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A. Medina and Ph. Revoy, 1985

@ Inductive description of quadratic Lie algebras
(using double extension of quadratic Lie algebras)

A. Elduque, 1996

@ structure of Lie superalgebras with reductive even part and
completely reducible action of the even part on the odd part
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Quadratic Lie superalgebras

S. Benayadi, 2000

@ Inductive description of quadratic Lie superalgebras with
reductive even part and completely reducible action of the
even part on the odd part
(using double extension of quadratic Lie superalgebras presented by
H. Benamor and S. Benayadi, 1999)

H. Albuquerque, E. B., and S. Benayadi, 2007

@ Inductive description of quadratic Lie superalgebras with
reductive even part
(using double extension and also generalized double extension of
quadratic Lie superalgebras, introduced by |. Bajo, S. Benayadi and
M. Bordemann to give the inductive description of solvable
quadratic Lie superalgebras)
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Quadratic Malcev superalgebras

H. Albuquerque and S. Benayadi, 2004

@ Inductive description of quadratic Malcev superalgebras with
reductive even part and completely reducible action of the
even part on the odd part
(double extension of quadratic Malcev superalgebras)

H. Albuquerque, E. B. and S. Benayadi, 2008

@ Inductive description of quadratic Malcev superalgebras with
reductive even part (using double extension and also generalized
double extension of quadratic Malcev superalgebras)
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Quadratic Lie superalgebras "Quadratic Malcev superalgebras)
reductive even part reductive even part
[H. Albuquerque, E. B., S. Benayadi, 2007] \ [H. Albuquerque, E. B., S. Benayadi, 2008] J
Quadratic Lie superalgebras Quadratic Malcev superalgebras
reductive even part reductive even part
completely reducible action completely reducible action
[ S. Benayadi, 2000] [H. Albuquerque, S. Benayadi, 2004]

Quadratic Lie algebras
[ A. Medina, Ph. Revoy, 1985]
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Malcev superalgebras

A superalgebra M = My & Mz
( Zy-graded algebra such that M, Mgz C M5,V o, 8 € {0,1})
is Malcev superalgebra if multiplication satisfies
o graded skew-symmetry property: Vxens, ven,
XY =—-(-1)"YX
o graded identity: Vxen, vem,,zeM. TeM,
(—D¥(X2)(YT) = ((XY)Z)T + (-1)*W (Y 2)T)X
+H(-D)EE(ZT)X)Y + (1) = (TX)Y)Z

> Finite dimensional Malcev superalgebras over a commutative
field K of zero characteristic

> subalgebra Mj is a Malcev algebra

> vector subspace Mj is a Mz-module
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Malcev algebra M

> center: 3(M)={X e M: XY =0, Vyeum}
> M is reductive if M = 3(M) & M?,
with M? the greatest semisimple ideal of M.
> A M-module V is
e irreducible if it has only two M-submodules (zero and itself).
e completely reducible if every M-submodule W of V' has a

complement W'
(W' is a M-submodule of V: V =W & W)
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Quadratic Malcev superalgebras

Malcev superalgebra M = Mg & Mj

A bilinear form B : M x M — K is:
> supersymmetric if B(X,Y) = (—1)"B(Y,X), Vxem, veM,

> non-degenerate if X € M satisfies B(X,Y) =0, Vyeum,
then X = 0.

> invariant if B(XY,Z) = B(X,YZ), Vxyzeum.
> even if B(Mg, M7) = 0.

> M is quadratic Malcev superalgebra if there exists a bilinear
form B on M such that B is even , supersymmetric,
non-degenerate, and invariant.

> B is an invariant scalar product on M
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Malcev superalgebra M

> V = Vy @ Vi Zo-graded vector space
¢ : M — End(V) even linear map
¢ is Malcev representation of M in V' if: Vxen, vem, zeM,

S(XY)Z) = $(X)$(Y)$(2) — (~1)*" (Y Z)$(X)
— (1) Z2)P(X)B(Y) + (=1)" U H(Y)$(ZX)
> V, W Zo-graded vector spaces
¢: M — End(V), ¥ : M — End(WW) Malcev
representations of M

¢ and 1) are equivalent if there exists 0 : V. — W bijective
even linear map such that

dop(X) = P(X)od, Vxem
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Characterization of quadratic Malcev superalgebras

> M Malcev superalgebra, M* dual of vector space M
> Adjoint representation: 7 : M — End(M)
T(X)(Y) = XV, Vxyem

> Coadjoint representation: 7* : M — End(M™)

(X)) = —(=1)*™f(XY), VXEMI,YEM,fG(M*)a

Proposition [H. Albuquerque and S. Benayadi, 2004]

M is quadratic <= adjoint and coadjoint representation of M are
equivalent.

> dimension of Mj is even.
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reduction to the B-irreducible case

> (M, B) quadratic Malcev superalgebra

M is B-irreducible if M contains no non-trivial non-degenerate
graded ideal.

| \

Proposition

m
Then M = @Mk where
k=1
@ Mj is non-degenerate graded ideal of M

® (Mg, Br, = B |(a, <)) is By-irreducible graded ideal of M
o B(Mk,Mk/) = {0}, Vk,k‘, € {1, ac .,m} (k 7& ]{,)
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CGeneraIized double extensiorD

{
Inductive description 8

uadratic Malcev superalgebras: - Y —
? reductive even par? & Inductive description

e action of the even part on the quadratic Malcev superalgebras:
odd part is completely reducible o reductive even part
[H. Albuquerque, S. Benayadi]

(Elementary double extensiorD CDoubIe extensiorD
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M Malcev superalgebra, V' Z,-graded vector space

> 1 : M — M endomorphism of M
¥ Malcev operator of M (¢ € Op(M)) if:

VXeM,,YeM,,ZeM.,
Y((XY)Z) = (W(X)Y)Z — (-1)™y(Y)(XZ) —
(1) (p(2)X)Y — (-1)"OHy(Y Z) X

> ¢: M x M — V homogeneous bilinear map
¢ Malcev 2-cocycle on M with values in V if:
VXeM, YeM, ZeM, TeM,
° ¢(X,Y) = —(-1)"o(Y, X)
o () (XZ,YT) =
S(XY)Z,T) + (=1)" W+ Hg((Y )T, X) +
(-1)EWERIG(ZT) X, Y) + (-1)' TV HG(TX)Y, 2)

Elisabete Barreiro
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(M, B) quadratic Malcev superalgebra

> 1 : M — M endomorphism of M of degree a@ € Zy
1 is superantisymmetric if

B(¢<X>7Y) = _(_1)QIB(Xa¢(Y))7 vXEM;,:7Y€M

¢ : M x M — K bilinear form of degree a € Zs.
e There exists 1) € End(M) homogeneous map of degree o

@b(XvY) = B(¢(X)7Y)) vX,YEM-

e ¢ is a Malcev 2-cocycle on M <= 1) superantisymmetric
Malcev operator of M <¢ € (Opa(M))a>

Elisabete Barreiro



Semi-direct product

M,V Malcev superalgebras
p: M — End(V) Malcev representation of M in V such that:
VXeM,,YeM,,ZE M, heVa,geVs icVy:

(i) (p(XY)(h))i — p(X (
(=1 (p(X)(h)) (p(Y )
(=17 p(Y) (p(X )())h

(i) (~1)% (XZ)( i) =
—(=1 D p(Z2) (p(X)(9))i + (=1)7p(X) (p(2)(g
(=1 p(X) (p(2)(i)) g + (= 1) D% p(Z) (p(X )()9);

(iii) p(X) is a Malcev operator of V.

)

)(h)i
+ (=1)™p(Y) (p(X)(hi)) +
=0;

A

\_/
<.

SN—
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Semi-direct product

Proposition
MoV

(X + N +h) = XY + fh+ p(X)(h) = (=1)"p(Y)(f),

V(X+fe(MaV).,(y+h)e(MaV), s Malcev superalgebra.
M @V semi-direct product of M and V (by means of p)

p Malcev admissible representation of M in V
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Central extension

> (M, By) quadratic Malcev superalgebra

> My Malcev superalgebra

> 1 : My — End(M;) Malcev admissible representation of Mo:
Vxes, ¥(X) € Op,(M1) and Vxens,,Yer, zeM.,SeMs,
P(SX)YZ) = S (W(@)Y)Z) - (1) (@(9)(¥(X)2))Y

H(=D)TEY(X) ((D(S)2)Y) + (—1)* (P (X) (¥(S)Y)) Z

e ¢: My x My — M>s" Malcev 2-cocycle on M;

)X, Y)(Z) = (-1)" B (Y(Z)(X),Y), Vxen,.ver, zem,.

Proposition
My © M

(X1 + )V +h) = XV + ¢(X1, Y1), Yix,15),(Vi+h)e(MaMs®)

is central extension of My* by M; (by means of ¢)
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Theorem

o M =M;® M & M*
x Y

(Xo+ X1+ f) (Yo + Y1 + h) = (X2Y2) +(X2)Y1 + 7% (X2)h
+(X1Y1) + ¢(X1, Y1) — (=1)%p(Y2)(X1) — (=1)"n"(Ya) f

M is semi-direct product of My @& Ms* by My by means of
p: My — End(M1 D Mz*), p(XQ) = w(XQ) aF W*(XQ)
(p Malcev admissible representation of My in M; & My*)
> If v is even supersymmetric invariant bilinear form on M>
e B:MxM—K
B(Xo+ X1+ f,Ya+ Y1+ h) = B1(X1, Y1) +7(X2,Y2)

+f(Y2) + (=1)"h(X2), V(x4 X1+ )My, (Yot Yi+h)EM
is invariant scalar product on M.

(M, B) is double extension of (Mj, By) by Ms (by means of v).
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Conversely

> (M = My & M7, B) irreducible quadratic Malcev superalgebra

> 3(M) N Mg # {0}
> dim M > 2

Proposition

Then (M, B) is a double extension of a quadratic Malcev
superalgebra (A, B) (dim A = dim M — 2) by a one-dimensional
Lie algebra.

Elisabete Barreiro



Quadratic Malcev superalgebras
000000008

Sufficient condition

> (M, B) irreducible quadratic Malcev superalgebra

> Sufficient condition: I maximal graded ideal of M,
M =1@ A, Ais a subsuperalgebra of M

Proposition
Then (M, B) is a double extension of the quadratic Malcev

superalgebra (I/I, B) by A, B invariant scalar product on I/I*-
induced by B.
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Central extension

> (Ke)j one-dimensional Lie superalgebra with even part zero
> (M = Mgy & Ms, B) quadratic Malcev superalgebra

> D odd superantisymmetric Malcev operator of (M, B)

e p: M x M — Ke* Malcev 2-cocycle on M

QO(X,Y) = —B(D(X),Y)e*, VX,YEM
o M & Ke*

(X +ae™)(Y + 8e") = XY + o(X,Y),

V(X +ae*),(Y+8e*)e(MaKe*)

is Malcev superalgebra.

M @ Ke* central extension of M by Ke* (by means of ¢)



Generalized semi-direct product

> M,V Malcev superalgebras

> Q: M — End(V) even linear map

> (: M x M — V even superantisymmetric bilinear map such
that, Vxen, yeM, Ze M. heVa,geVs iV

) (AXY) ()i — QX)(QY (h))—

(1) ( X)(h)) (€( )Z))+( 1)* (Y( hi)) +

(— 1)“‘*”9 Y)(Q( (1 )h+ (C (X,Y h) =
()(1’62{CXZ(91)+ (XZ)(gi)} =

—(=1)*FAQ(Z) (QUX)(9))i + (—1)QUX) (AZ) (9)i) —

(-1 ﬁ(z+v ( (2)(i )g+

(-1 )W+ “*ﬁ)ZQ(Z)(Q( )(9)9);




Generalized semi-direct product

VXeM,,YeM, ZeM. TeM,:

(i)

(iv)

(v)

(—1)Y*(C(X, 2)C(Y, T))v + (-1)*QUX Z) (¢(Y,T)) —
(1)WY T) (C(X, 2)) + (1) (X Z,YT) =
(((XY)Z,T) — (1) H(T) (C(XY, 2)) +

)2 FHEFERIO(T) (Q(Z)(((X,Y))) +

)FWT (Y Z)T, X) — QUX) (¢( YZ T)) +

) QX)) (QUT)(C(Y, Z))) + (—1)@TIE(ZT) X, Y) —
*HIOY) (C(ZT, X)) + (-1)™Q(Y) (UX)(((Z,T))) +
)
)

v/—\\//—\

(-1
ety ((TX)Y, Z) — (- 1)(””)““)9( )(C(TX,Y)) +
vt O Z) (YY) (T, X)));
(XY)Z) - QX)QY)QUZ) + (1)WY Z2)Q(X) +
1*FIQZ2)QX)QY) — (=1)*HHQ(Y)Q(ZX) =
—(=1)" @y (G, 2))UX) + (1) ay (U 2)(C(X,Y))) -
(=)™ )y (C(X, 2)) = 7v (C(XY, 2));
Q(X) is a Malcev operator of V.

(-1
(—1
(-1
(—1
(-1
(-1
)
(=




of quadratic Malcev sup

Generalized semi-direct product

MoV

(X + )Y +h)=XY + fh+Q(X)(h) - (=1)"QY)(f) + ((X,Y),
V(X +f)e(MaV).,(Y+h)e(MaV), S Malcev superalgebra.

M @V generalized semi-direct product of M and V' (by means of
Q and ()

If¢=0

M @V semi-direct product of M and V' (by means of )

{ (iii) is trivial

(iv) means that Q : M — End(V) is a Malcev representation
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Generalized double extension by one-dimensional Lie superalgebra (Ke)z:

with even part zero

> (M = My @ Mj, B) quadratic Malcev superalgebra

> D odd superantisymmetric Malcev operator of (M, B)
Ap € Mjy such that: for arbitrary X € M,,Y € M,

D(AoX) = AgD(X) — D(Ap)X,
Ao(XY) =D(D(X)Y)+ D*(X)Y — (-1)™{D*(Y)X + D(D(Y)X)}

> N:Ke — Op(M @ Ke")

e — D
D: M & Ke* — M & Ke* such that D(e*) = 0

D(X) = D(X) — (~1)*B(X, Ao)e*, Vxem,
> ¢ : Ke x Ke — M @ Ke* bilinear map ((e,e) = Ay

Elisabete Barreiro
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Generalized double extension

o N=Ked M @ Ke*
(,) : N x N — N even skew-symmetric bilinear map such

that
(ee) = Ao, (e*N) = {0}
(eX) = D(X)-B(-1)*(X, Ag)e”, Vxen,
(XY) = (XY)u — B(D(X),Y)e", Vx,yem

is generalized semi-direct product of M @ Ke* by the
one-dimensional Lie superalgebra (Ke); (by means of 2, ()

@ supersymmetric bilinear form B: N x N — K such that
B ‘J\4><M: B, B(e*,e) =1
B(M,e) = B(M,e*) = {0}, B(e,e) = B(e*,e*) = 0

is invariant scalar product on NV
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Generalized double extension

(N, B) generalized double extension of (M, B) by the
one-dimensional Lie superalgebra (Ke); (by means of D and Ay)
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Conversely

> (M = My & M7, B) irreducible quadratic Malcev superalgebra
> 3(M) N My # {0}
> dim M > 2

Proposition

Then (M, B) is a generalized double extension of a quadratic
Malcev superalgebra (N, B) (dim N = dim M —2) by a
one-dimensional Lie superalgebra with zero even part.
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Quadratic Malcev superalgebras with reductive even part

M Malcev superalgebra
soc(M) = sum of all minimal graded ideals of M

> (M = My @ My, B) quadratic Malcev superalgebra

> Mjp reductive Malcev algebra

e (M = My ® Mj, B) B-irreducible quadratic Malcev
superalgebra
” one-dimensional Lie algebra
simple Malcev superalgebra
then soc(M) = 3(M).
e M is semisimple if and only if 3(M) = {0}.
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Inductive description of quadratic Malcev superalgebra

reductive even part

{0}, basic classical Lie superalgebras
W := ¢ one-dimensional Lie algebra
simple (non-Lie) Malcev algebra
> (M = Mg & Ms, B) quadratic Malcev superalgebra

> Mjp reductive Malcev algebra

Theorem

Then M is either an element of W or M is obtained from a finite
number of elements of W by a sequence of double extensions by
the one-dimensional Lie algebra and/or a sequence of generalized
double extensions by the one-dimensional Lie superalgebra with
even part zero and/or by orthogonal direct sums of quadratic
Malcev superalgebras from a finite number of elements of W.
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A classification of quadratic Malcev superalgebras

[ Jelelele]

H. Albuquerque, 1993

o Classification of Malcev superalgebras with reductive even
part and completely reducible action of the even part on the
odd part

o Classification of quadratic Malcev superalgebras with
reductive even part and completely reducible action of the
even part on the odd part
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> L = Lg @ L7 non-trivial quadratic Lie superalgebra
Ly = sl(2,K), Li irreducible Lg-module
Theorem
Then L = L(1) = Ly ® Lg Lie superalgebra ( isomorphic to
osp(1,2)), Lg = (X,Y,H), L; = (V,W)
Multiplication:

XY=L HX=2X HY=-2Y
XW=V YV=W HV=V HW=-W
V2=2X W2=2Y VW=H

Invariant scalar product B : L(1) x L(1) —

X 'Y H|V W
X0 1 0 0 0
Y |1 0 0 0 0
H|0 0 2 0 0
Vio 0 0 0 2
wio 0 0|-2 0
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» L = Ly @ Li non-trivial Lie superalgebra, Ly = sl(2,K)
L7 completely reducible Lg-module

Then L admits an invariant scalar product <= L is isomorphic to
L(1)® Z, where Z C L7, ZL =0 and dim Z is even.

» M = My ® M7 Malcev superalgebra
My semisimple Lie algebra

If M admits a quadratic structure then M is Lie superalgebra.
In particular, if Mz = sl(2,K) then M is Lie superalgebra.
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M Malcev superalgebra
>SS MxMxM-—M
superjacobian of X € M,,Y € My, Z € M,:
SJ(X,Y,Z) =(XY)Z+ (-1)*0+(YZ2)X + (—-1)*@)(ZX)Y

> superjacobian of M
SJ(M, M, M) = graded vector subspace of M spanned by all
superjacobians
> supernucleus of M
SN (M) = graded vector subspace of M formed by all
X € M such that SJ(X, M, M) = {0}.

SJ(M,M, M) and SN (M) are graded ideals of M.

M Lie superalgebra <= SJ(M, M, M) = {0} <= SN(M) = M.
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Classification of quadratic Malcev superalgebras reductive even
part, completely reducible action of the even part on the odd part
> (M = My @ Mj, B) quadratic Malcev superalgebra
> Mjp reductive Malcev algebra
> Mg-module Mj completely reducible
Qs = J (Mg, Mg, Mg) sum of simple non-Lie ideals of Mg
Py = N(Mg) N M;

D= 3(]\/[())]\11
V=SNM)n{X € Mj : 3(Mz)X =0} maximal Lie submodule of C.

C

Then M =X @Y, X and Y ideals of M:

X=03Mz)®F)@(VeD)andY =Qq
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	Motivation
	

	Quadratic Malcev superalgebras
	Preliminaries
	Double extension 
	Generalized double extension 
	Quadratic Malcev superalgebras with reductive even part

	A classification of quadratic Malcev superalgebras
	


