let A € 0,(Jp). Then there exists x = (&,), € 2 (C)\{0} such that
Jo —ADx=0,1ie.

\/gsnfl + (rn - )\4);;:" + A Sn+1 §n+1 = O, n= O, l, 2, e (AZ)
Define X := (é})n by

~ {0 if jefl,....k—1}

Enktj =

(A.1)

g, if j=0 (n=0,1,2,...).

Then of course X € £2(C)\{0} and from (A.2), we obtain

\/Eg;n—l)k-&-j + (rn — )")g’tk-‘rj + «/sn+l§n+1)k+j =0,
n=0,1,2,...; j=0,1,...,k—1,

ie. Jox —ADX =0, 0r A € 0,(Jox). Hence, 0,(Jg) € 0,(Jox). Thus (ii) is proved.

Now we shall prove (iii). We begin by showingN that gess(.]o,k) C 0ess(Jp). Let
A € 0Oess(Jox). Then by Weyl’s criterium, there exists f, = ( f j("))j>0 € ¢%(C) such that
Iful =1foralln=0,1,2,...and

fo = 0 weakly in £2(C),  [|(Jox — ADfull = 0 (asn — +00).

17
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Since 1 = 717 = X0 (22174 %), there exists iy € {0, 1,...,k — 1} such that

n 2 = ~(n ~n T
% |fj§<+>m i foralln =0.1.2,.... Define f, = (F"), € E© by £ = Fi,.
Note that || f,l||2 2;‘;0 £ 1> > ¢ for all n. Now, set
T
foi=—— (n=0,1,2,...).
(b

Clearly, f, € £*(C) and ||f,|| = 1 for all n. To prove that f, — 0 weakly in £>(C), we need
to show only that

(fu, h) > 0 asn — 400 (A.3)

for all & € £2(C), where (-, -) means the usual inner product in £>(C). In fact, take arbitrarily
h = (hy), € £*(C). Define g = (g,,), by
hy if =i

o i=0.1.2...).
Bkt 0 if ic{0 ... k-1 )

Then g € €>(C) and

o= ||fn ;0 ufieh = ||fn ;) ||fn|| U

hence
fn’ \/_|fn’ 7 n=0,1,2,....

This proves (A.3), taklng into account that ﬁ — 0, which implies (f,,, g) — 0. To conclude
that A € o (Jp), it remains to show that || (Jp — AI) f,,|| — 0. Indeed,

121 g = AD) £, 11>= Z|\/_7") + ="+ Ssf |

j=0
(n) Z(n) Z(n) 2
= Z |v j 1)k+io + (rj = )‘)f;kw + \/Sf+1f(j+l)k+i0|

< N Jox — AD 1%

hence, ||(Jo — AD £l < vV [|(Jox — AD 7| — 0asn — +oo. Therefore, A € Oess (J) and
SO Uess(JO,k) C Oess (JQ)
Conversely, let us prove that oes (Jp) € ess (Jo,x). Let A € 0ees(Jo). Then there exists
fo= (fj(”))]. € £2(C) such that || f,|| = 1 for all n and
=0, lIdo—=2aDfull > 0 (asn — +00).

Define £, = ("), € £2(C) by

(n) . .
T . fj it i=0 (_012 )
Tieri 1= 0 if ie(l... k-1 oo
~ n n) 12 n
Then [l = L0 [F"] = S S lFehl” = XolA"1" = fal hence,

||f,,|| = |Ifull = 1 for all n. Next take arbitrarily f = (f;); € £2((C) and set f = (f])]
with fJ = fiforall j=0,1,2,. Thenf € £*(C) and

k—1 o0
(o f Zf““f, YOS i = Zf;“fjk = (fu /) > 0
i=0 j=0 j=0

18
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hence, fn — 0 weakly in 22(C). Finally, we prove that || (Jox — )LI)]AC;,H — 0. In fact,

I Box — AT Fl12

k—1 oo
Fn) Z(n) Fn) 2
Z Z |\/s_jf(;l71)k+i + (rj — )‘)ij?Jri + vsj+1f(;+1)k+i|

i=0 j=0

o0
n n n 2
= Z ‘«/s—jfj(—)l + (rj — )")fj( '+ «/sj+lf;+)1
Jj=0

= o —ADfill> — 0.

We may conclude that A € 0 (Jo,x) and s0 Gess (Jo) S Tess (Jo,k)-
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