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Definition of IG
Vanishing ideals over graphs

I G is a simple graph without isolated vertices.

I K a finite field of cardinality q.

I VG = {1, 2, . . . , n}.
I S = K [tij | {i , j} ∈ EG ].

I Let IG ⊂ S be the ideal generated by:

{f homogeneous | f (. . . , xixj , . . . ) = 0, ∀xi ∈ K ∗}

where, f (. . . , xixj , . . . ) is obtained by: tij 7→ xixj .

[Renteŕıa, Simis, Villarreal, 2011]



Example [Using Macaulay2]
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IG has the following
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(Can assume 0 ≤ a, b, c ≤ q − 2.)



Properties of IG
in [Renteŕıa, Simis, Villarreal, 2011]

I IG is a radical, binomial, graded ideal of K [tij |{i ,j}∈EG ];

I Letting s = |EG | = dimK [tij |{i ,j}∈EG ],{
tq−1
ij − tq−1

kl |{i ,j}∈EG

}
⊂ IG =⇒ ht(IG ) = s − 1;

I Since any variable, tij , is (S/IG )-regular, S/IG is C–M.

I If G is connected or bipartite,

IG = (PG + (tq−1
ij − tq−1

kl | {i ,j}∈EG)) :
(∏

{i,j}∈EG
tij
)∞

where PG is the toric ideal of G .



Castelnuovo–Mumford Regularity

Given a minimial free graded resolution:

0→ ⊕
j∈Z
S(−j)b(s−1)j →· · ·→ ⊕

j∈Z
S(−j)b2j → ⊕

j∈Z
S(−j)b1j → S → S/IG

reg(G ) := reg(S/IG ) := max
i ,j
{j − i | bij 6= 0} .

If the Hilbert series of S/IG as reduced rational fraction is:

F (T ) =
1 + sT + h2T

2 + · · ·+ hrT
r

1− T
then,

S/IG C–M =⇒ reg(G ) = deg F (T ) + dim S/IG = r .



Known values of reg(G )

I reg Ka,b = (max {a, b} − 1)(q − 2);
[González, Renteŕıa, 2008]

I G = tree or C2k+1, regG = (s − 1)(q − 2);
[Sarmiento, Vaz Pinto, Villarreal, 2011]

I reg Kn = d(n − 1)(q − 2)/2e;
[González, Renteŕıa, Sarmiento, 2013]

I reg C2k = (k − 1)(q − 2);
[N., Vaz Pinto, Villarreal, 2015]

I G bipartite and H1, . . . ,Hm its blocks,

regG =
∑

regHi + (m − 1)(q − 2);
[N., Vaz Pinto, Villarreal, 2014]



Main Result

Theorem (Macchia, N., Vaz Pinto, Villarreal)

(i) If ∀i , ki 6∈ 2N, regG = (bk1/2c+ · · ·+ bkr/2c)(q − 2);

(ii) If ∀i , ki ∈ 2N, regG = (k1/2 + · · ·+ kr/2− 1)(q − 2);

(iii) regG = regH1 + regH2 + (q − 2).

I Let G be
the graph:

H1 = Pc(odd paths),
H2 = Pc(even paths).

· · · P1

· · · P2

· · ·

...
Pr



Proof and other results

Theorem (Macchia, N., Vaz Pinto, Villarreal)

(i) If ∀i , ki 6∈ 2N, regG = (bk1/2c+ · · ·+ bkr/2c)(q − 2);

(ii) If ∀i , ki ∈ 2N, regG = (k1/2 + · · ·+ kr/2− 1)(q − 2);

(iii) regG = regH1 + regH2 + (q − 2).

I The inequalities ≥ in (i) and (ii) come from:

G ⊂ Ka,b =⇒ regG ≥ (max {a, b} − 1)(q − 2)

[Vaz Pinto, Villarreal, 2013]

and the computation of a and b for a bipartite parallel
composition of paths.



Proof and other results

Theorem (Macchia, N., Vaz Pinto, Villarreal)

(i) If ∀i , ki 6∈ 2N, regG = (bk1/2c+ · · ·+ bkr/2c)(q − 2);

(ii) If ∀i , ki ∈ 2N, regG = (k1/2 + · · ·+ kr/2− 1)(q − 2);

(iii) regG = regH1 + regH2 + (q − 2).

I The inequality ≤ in (i) amounts to showing that, if

G G ′

then reg(G ) ≤ reg(G ′) + (q − 2).



Proof and other results

Theorem (Macchia, N., Vaz Pinto, Villarreal)

(i) If ∀i , ki 6∈ 2N, regG = (bk1/2c+ · · ·+ bkr/2c)(q − 2);

(ii) If ∀i , ki ∈ 2N, regG = (k1/2 + · · ·+ kr/2− 1)(q − 2);

(iii) regG = regH1 + regH2 + (q − 2).

I The inequalities ≤ in (ii) and (iii) are obtained using:

Proposition. If H1,H2 ⊂ G are subgraphs such that

EG = EH1 ∪ EH2 and EH1 ∩ EH2 6= ∅
then regG ≤ regH1 + regH2.



Proof and other results

Theorem (Macchia, N., Vaz Pinto, Villarreal)

(i) If ∀i , ki 6∈ 2N, regG = (bk1/2c+ · · ·+ bkr/2c)(q − 2);

(ii) If ∀i , ki ∈ 2N, regG = (k1/2 + · · ·+ kr/2− 1)(q − 2);

(iii) regG = regH1 + regH2 + (q − 2).

I The inequality ≥ in (iii) is obtained using:

Proposition. If H is obtained from G by identifying
two nonadjacent vertices, then regG ≥ regH .

G H
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[ReSiVi11] C. Renteŕıa, A. Simis and R. H. Villarreal, Algebraic methods for parameterized codes and invariants
of vanishing ideals over finite fields, Finite Fields Appl., 17 (2011), no. 1, 81–104.

[SaVPVi11] E. Sarmiento, M. Vaz Pinto and R. H. Villarreal, The minimum distance of parameterized codes on
projective tori, Appl. Algebra Engrg. Comm. Comput., 22 (2011), no. 4, 249–264.

[VPVi13] M. Vaz Pinto and R. H. Villarreal, The degree and regularity of vanishing ideals of algebraic toric sets
over finite fields. Comm. Algebra, 41 (2013), no. 9, 3376–3396.


