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Known surfaces with pg = 0 and K 2 = 3

(Z/2)⊕2 × Z/4 irred 6-dim comp [Keum88,MLP04]

Q8 × Z/2 1-dim family [Bu66,Pet77,Inoue94]

Z6 × Z2 family [BauerPign11]

Z4 × Z2 family [BauerPign11]

H1 = Z/8 family [BauerPign11]

Z/6 family [BauerPign11]

Z/2 example [CartSteg09]

Z/2 family [KeumLeePark10]

H1 = Z/2 family [ParkParkShin10]

{1} family [ParkParkShin09]



Theorem (–, Pignatelli)

Consider W = P1 × P1 × P1 × P1 ⊂ P15.

� There exists a family of simply connected smooth surfaces
S̃ = W ∩ Z1 ∩ Z2 with a fixed point free action of Z/2× Q8.

� Their quotients form a 4-dimensional locus in M1,3 containing
the locus of the Burniat surfaces with K 2 = 3.

In parallel work, Bauer and Catanese have produced a 4-dim
locus of M1,3 containg the Burniat surfaces whose closure is an
irreducible component.

We know that their locus and ours intersect in a subset of dim
4 but we don’t know if the two loci coincide.
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S̃ ⊂ W
The general idea

W = P1 × P1 × P1 × P1 ⊂ P15

S̃ = W ∩ Z1 ∩ Z2,

K 2
S̃

= 48 and χ(OS̃) = 16 (q(S̃) = 0)

G = Z/2× Q8

Let σ = (1,−1) ∈ Z/2× Q8 and V = Y /σ.

V has 8 singular points of type 1
2
(1, 1, 1)

Let T = S̃/σ. Then H = G/σ ∼= (Z/2)3 acts freely on T

R(T ,KT ) needs 8 new generators of degree 2.

V ⊂ P(17, 28) anticanonically embedded.

Setting up the action of (Z/2)3 on X is easier.

To get V , use parallel unprojection on X .
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S̃
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Y ⊂⊂ W

?

T

?

⊂ V ⊂ V̂ L99X̂ ⊂ P7

S = T/H = S̃/G

Unprojecting X̂ ⊂ P7

Let X̂2,2,2 ⊂ P7 be given by
x00x01 = x10x11 = x20x21 = x30x31.

X̂ contains 16 divisors given by
x0i = x1j = x2k = x3l = 0.

Consider {(i , j , k , l) |i+j+k+l even}. Get 8 rational functions, e.g:

=
x11x20x30

x00
=

x01x20x30
x10

=
x01x11x30

x21
=

x01x11x20
x31

.

Identify these with the weight 2 variables of P(18, 28).

Get equations for V̂ ⊂ P(18, 28):
x00x01 = x10x11 = x20x21 = x30x31

y0011x00 = x11x20x30, y0011x10 = x01x20x30, etc.

y0011y0000 = x01x11x30
x21

x01x11x21
x30

= x2
01x2

11, etc.
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x00x01 = x10x11 = x20x21 = x30x31.
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x11x20x30

x00
=

x01x20x30
x10

= · · ·
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q = ν0s0 + ν1s1 + ν2s2 + ν3s3 + ν4
∑

(−1)ayabcd ,

with si =
x2
i0 + x2

i1

2
and ν0, ν1, ν2, ν3 ∈ C.
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S̃

?

Y ⊂⊂ W

? ?

T
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⊂ V ⊂ V̂ = W /s

S = T/H = S̃/G

Lifting to W

W = P1 × P1 × P1 × P1. Let
(u1, v1), . . . , (u4, v4) be coordinates.

V̂ is the quotient of W by the
involution s =(+,−),(+,−),(+,−),(+,−).

〈
α̃1β̃2, α̃2β̃3, α̃3β̃1

〉
∼=Z/2×Q8. (α1β2)2= (α2β3)2= (α3β1)2= s.

Z1 : v1u2u3u4 + u1v2v3v4 = 0

Z2 :
∑

1≤i≤4
νi−1

(
u2
i

∏
j 6=i

v 2
j +v 2

i

∏
j 6=i

u2
j

)
−2ν4

(
u2
1u2

2u2
3u2

4−v 2
1 v 2

2 u2
3u2

4+· · ·
)

= 0

S̃ = W ∩ Z1 ∩ Z2 is smooth and G = Z/2× Q8 acts freely.

Hence, S is of general type, K 2 = 3, pg = 0, π1 = Z/2× Q8.

The construction depends on 5 parameters.
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S̃

?

Y ⊂⊂ W

?
T

?

⊂ V ⊂ P(17, 28)

S = T/H = S̃/G

?
ϕ2KS

P3

The bicanonical map of S

H0(2KS) = 〈s0, s1, s2, s3〉, si =
x2
i0 + x2

i1

2

Ĥ =
{∏3

i=1 α
ai
i β

bi
i |
∑

(ai + bi) even
}

Γ ∼= Ĥ/H ∼= (Z/2)2.

T/Ĥ = S/Γ = Σ3 ⊂ P3 given by

8ν24(s1− s0)(s2− s0)(s3− s0)− s0(ν0s0 + ν1s1 + ν2s2 + ν3s3)2 = 0.

S is a bidouble cover of Σ3.
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S as a bidouble cover of Σ3

8ν24(s1− s0)(s2− s0)(s3− s0)− s0(ν0s0 + ν1s1 + ν2s2 + ν3s3︸ ︷︷ ︸
L

)2 = 0

Σ3 has 3 nodes:
n1 = (s2−s0 = s3−s0 = L = 0);
n2 = (s1−s0 = s3−s0 = L = 0);
n3 = (s1−s0 = s2−s0 = L = 0).

(s0 + si = 0) ∩ Σ3 = Li ∪ Ci

S → Σ3 is branched at:
{n1} ∪ C2 ∪ L3;
{n2} ∪ C3 ∪ L1;
{n3} ∪ C1 ∪ L2;

Blow up nodes and contract
N12,N13,N23, A′, B ′, C ′.
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S as a bidouble cover of the plane

For general
ν0, ν1, ν2, ν3, ν4 ∈ C

x1x2

x3
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S as a bidouble cover of the plane

For ν0 = ν1 = ν2 = ν3
get the normalisation of:

x1x2

x3



S as a bidouble cover of the plane

For ν0 = ν1 = ν2 = ν3
get the Burniat surfaces

x1x2

x3


