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Lie superalgebras

A superalgebra g = g5 @ g1
( Zs-graded algebra [ga, 9] C ga+5,7 @, 3 € {0,1})
is Lie superalgebra if multiplication [,] : g x g — g satisfies

o graded skew-symmetry property: Vxeg, veg,
[X, Y] = —(-1)™[Y, X];
@ graded Jacobi identity: Vxeg, veg, Zeg.
(=D*[X, [Y, Z]| + (-1)™[Y, [Z, X]| + (-1)¥*[Z, [X, Y]] = 0.

~> Finite dimensional Lie superalgebras over a commutative field
K of zero characteristic

~+ subalgebra gg is a Lie algebra

~~ vector subspace g7 is a gg-module
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Quadratic Lie

Quadratic Lie superalgebras

Lie superalgebra g = g5 & g1

A bilinear form B : g x g — K is:

s

s

$

$

supersymmetric if B(X,Y) = (-1)"B(Y, X), Vxeg, veg,
non-degenerate if X € g satisfies B(X,Y) =0, Vyggq, then
X =0.

invariant if B([X,Y], Z)
even if B(gg,917) = 0.

B(X7 [Y7 Z])7 v)(,Y,ZEQ'

g is quadratic Lie superalgebra if there exists a bilinear form B
on g such that B is even , supersymmetric, non-degenerate,
and invariant.

@ B is an invariant scalar product on g
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Lie algebra g

center: 3(g) ={X €g:[X,Y] =0, Vyeq}
Lie algebra g is reductive if g = s & 3(g),
s is the greatest semisimple ideal of g.
A g-module V is

e irreducible if it has only two g-submodules (zero and itself).

e completely reducible if every g-submodule W of V has a
complement W'

(W' is a g-submodule of V: V =W @ W)
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A. Medina and Ph. Revoy, 1985
@ Inductive description of quadratic Lie algebras

@ Double extension of quadratic Lie algebras

Examples of quadratic Lie superalgebras:
@ semisimple Lie algebras
@ Basic classical simple Lie superalgebras (V. Kac, 1977)

@ Some solvable Lie superalgebras (A. Medina and Ph. Revoy,
1985)

A. Elduque, 1978

@ structure of Lie superalgebras with reductive even part and
action of the even part on the odd part is completely reducible
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What about the structure of quadratic Lie superalgebras?

H. Benamor and S. Benayadi, 1999
@ Double extension of quadratic Lie superalgebras
S. Benayadi, 2000
@ Inductive description of quadratic Lie superalgebras such that
the even part is reductive Lie algebra and the action of the
even part on the odd part is completely reducible (using
double extension of quadratic Lie superalgebras)
Thesis, 2007
@ Inductive description of quadratic Lie superalgebras such that
the even part is reductive Lie algebra

I. Bajo, S. Benayadi and M. Bordemann

@ Generalized double extension of quadratic Lie superalgebras
(introduced to give the inductive description of solvable quadratic Lie
superalgebras)
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Characterization of quadratic Lie superalgebras

Lie superalgebra g = g5 & g1

Proposition [H. Benamor and S. Benayadi, 1999]

A bilinear form B is an invariant scalar product on g if and only if
the Lie algebra (gg, Bo) is quadratic, where By = B | g5 X g5, and
on the gg-module g7 there exists a skew-symmetric non-degenerate
gg-invariant bilinear form B; such that

BQ([X,Y],Z) = Bl(X7 [K Z])v VX7Y€9LZ€96'

~» dimension of g7 is even.
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reduction to the B-irreducible case

~~ (g, B) quadratic Lie superalgebra

m
Then g = @gk, where
k=1
@ g; are non-degenerate graded ideals of g

® (gk; Br = B |(g,xg,)) are By-irreducible graded ideals of g
o Blgr,or) = {0}, VE, K € {1,...,m} (k#K)
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Double extension

~+ (g, B) quadratic Lie superalgebra
~+ b Lie superalgebra
~ 1) : ) — Dery(g, B) homomorphism of Lie superalgebras
> pigxg—h
e(X,Y)(Z) = (-1)"W*B(p(Z2)(X),Y), Yxeg, veq, zeh.

Proposition
gdh”*

X+ f£,Y+h = [X,)Y]g+e(X,Y), Yixip,(v+h)eeab)

is Lie superalgebra.

g @ h* ~» central extension of g by h* (by means of @) |
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Theorem

et=hodgabh”

Z+X+fW+Y +h|=[Z, W]+ [X,Y]g+9(2)(Y)
—(=D)"pW)(X) +7(2)(h) = (D)% (W)(f) + ¢(X,Y),

V(Z4+X+f)ets,(WHY+g)et, IS Lie superalgebra.
~> If v is supersymmetric invariant bilinear form on §

e B:txt——K

B(Z+ X+ f,W+Y +h)=B(X,Y) +~(Z,W)
+fW) + (=1)"I(Z), Y (z4x+f)cte,(WHY+h)et,

is invariant scalar product on &.

(¢, B) ~> double extension of (g, B) by b (by means of ).
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Conversely

~ (g =g D 91, B) is a B-irreducible quadratic Lie superalgebra

~ 3(g) Ngg # {0}
~ dimg > 1

Proposition

Then (g, B) is a double extension of a quadratic Lie superalgebra
(h, B) (dimbh = dim g — 2) by a one-dimensional Lie algebra.
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Sufficient condition

~ (g, B) is a B-irreducible quadratic Lie superalgebra

~ Sufficient condition: I maximal graded ideal of g,
g=1®V, Vis a Lie subsuperalgebra of g

Proposition

Then (gLB) is a double extension of the quadratic Lie superalgebra
(I/I*, B) by V, B invariant scalar product on I/I* induced by B.
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~ (g = gy @ 91, B) quadratic Lie superalgebra

~+ g7 is gg-module completely reducible

~ g1 # {0}

Then g7 = EBUZ-, where
i=1

o U is a gg-submodule of g7 such that B |, xv,) is
non-degenerate, Vi € {1,...,n}

e U; is irreducible or U; = U;y & Uy, where U;p and Ujp are
irreducible gg-submodule of g such that B(U;1,U;1) = {0},
B(U;2,U2) = {0}, Vi € {1,...,n}

o B(U;,U;) ={0}, Vi,j € {1,...,n} (i # j)
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Elementary double extension (by the one-dimensional Lie algebra Ke)

~ (g = g5 @ 91, B) quadratic Lie superalgebra

~+ g7 is gg-module completely reducible

D : g — g homogeneous superantisymmetric superderivation
of degree 0 of g

(i) @U
(U; |rredUC|b|e gg-submodule of g1, Vi € {1,...,m})
Ui —kIdUz D|U12 k,[dU7, k,EK
ite{m+1,...,n}
~~ 1) : Ke — Der,(g, B) homomorphism of Lie superalgebras:
P(ke) = kD, k € K
~~ (&, B) double extension of (g, B) by Ke (by means of 1))

§

(i)

(¢, B) ~» elementary double extension of (g, B) by the
one-dimensional Lie algebra.
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Inductive description quadratic Lie superalgebras:
e reductive even part
e action of the even part on the odd part is completely reducible

((Double extension)
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Examples

Example [V. Kac, 1977]

Classical simple Lie superalgebras A(m,n), B(m,n), D(m,n),
C(n), D(2,1,«), F(4) and G(3).

M = (e, e2) two-dimensional abelian Lie superalgebra with zero
even part.

Invariant scalar product on 2: bilinear form B : M x M — K
B(el,el) = B(62,62) =0 and B(el,eg) = —B(eg,el) =1.
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~ (g = g5 @ 91, B) is B-irreducible quadratic Lie superalgebra

~> g7 is gg-module completely reducible
~ g # 0
Then [g5, 91] = g1 and 3(g) = 3(g) N g5-

~> gp reductive Lie algebra

~> g7 is gg-module completely reducible

Then g is simple if and only if 3(g) = {0}.
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Quadratic Lie superalgebra

Inductive description of quadratic Lie superalgebra with
reductive even part and action of the even part on the odd
part is completely reducible

5 - {0}, basic classical Lie superalgebras
~ | one-dimensional Lie algebra,

~ (g = g5 @ 91, B) quadratic Lie superalgebra

¢

gg reductive Lie algebra
~+ g7 is gg-module completely reducible

Theorem

Then g is either an element of U or g is obtained from a finite
number of elements of ¥ by a sequence of elementary double
extensions by the one-dimensional Lie algebra and/or orthogonal
direct sums of quadratic Lie superalgebras from a finite number of
elements of L.
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central extension

(g = g5 D 91, B) quadratic Lie superalgebra
(Ke)1 one-dimensional abelian Lie superalgebra
D odd skew-supersymmetric superderivation of (g, B)

¢80 g

prgxg—K
p(X,Y) = —-B(D(X),Y), Vxyeq

@ g Ke*

(X +ae”Y + pe] = [X,Y]g+ p(X,Y)e’,

V(X +ae*),(Y+8e*)e(gKe*)

is Lie superalgebra.

g ® Ke* ~~ central extension of g by Ke* (by means of ¢)



Quaderatic Lie superalgebras
0®0000

Generalized semi-direct product

~ g, b Lie superalgebras
~» Qg — Der(h) linear map
~ (:gxg— b even skew-supersymmetric bilinear map
such that, VXEgI7YEgy7ZEgZ'
(i) [uX), Q)] - 9([X Y1) —ad(é( Y))

(i) S (- )’Z{Q )<Y, 2)) = ¢(IX Z)}:O

cycl
Proposition

°egdh
(X + .Y +h] = [X,Y]g + [f, hly + QX)(h) — (=1)™QY)(f) + (X, Y),

V(X +f)et,, (Y +h)et, IS Lie superalgebra.

g @ b ~~ generalized semi-direct product of g and § (by means of
Q and ()
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Quaderatic Lie superalgebras

Generalized double extension
~ (g = g5 @ 91, B) quadratic Lie superalgebra

~> D odd skew-supersymmetric superderivation of (g, B)
Xo € gp such that

1
D(Xy) =0, B(Xo,Xo) =0, D? = 5[XU, Jo

~ Q:Ke — Der(gdKe")

e — D

D:g®Ke* — g®Ke* such that D(e*) =0

D(X) = D(X) = (=1)*B(X, Xo)e", Vxeq,

~ ( : Ke x Ke — g @ Ke™* bilinear map ((e, e) = Xy



Quadratlc Lle superalgebras

Generalized double extension

o t=Ked g Ke"
[,]: € x & — ¢ even skew-symmetric bilinear map such that

[676] = X07 [6*,E] - {0}

[e,X] = D(X)—-B(X,Xo)e", Vxeg,

(X,Y] = [X,Y]q— B(D(X),Y)e", VX yeg
is generalized semi-direct product of g ® Ke* by the
one-dimensional Lie superalgebra (Ke); (by means of 2, ()

@ supersymmetric bilinear form B :txt— K such that
B]gxg— B, B(e*,e) = 1
B(g,e) = B(g,e*) = {0}, Ble,e) = B(e",e) = 0

is invariant scalar product on £
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Generalized double extension (. Bajo, S. Benayadi, M. Bordemann)

(8, B) ~» generalized double extension of (g, B) by the
one-dimensional Lie superalgebra (Ke); (by means of D and Xj)
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Conversely

~ (g = g5 @ 91, B) is a B-irreducible quadratic Lie superalgebra

~ 3(g) Ng1 # {0}
~ dimg > 1

Proposition

Then (g, B) is a generalized double extension of a quadratic Lie
superalgebra (h, B) (dim b = dim g — 2) by a one-dimensional Lie
superalgebra with zero even part.
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((Generalized double extension)
{
2

l
Inductive description §
quadratic Lie superalgebras:
e reductive even part
e action of the even part on the
odd part is completely reducible

[S. Benayadi]

Inductive description
quadratic Lie superalgebras:
e reductive even part

CDoubIe extensiorD CDoubIe extensiorD
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Quadratic Lie superalgebras with reductive even part

g Lie superalgebra
soc(g) := sum of all minimal graded ideals of g

~ (g = g5 @ 91, B) quadratic Lie superalgebra
~> gp reductive Lie algebra

o soc(g) = s @ 3(9),
s is the greatest semisimple graded ideal of g.

e (g =gy D g1, B) B-irreducible quadratic Lie superalgebra
#: one-dimensional Lie algebra
simple Lie superalgebra

then soc(g) = 3(g).
@ g is semisimple if and only if 3(g) = {0}.

Elisabete Barreiro



Quaderatic Lie superalgebras Malcev superal

Inductive description of quadratic Lie superalgebra with
reductive even part

W {0}, basic classical Lie superalgebras
~ | one-dimensional Lie algebra

~ (g = g5 @ 91, B) quadratic Lie superalgebra

~+ gp reductive Lie algebra

Theorem

Then g is either an element of 2T or g is obtained from a finite
number of elements of 2 by a sequence of double extensions by
the one-dimensional Lie algebra and/or a sequence of generalized
double extensions by the one-dimensional Lie superalgebra with
even part zero and/or by orthogonal direct sums.
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Malcev superalgebras

H. Albuquerque and S. Benayadi, 2004

Inductive description of quadratic Malcev superalgebras such that
the even part is reductive Malcev algebra and the action of the
even part on the odd part is completely reducible

H. Albuquerque, E. Barreiro and S. Benayadi, 2007

Inductive description of quadratic Malcev superalgebras with
reductive even part

~> non-Lie Malcev algebra of dimension 7
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