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Summary

In this thesis we prove that the canonical model of a surface of general type in an

open family of surfaces in each of the birational classes

I) ¢g=0, pyj=4 and K?>=7
(I) ¢g=0, py=6 and K2=13
is a complete intersection in a generalised weighted Grassmannian. For each of the
families the canonical ring has Pfaffian 5 x 5 format. In other words, it is a quotient
of a polynomial ring by an ideal generated by the five submaximal Pfaffians of a 5 x5
skew matrix. Our methods involve a generalisation of Mukai’s vector bundle method.
We construct a vector bundle on the surface which, as a result of our analysis, is
the restriction of the universal orbi-bundle on a generalised weighted Grassmannian.
As in Mukai’s work, this bundle yields an embedding of the canonical model of S
as a quasilinear section of that generalised weighted Grassmannian. Chapter I is
an introduction to the context of the problem. Chapter III focuses on curves with a
halfcanonical divisor. We prove preliminary results concerning the numerical structure
of the halfcanonical ring, such as the degrees of the generators of R(C, A) and of the
ideal I4. We also give an intrinsic description of all the the complete intersection
halfcanonical ideals of codimension < 3 on an algebraic curve. Chapter IV sees the
first application of the vector bundle method. There we show how to embed a curve of
genus 8 with a halfcanonical net and a curve of genus 14 with a halfcanonical divisor
with h%(A) = 5 into generalised weighted Grassmannians. Each of these corresponds
to a member of the canonical linear system of the surfaces mentioned above. In
the same chapter we define generalised weighted Grassmannians and give a detailed
introduction to the vector bundle technique. Finally, Chapter V is dedicated to the
construction of the canonical model of surfaces of general type in the birational classes

(I) and (II).



CHAPTER 1

Introduction

Of all those working in the subject of algebraic surfaces the Italian school of
G. Castelnuovo and F. Enriques is undoubtedly responsible for pioneering a systematic
treatment of surfaces of general type. In his book, [En] Enriques sets up most of the
general theory of algebraic surfaces and linear systems on an algebraic surface that
is still in use to this day. Chapter VII of [En] is dedicated to the study of regular
surfaces of general type® with geometric genus p, > 4. The condition on the genus
is a necessary condition to study surfaces with birational canonical map ¢x,. The
interplay between the geometry of hyperplane curve sections of the image of the
surface under the canonical map and the geometry of the surface itself justifies the
requirement that the irregularity ¢ = h'(Os) = h'(Kg) be zero.

In Chapter V of this thesis we construct the canonical model of a surface in an

open family in each of the birational classes

(I) ¢=0, p;=4 and K2=17
II) ¢g=0, p,=6 and K?=13
as a complete intersection inside a generalised weighted Grassmannian.

The surfaces in (I) were well known to Enriques’ et al. We can find a classical
treatment in chapter VII of [En|. The author constructs examples of surfaces in (I)
with a free canonical linear system and with a canonical linear system with a simple
base point. He also goes quite far in the description of the component of the moduli
space of (I) corresponding to surfaces with a free canonical linear system. In this
case, the image of the canonical morphism is a surface ¥ in P? having a curve of
singularities v which at a general point of « are double points. An adjoint surface to
Y is by definition any surface passing through ~ (in analogy with the notion of adjoint

curve to a given plane curve). The surface ¥ has a unique minimal degree adjoint

*See page 122 for our conventions.

"Enriques cites the work of his student Franchetta, Su alcuni esempi di superficie canoniche.
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surface. It is a quadric cone @) with its vertex at the (unique) triple point of v (and of
Y)). The data (X,~, Q) is enough to describe the component of the moduli space. The
adjuvant element is, of course, the rationality of (). A modern treatment of the moduli
space of (I) can be found in the work of Bauer [Bau]. The method of the adjoint
surface in conjunction with the theory of symmetric determinantal hypersurfaces is
employed by Ciliberto in [C81] to give a description of the component of the moduli
space of surfaces of general type with p, = 4, birational canonical morphism and K 2
in the set {5,6,7,8,9,10}. His method relies on the fact that both ¥ and its minimal
degree adjoint ¥’ are generic symmetric with the degree of ¥’ equal to deg(X) — 5;
and it fails for K2 > 10. Notice that whilst for K2 < 8 the minimal degree adjoint
surface is rational, for K2 > 10 the adjoint may well be of general type. The question
of existence of regular canonical surfaces with p, = 4 and K 2 > 11 is still an open
problem. (See [C]).

Surfaces in the birational class (II) have been constructed by Tonoli in [Ton] as
one of many canonical surfaces in P5. They also appear in the work of Catanese
[C]. Their existence follows by an application of Buchsbaum—Eisenbud’s theorem for
Gorenstein ideals of codimension 3 (see below) and as such has been know for quite
some time. To our knowledge the moduli space of the surfaces in (II) remains to be
investigated.

What will bring together (I) and (II) in Chapter V is the fact the fact that under
generality assumptions, the canonical ring R(S, Kg) is a Pfaffian 5 x 5 ring and can
be expressed as the quotient by a regular sequence of the homogeneous ring of a
generalised weighted Grassmannian.

The canonical ring. For a surface, S, of general type, the canonical ring
R(S,Kg) = @@ H(S,nKs),
n>0
encodes information about the surface, its canonical image, its bicanonical image,
questions of projective normality of these images and so forth. It was defined by
D. Mumford in [Mum]| and subsequently used by many authors as a tool in the
description of the moduli space of surfaces of general type. In the case of surfaces of
general type, the canonical ring is a finitely generated Noetherian ring and the scheme

Proj R(S, Kg), called the canonical model of S, is birational to the surface S. It is a



normal surface with at most du Val singularities. (See [Mum]). Hence, describing the
birational class of a surface of general type can be done by studying R(S, Kg). This
principle appears for the first time in an effective way in the work of Miles Reid. In the
article [R78] Reid gives a complete treatment of regular surfaces of general type with
pg(S) = 0, Kg =1 and Tors S = Zg3, Z4 and Zs. These surfaces are also known as
Godeaux surfaces. Those with Severi group, Tors S, equal to Zs were constructed by
Godeaux, and those with Severi group equal to Z4 by Miyaoka. In this birational class
the higher the dimension of Tors.S the simpler is the geometry of S and the algebra
of R(S,Kg). To construct his surface Godeaux construct the Zs-covering of S that
is a quintic hypersurface in P3. Miyaoka’s construction is similar. One constructs
the Zy4-covering of S, which is a complete intersection in weighted projective space.
Mirroring this approach Reid describes the covering ring of the surface S associated

with the Severi group Tors S:

R(S,Kg,Tors S) = @ H(S,nKs +9)

n>0
o€Tors S

The ring R(S, Kg, TorsS) has a Tors S-action and the canonical ring of S is the

invariant ring under this action:
R(S,Ks) = R(S, Kg, Tors S)Tors%.

In this light, Reid gives a complete treatment of the case Tors S = Zs3. The article
[R78] points out a systematic method for the study of surfaces of general type.

There have been many follow-ups to this work. Notably R. Barlow in [Ba85] has
constructed a simply connected Godeaux surface, and in [Ba84]| a 4-parameter family
of Godeaux surfaces with Tors.S = Zs. Her treatment involves a slight modification
of the classical covering method, allowing for ramification at isolated points and thus
introducing a singular cover. The action is not that of Tors S since this group is either
trivial or too small. Instead we take a Galois covering of a non Abelian group. This
variation of Reid’s construction is very subtle and it does not extend easily to other
examples. However, the guiding principle is still that of Reid’s work [R78]. To study
S we study R(S, Kg).



Recently Bauer, Catanese and Pignatelli in [BCP] have described the canonical
ring for surfaces of general type with p, = 4 and K? = 7 for which the canonical
linear system has a base point.

The subject of graded rings on algebraic varieties has seen many developments
and is increasingly attracting more interest. Besides the canonical ring of a surface
of general type, the anticanonical ring of a Q-Fano 3-fold ([F188, F100, CPR]) and
the ring of a polarising divisor on a K3 surface (JABR]) are other examples of graded

rings in active areas of research.

The algebra of the canonical ring. The study of moduli of algebraic varieties via
graded rings is tainted by a fundamental difficulty. Be it for the canonical ring of a
surface of general type or for any other of the examples of graded rings mentioned
before, the construction of a graded ring from numerical data is hindered by the
absence of structure theories for codimension > 4 ideals. The desire to have a structure
theory for codimension 4 is justified by the existing results in codimension 2 (the

theorem of Hilbert-Burch) and in codimension 3.

THEOREM L.1 (Buchsbaum-Eisenbud). Let A = Clzy,...,x,] be a graded poly-
nomial ring, I Gorenstein homogeneous ideal of codimension 3. Then there exist an

odd integer k =2n+ 1 and a k X k skew matrix M such that
k k .
AT — A ZE B A(—a;) & P A(=b) &2 A(—t) 0 (0.1)

is the minimal free resolution of A/I as an A-module. Conversely any codimension 3

ideal which allows such a minimal resolution is Gorenstein.

Proof. See [BE] or [BH, p. 119-123]. O

Let us spare a few words on the assumptions of this theorem. The Gorenstein
assumption is a regularity assumption. It implies the Cohen—Macaulay property,
renowned for bridging the gap between commutative algebra and algebraic geometry.
As an example one should think of an ideal defining a hypersurface in projective space
with an embedded component. Despite the codimension of such ideal be 1, the ideal
is definitely not generated by a single form. Off course that in this situation the

quotient ring is not Cohen—Macaulay. This counter-example to an “assumption-free”



structure theory of codimension 1 ideals, which is drawn from a geometrical point of
view, reveals only part of the problem. The Gorenstein assumption expresses extra
homological regularity. (See Section I1.2). The free resolution of a Gorenstein ideal
is self-dual.

Most of the homogeneous ideals of codimension > 4 relevant to the problem of
moduli of varieties have been constructed without the safety net of a theorem like
Theorem I.1. The main techniques for doing this are unprojection and the use of key
varieties. These techniques base themselves on two archetypal operations of geometry;
unprojection on that of projection and the use of key varieties on that of taking a

linear section.

Key varieties versus unprojection. In terms of graded rings a key variety cor-
responds to a key graded ring, i.e. a graded ring to be used as raw material in the
construction of more graded rings. An example of this is the homogeneous ring of
G(2,5) € PY in its Pliicker embedding. Constructing graded rings using a key ring
in the simplest cases amounts to taking the quotient by a regular sequence. Letting
ev: C[z;] - R be a minimal surjection corresponding to a choice of generators of a
key graded ring R and considering R has a quotient of C|x;], there is a way in which
taking a regular sequence in R can preserve codimension of the quotienting ideal, by
a process of elimination of (some) generators of R. We should be terming it as a
quasilinear regular sequence in analogy to the terminology of quasilinear section of

Corti and Reid’s paper [CR].

DEFINITION 1.2. Let R be a graded! ring. Fix ev: C[z1,...,2,] — R a minimal
surjection. A regular sequence (fi,...,fn) in R is said to be quasilinear if each f;
is homogeneous and a preimage (and indeed all) of f; under ev is a polynomial F;
containing, for some integer j, the term z;. It can be checked that this notion does

not depend on the surjection ev.

In view of Theorem 1.1 above, roughly speaking, Gorenstein ideals of codimension
3 (including complete intersections of length 3!) are the ideals generated by the
submaximal Pfaffians of a certain skew matrix of odd dimension. Unlike the ideals in

a polynomial ring generated by regular sequences that have a geometrical realisation

See page 14 for our conventions on graded rings.



in complete intersections, the Pfaffian ideals, until very recently, had no geometrical
counterpart. They correspond to the weighted Grassmannians of Corti and Reid
[CR]. Despite applying only to the case of Pfaffian 5 x 5 ideals, these varieties are the
corner stone of a geometrical theory of Pfaffian 5 x 5 ideals. They are key varieties
and their homogeneous rings are key rings. Let us give an example of a quotient of a

key ring by quasilinear regular sequence.

Let C[m;j;,n;] be a polynomial ring of 10 variables of weights®

mia Mi3 Mig N1 1 1 1 2

— meg3 M24 N2 | _ 1 1 2

wt(M) = wt I L 9
o 2

and consider the key ring R given as the quotient of C[m;;,n;] by the ideal generated
by the 5 submaximal Pfaffians of M (see Section I1.3 for a definition). Denote

J = (Pfy,...,Pfs).

Then, from Theorem 1.1 we know that R = C[m;;,n;]/J is Gorenstein. The weighted
Grassmannian G is by definition Proj R. We take the quotient of R by the ideal

I=m—-—q+Jn—q@p+Jn-—@g+Jn—-—qu+J)CR

with each ¢; a general quadratic form in m;;. The ideal I is generated by a quasili-
near regular sequence. Define a surjective homomorphism A: C[m;j;, n;] — C[m;;| by

setting n; — ¢; and consider the diagram

Clmgj, ng)
A o
/ \
Clm;) R
The codimension of I is 4. However, since I is generated by a quasilinear regular
sequence, the ideal G = A(o~!(I)) has codimension 3 in C[m;;]. The variety S =
ProjC[m;;]/G is a codimension 3 subscheme of P°. It was obtain as a quasilinear

section of the weighted Grassmannian G = Proj R. As such, from the geometry of G

(see Proposition IV.5 on page 79) we deduce that S is a regular surface of general type

$We use the convention to write only the upper triangle of a skew matrix, diagonal non-inclusive.



with p; = 6 and K 2 = 13. In other words an example of a surface in the birational

class (II).

Gorenstein unprojection was introduced by Kustin Miller in [KM] and later given
a geometrical rendition in the work of Papadakis and Reid [PR]. As the title of [KM]
says, it is a procedure of constructing Gorenstein ideals from smaller codimensional
ones. The set up is that of an inversion of projection. One starts with the end product
of the projection of a projectively Gorenstein variety in (weighted) projective space:
(X, D); the projected variety X and a divisor D image of the exceptional divisor of
the resolution of indeterminacy at the centre of projection. (Assume, for simplicity,
one projects from a point). Then there exists a section s € Hom(Zp,wx) which

determines the unprojection of D in X. The unprojected variety is given by
Y = Spec Ox|s].

(See Papadakis and Reid’s article [PR] for details). The starting and most fruitful
examples occur with Q-Fano 3-folds. Let us illustrate how one can obtain a surface

of general type in the birational class (II) using the technique of unprojection.

Let V5 3 be the Fano 3-fold given as the complete intersection of two hypersurfaces
Fy, F3 of degrees 2 and 3 in P°. Suppose that V5,3 contains a plane 7 ~ P2, whose

equations are x1 = x9 = x3 = 0. Then¥ we can write:

T
F Ly Ly L3
= T , 0.2
<F3> <Q1 Q2 Q3) 2 (02)
3
where L;,Q; € Clxy,...,x¢] are linear and quadratic respectively. Unprojecting 7

means adjoining a new variable s of degree 2 to the polynomial ring C[x1,...xg] and

writing down the birational map
Vog--»V C P(1°,2), with (z1,...,26) — (@1, ..., Z¢, 5);

where s is the degree 2 rational form:

s LyQ3 — L3Q2 _ L3Q1 — L1Q3 _ LiQ2 — Ly

I T2 I3

TNotice that this will produce singularities of V2 3 along 7.



The rational form s is everywhere defined except at m and we can derive it from
(0.2) using Cramer’s rule. The unprojection of Va3, i.e. the variety Y, is the proper

transform of V5 3 under this map. Its equations follow immediately from (0.3):

2( L1 Lo Lj
= plus Fy, F. 0.4
o /\% < Q1 Q2 Q3 ) s 2, 1 (04)

We can put these equations in the following Pfaffian format:

1 —x3 L3 @3

Pt 2 ﬁf g? . (0.5)
—S

From either (0.5) or (0.4) we deduce that Y meets the singularity of P(1%,2) trans-
versely and thus has a singularity of type %(1, 1,1) at the point (0,...,0,1). This
variety is an anticanonically embedded Fano 3-fold of Gorenstein index 2 and genus
4. (These Fano varieties have been classified by Takagi in [T00] and many more Fano
3-folds can be obtained in the same way as here, by unprojection). The canonical
ring of a general member S € |-2Ky | obtained from the anticanonical ring of the Y,
by adding the equation s = q(x; ..., xz¢), for a general quadratic form q(z1,...,z¢), is
Gorenstein of codimension 3. The surface S is nonsingular, projectively normal and
canonically embedded in P°. There is a small computation to get the degree, namely,

~K} =2-3+ =% and K3 =2-(-K}) =13,

The use of unprojection in the construction of Gorenstein graded rings follows a
preliminary process of induction. One starts with the numerics of the graded ring we
expect to obtain, sees how many times and what type of projection leads to a smaller
ring and only then attempts to construct the targeted ring via unprojection.

For some cases, the method of key varieties can be used “deductively” applying
the vector bundle method as we shall see in this thesis. (See Chapter IV and V). But
for most cases it remains as yet essentially not inductive. (The reader should compare
this with the idea of finding a variety with given numerical invariants among the set
of complete intersections of projective space). On the other hand the method of key
varieties is remarkably simple. Taking a quasilinear regular sequence in a key ring, or

should we say, a quasilinear section in a key variety, makes the geometry transparent.



The vector bundle method. The idea to use key varieties is inspired by Mukai’s
linear section theorem. This result, which the reader can find on page 82, is the
unification of several research papers [M95a, M95b, M95c, M93, M&88, M&9|.
It asserts that every indecomposable Fano 3-fold with at most Gorenstein canonical
singularities and genus 6 < g < 10 or g = 12 is a linear section of an appropri-
ate homogeneous space. In his list (see page 82) Mukai considers Grassmannians,
orthogonal Grassmannians and Spinor varieties.

The technique Mukai uses to proof the linear section theorem is known as the
vector bundle method. Given a Fano 3-fold, V', Mukai constructs a bundle on it,
tautological with respect to the corresponding homogeneous space, and derives from
this bundle an embedding of V' into that homogeneous space. There is an important

reduction step. Mukai considers a ladder
ccrcv (0.6)

where T is a nonsingular K3 surface and C' is a nonsingular canonical curve. The
ladder consists in taking a linear section at each step with respect to the anticanonical
embedding of V' by |—Ky |, and therefore makes it possible to work with either C' or
T. The ladder of varieties of (0.6) corresponds to a chain of surjections of graded
rings:

R(V7 _KV) - R(T7 _KV|T) - R(07 KC)

each given by quotienting by a nonzero divisor of degree 1. In Mukai’s linear sec-
tion theorem (except for for genus 6 case where we need to take a quadric section)
all sections are linear and therefore the final regular sequence is made up of linear
homogeneous forms. Replacing linear by quasilinear and homogeneous by quasiho-

mogeneous we arrive to the concepts described in the previous paragraph.

The tautological orbi-bundle. To formulate a vector bundle technique that would
extend Mukai’s results to weighted Grassmannians one has to describe the weighted
homogeneous version of the Grassmannian variety G(2,5) and especially its tauto-
logical vector bundle. The tautological (orbi)-bundle on a weighted Grassmannian is
defined by Corti and Reid in [CRY].

Consider G(2,5) the ordinary Grassmannian of 2-dimensional subspaces of a fixed

vector space V of dimension 5. Let .%# be the universal subbundle, i.e. the subbundle
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of V®Oq(2,5) whose fibre over a point [L] € G(2,5) is L. We denote by & the quotient
bundle of V' ® Og25) by #. We have

0—F = V®0Oges — & —0. (0.7)

Let us write aG(2,5)\0 for the punctured affine cone of G(2,5) in its Pliicker em-
bedding. The sequence (0.7) descends to the punctured affine cone aG(2,5)\0 and
yields a sheaf of rank 2 (that we keep denoting by &). By ClaG(2,5)] we mean the
coordinate ring of aG(2,5) in affine space A?. If we denote the variables of affine
space by x;;, the ring ClaG(2, 5)] is the quotient of C[z;;] by the ideal of submaximal
Pfaffians of the skew matrix

T12 T13 T14 Ti15

T T T
M = 23 T24 T25
T34 T35

T45

The Serre module of &,
E = (P H"(aG(2,5), £ (k)),

k>0

over the ring C[aG(2,5)] is generated by 5 elements identified with either 5 column
vectors s; = (Zz) or with the five columns of M. These generators are yoked by the

following 10 relations:
TijSk — TikS;j + TjkSi for 1<i<j<k<5b. (0.8)

These come from the map A\* H%(aG(2,5),&) — H°(O,c2,5)(1)). In fact, we have
siNsj = wxij € H(aG(2,5), Oa(2,5)(1)) and the relations of (0.8) are expressing the
tautology

(si N\ sj)sk — (si A sk)sj+ (85 A Si)si. (0.9)
It is easy to see that at a point of aG(2,5) either s; = s; = s, and (0.9) is trivially
true, or, say s; and s; span the fibre of &, in which case s, = as; + 8s; at p and by
direct computation we derive (0.9).

The point of this description of E is to enable the setting up of a grading com-
patible with the grading on C[aG(2,5)] yielding a weighted Grassmannian. (See
Section IV.1 for a definition of weighted Grassmannian). Then, via the Serre functor,
the graded module E will correspond to the tautological orbi-bundle on the weighted

Grassmannian.
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Let ¢; € 1Z be half-integers such that wt(z;;) = ¢;+c; is the grading of C[aG(2, 5)]
giving the weighted Grassmannian. Denote C[aG(2,5)] with this grading by R. Then
the assignment %(sz) = ¢; defines a Z-grading on E by setting

E, = {v € E | v is homogeneous and wt(v) = n + 1/2}

where by homogeneous we mean a sum of elements > f;s; where f; € R is homoge-

neous and deg(f;) + wt(s;) is constant when varying i. Notice that we have
RmEn - Em+n

and that the relations of (0.9) are homogeneous with respect to this grading.

Let E be the sheaf on the weighted Grassmannian G = Proj R corresponding to
the graded module E under Serre’s functor. For a subvariety, X C G the restriction
of E to X can be a vector bundle of rank 2. We will see how to embed curves with
a halfcanonical divisor A into generalised weighted Grassmannians using a bundle
of rank 2 whose Serre module is isomorphic to E described above. This will be
done in more detail in Chapter IV. For example, for a curve C of genus 14 with a
halfcanonical divisor A with dim H%(A) = 5 we can find a vector bundle & on C of
rank 2 and determinant A such that its Serre module E over the ring R(C, A) has four
generators (s, s2,53,54) C H°(&) in degree 0 and one generator ¢t € H°(&(A)), in
degree 1. If this is to be induced by E, the tautological orbi-bundle of certain weighted
Grassmannian wG, we infer from numerical inspection that the half-integers giving
the grading of C[aG(2,5)] must be (c1, ¢2, 3, c4,¢5) = (%, %, %, %, %) If we trace back
our definition of the graded module E such weighting yields

— 1 N 3
wt(s;) = 3 fori=1.4, and wt(ss)= 5
In other words, E has four generators in degree 0 and one generator in degree 1.

Reduction to halfcanonical curves. Once we have made up our mind to use
the vector bundle method and the notion of quasilinear section, the idea to study-
ing halfcanonical curves is a natural reduction step. Just as in Mukai’s canonical
curves, halfcanonical curves are a few steps (in fact, exactly one) down the ladder of

quasilinear sections containing a surface of general type.
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In general the halfcanonical ring of a curve in the canonical linear system of a
surface of general type is simpler to compute than the canonical ring of the surface.
Supporting this assertion is the fact that the geometry of nonsingular curves is far
simpler than of surfaces of general type. The same applies to the theory of coherent
sheaves on a nonsingular curve. However, working with the halfcanonical ring on a
curve is harder than working with its canonical ring. In the halfcanonical case the
sheer numerical structure given by the theorems of Noether and Petri in the canonical
curve case is unavailable. (These theorems have a subtle presence in Mukai’s work).
In Chapter III we prove some incipient results in this direction. In most important
cases they fell short on giving the whole information that, say, a Petri type theorem
for the halfcanonical ring R(C, A) would give. This has prompted in Chapter III the
study of all the “easy” cases of halfcanonical rings of codimension < 3. When taken
a step up the ladder to the canonical ring of a surface of general type, these “easy”
cases correspond to the canonical models of surfaces of general type that have been

know since the time of Enriques.



CHAPTER 1II

Preliminaries

In this work, all varieties are defined over C.

DEerINITION II.1. Let V be a finite dimensional vector space over C.

(i) A polynomial ring in n indeterminates will be denoted by Clz1, ..., z,].
(i) When a choice of basis for V is clear, the polynomial ring associated to V

is denoted by C[V] and by definition is the C-module

cvl=&psv.

n>0

(iii) Affine space of dimension n is denoted by A™; when is necessary to exhibit a

system of coordinates, by A[x1,...,z,] or to include the underlying vector
space, by A[V].
(iv) Projective space of dimension n is denoted by P, P[zq,...,z,], P[V], fol-

lowing similar conventions as in the previous item.
Let C[z1,...,x,] be a polynomial ring generated in arbitrary degrees.

(v) Weighted projective space, by definition ProjClzy,...,z,], is denoted by
P(1%,2%, ...) where a is the number of variables of weight 1, b the number

of those of weight 2 and so forth.
Let C be a nonsingular curve.

(vi) The notation g is for a linear system of dimension r and degree d, i.e. for
a (r + 1)-dimensional subspace of global sections of a line bundle on C of
degree d.

(vii) The algebraic variety of linear systems of dimension r and degree d is de-
noted by W} (C).

(viii) The gonality of C, denoted gon(C), is the least integer d for which there

exists a gcll on C.

13
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We introduce some additional notation in this and subsequent chapters. An index

for all the notation used in this work can be found on page 145.

I1.1. Graded rings, Hilbert series and Hilbert numerator

DEFINITION I1.2 (Compare with [GW]). In this work a graded ring R is un-
derstood to be a finitely generated C-algebra which decomposes as a direct sum of
C-vector spaces R = P,,~( It such that

(i) Ry =C;
(ii) RmRy C Ryygn, for myn > 0.

The summands R; are called the homogeneous components of R and their elements
are referred to as being homogeneous. (If R is a polynomial ring we will also use the
terminology quasihomogeneous forms). An ideal of R is said to be homogeneous if
it can be generated by homogeneous elements. We denote by m the homogeneous
maximal ideal €@, R,. A graded module over R is an R-module with a grading
@nez M,, of C-modules such that R;M; C M;,; for all j € Z and for all 7 > 0. For
a graded R-module M and an integer d we define the shift by d to be the module M
endowed with the grading @,,., M,,+4. We denote this new graded module by M (d).

Remark. As a convention we treat R as a graded R-module by setting R; = 0 for
all negative i. A similar convention applies to the quotient of R by a homogeneous

ideal R/I.

I1.1.1. The graded ring of a divisor. Suppose that we are given X a variety, D
a line bundle on X and a set sq,..., s, of global sections of D. A classical problem is

to study the image of X under the map
XDX%3p (51(p),...,su(p)) € PFL

where X0 is an open set of X where the map can be defined. From the initial question
of which equations define the image of X in P*~! to the more sophisticated issue of
projective normality, all can be rephrased in terms of the algebraic properties of
$1,...,Sk. E.g., the image of X under the map above is contained in a hypersurface

of degree d if and only if there exists a relation of the same degree among s1, ..., Sg.
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We take all the algebraic information on any set of sections of any multiple nD into

to the graded ring associated to D.

DEFINITION I1.3. Let X be a variety and D a divisor on X. The graded ring of
D on X is the ring
R(X,D) = @ H(X,nD).

n>0

The ring R(X, D) is a very useful tool even when D is not ample. For example,
the pair (S, Kg) consisting of a (nonsingular) surface of general type and its canonical
divisor produces the canonical model X = Proj R(S, Kg). The surface X is embedded
in weighted projective space and has at most du Val singularities resulting from the

contraction of —2-cycles on S by the natural map S — Proj R(S, Kg). (See [Mum)]).

I1.1.2. Example. Consider a nonsingular curve C of genus 6 with a divisor A such
that 24 = K¢ and that h°(A) = 3. A nonsingular quintic curve in the projective
plane is a curve of genus 6, and indeed the hyperplane section is the a divisor A with
dim H°(A) = 3. In this example we will see how to recover the plane model of (C, A)
from the original data.

A curve C in this conditions is said to have a halfcanonical divisor. In general, a
curve C is said to have a subcanonical divisor if there exists a divisor A such that for
some integer k, we have kA = K. The degree of a halfcanonical divisor is uniquely
determined by the genus: deg(A4) = g(C) — 1, and for n > 3 the dimension of H(nA)
is given by the Riemann—Roch theorem. For n = 1 the theorem tells us nothing about

the dimension of the space of global sections of O¢(A):
RO(A) —ht'(A)=1—g+g—1=0;

except that h°(D) = h!(D) which we already knew by Serre duality. This is typical
in the study of subcanonical divisors on varieties: there is a range of “initial values”
of h®(nA) which we have to specify.
We reconstruct the plane quintic and its hyperplane section divisor by constructing
the graded ring R(C, A). We start by writing the dimension of the spaces H’(nA)
difn=1
dim H°(nA) ={ 6ifn =2
5(n—1)ifn >3
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Consider the following generators for H%(nA) when n < 3:
HY(A) = (x1,29,23),
HO(24) D (S¥a1,x9,23)),
H°(34) > (S*z1,22,23)).
Let us assume that the divisor A is free. Denote by (s1, s2) C H°(A) a pair of sections

spanning a free pencil. Then Castelnuovo’s free-pencil trick shows that the kernel of
(s1,59) ® HO(nA) — H((n +1)A) (1.1)

is isomorphic to HY((n — 1)A) and in particular, we deduce that for n > 4 the map
(1.1) is surjective. The upshot is that if <SQ(a:1, T, x3)> and <S3(:c1, T, x3)> span the
whole of H(2A) and HY(3A), respectively, then we have no need for extra generators
for R(C, A). This happens if and only if the image of C by the map ¢4 does not map
to a plane conic or to a plane cubic. If ¢ 4(C) is a conic or a cubic then A cannot be

free. We deduce that
A free = R(C,A) is generated by H°(A).

All we need now to describe R(C,A) is the ideal 14, of relations holding among
x1, T2, 3. A relation will only occur when the number elements of S™(x1,x2,x3)

exceeds the dimension of h°(nD), in other words, when

(n+2> > 5(n — 1).

n

This happens first for n = 5. Therefore the ideal I, is generated by a single quintic

relation, as expected.

I1.1.3. Speeding up the calculation.

DEFINITION II.4. Let M be a finite graded module over a graded ring R. The
Hilbert function of M is defined by setting ¢ps(n) = dime M, and the Hilbert series
by

Hy(t) =Y ou(n)t™

neL

For example, take M = R = C[x1,...,z4]. Then

Hy(t) = . (1.2)
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To see this, expand each of %—t on the right-hand side as 1+t +t?>+---, and then
expand the product (1 +¢ 42 +---)% For each k the coefficient of ¢* is exactly the
dimension of Rg. Assume now that I C R is a homogeneous ideal and take for M
the R-module R/I. Since R — R/I the same line of reasoning applies here, except
that we must correct numerator of (1.2) to account for the relations, 1st syzygies, 2nd

syzygies, and so forth. Thus we can write

1+ ait+ agt? + -
(1—t)d

THEOREM IL5 (Hilbert). Let M be a finite graded R-module of dimension §.

Hy(t) = (1.3)

Assume that R is generated over C by elements of degree 1. Then ¢pr is of polynomial

type of degree § — 1.
Proof. See [BH, p. 147]. O

This theorem shows that the numerator of (1.3) is indeed a ‘finite’ polynomial.
The reason is that multiplying the Hilbert series of M by (1 — t)5 is the same as
computing

> A (k)tF

k>0
and as ¢y is polynomial of degree 6 — 1, for large enough k, A%pyr(k) = 0. (We go
through a similar computation in more detail a few lines below, where we define the
operator A).

Besides the clear advantage of being compact notation, writing the Hilbert series
of M asin (1.3) is a natural byproduct of a free resolution of M. Consider one such

exact complex of free graded R-modules:

0 R/I — R— P R(—a;) — EPR(~b;) - (1.4)

Taking dimensions over graded components we see that

Hy(t) = =0l ZHR —ai) )+ZHR(—6)(t)_

and as Hr(_q) = 7—pa we deduce that

ey

14 S0 — S hi 4

HM(t) = (1—7f)d




II.1 Graded rings, Hilbert series and Hilbert numerator 18

Conversely having the Hilbert series of R/I in a fractional form with denominator
(1 —t)? (corresponding to the generators of R) takes us one step closer to unfolding

the structure of R/I.

PRropoOSITION I1.6. Let C be a nonsingular curve of genus g with a halfcanonical

divisor A with h = h°(A). Then the Hilbert series of R(C, A) is given by

1+ (h=2)t+ (g—2h+ 1)t2 + (h —2)t3 + ¢4
(1-1)

(1.5)
Proof. By Riemann—Roch,
H(t)=1+ht+gt*+ ) (k—1)(g—1)t",
k>3
thus
(1=t H{t) =14 (h =t + (g-h)* + (g-2)t* + > (g—-1)t"

k>4

and hence

(1—tHHt) =1+ (h—2)t+ (g2 + D>+ (h—2)t* +¢*. O

If we apply this to our example, (C, A) of a curve of genus 6 and halfcanonical

net, we obtain

1+t+2+3 4+ ¢4
HR(CyA) = (1—¢)?2

As h = 3 there is at least one more generator in degree 1 in any minimal surjection
Clz;] - R(C, A) we might set up. Multiplication by (1 — t) leads to

1—1¢°
(1—-1)%

If this were the starting point of the computations of our example we would now haste
the guess that there is a surjection ev: S — R with S = C[x1, z2, x3]; in other words,

that R(C, A) is generated by H°(A), and furthermore, that there is a resolution
0— R(C,A) — S« S(—=5) <0, (1.6)

ie. R(C,A) = Clz1,x2,23]/(F5). In a certain sense, what the Hilbert series does is to
go through the table-like computation of Paragraph I1.1.2 and compute the general

case given the numerical data of (C, A). However it will not tell us what assumptions
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on the geometry of (C, A) in fact lead to this general situation. As we saw before the
assumption that A be a free divisor played an important part.

Consider the case when A has a simple base point. Since the genus of C is > 2, the
canonical divisor 24 = K¢ is free of base points, hence it is not true that S? (1,2, 23)
generate the space H°(2A4). Therefore there has to be a new generator y € H?(2A)
and a quadratic relation Fh € 82<x1,:1:2,:v3>. The statements we made about the
generators and resolution of R(C, D) are no longer right. The polynomial ring S must

be substituted for Clx1, z2, z3,y] and the resolution of (1.6) for*
0—R(C,A) — S — S(=2)@ S(—5) « S(=T7) «0.

Yet the Hilbert series are identical:

1-t°  1—2—15+47
=0 (1-0p(—-p) (1.7)

This is a first, rather artificial, example of masking. We mention this in later chapters
and we give examples where the general case is ‘masked’. Roughly, masking occurs
when generators of two terms of a resolution, either adjacent or an odd number of
terms apart happen to have the same degree and thus cancel out in the Hilbert series.
Just like in (1.7):

1—t0 1824215 112 —15+47

T—12 (@-tp L—t)3(1—e2)

I1.1.4. Polynomial rings generated in arbitrary degree.

DEFINITION II.7. Compare with [BH, p. 167]. A function ¢: Z — Q is said
to have quasipolynomial type (of period g) if there exist a positive integer g and
polynomials P; € Q[t], i =0,...,g — 1, of equal degree and equal leading coefficient,
such that for m > 0, ¢(mg + i) = P;(mg + 1), for 0 <i < g— 1.

It is an easy exercise to extend the results of [BH] to this setting. Namely, if we

define the operator Ay by Agp(n) = ¢(n+g) —¢(n) for any function ¢: Z — Q, then:

ProposITION I1.8. The following are equivalent:

(i) quﬁ(n) =c, c#0, for alln > 0;

*The new term, A(—7), accounts for the syzygy: Fs - Fa — Fs - F5.
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(ii) ¢ is a quasipolynomial function of period g and degree d.

Proof. Adapt proof of [BH, 4.1.2]. O

This is an analogue of Theorem II.5:

THEOREM I1.9. Let S be a graded ring generated in arbitrary positive degrees and
M be a finite graded S-module of dimension §. Then ¢ is of quasipolynomial type
of degree § — 1.

Proof. See [BH, 4.3.5]. O
Let us illustrate this theorem with a few examples. Take
M =S =Clzy,...,24
where the weight of the variable z; is the integer b; > 0. Expanding the product
(L4t 420 4 ) A+t 22 ) (L0 e )

what we get as the coefficient of t* is exactly the dimension of the space of quasiho-

mogeneous forms of S of degree k. Thus,
1
d N
[T5m (1 —tb)

Notice that, like in the case of a polynomial ring generated in degree 1, multiplying

Hg(t) =

the Hilbert series by (1 — %) is equivalent to computing
> Ay (k)i
k>0
Fixing b the least common multiple of {b; | 1 < i < d}, so that for all 4, (1 —t%) divides
(1 — t*) we deduce that
(1—¢%)d
[T (1=t

is a polynomial. In virtue of Theorem II.9, for any homogeneous ideal I C S, writing,

(1—t")Hg(t) =

just as in Paragraph I1.1.3, the Hilbert series of S/I as
1+ait+agt+---
d .
[Tii (1 —tb)

we deduce that the numerator of this rational function is a polynomial. Which brings

us to the definition:
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DEFINITION IL1.10. Let S = C[zy,...,24] be a polynomial ring generated in arbi-
trary positive degrees. Denote the degree of the variable x; by b;. Let M be a graded
S-module of finite type. Then the polynomial

is called the Hilbert numerator of Hps(t), or simply the Hilbert numerator of M. We
denote this polynomial by Qas(t).

We end this section with a standard result computing the degree of graded S-

module M directly from the Hilbert numerator.

DEFINITION II.11. Let S be as above, a polynomial ring generated in arbitrary
positive degrees, and M a graded S-module of dimension d — 1. The degree of M is
by definition ¢;/d! where ¢4 is the leading coefficient of the quasi-polynomial ¢ps(n).

It follows that deg M equals the constant value of quﬁ v (k) for large k.

The aim is to show a way to compute the degree of M from the Hilbert polynomial

of M. We start with a preliminary result.

ProprosITION I1.12. Let A = Clzy,...,x4] be a polynomial ring generated in
degree 1 and M a graded A-module. Denote the codimension of M by c and its

Hilbert numerator by
Qm(t) =ao+art+ -+ art".
Then

deg M = E ai<rl>.
c
i=0

Proof. For each 7, let us define a numerical function:

k—i+d—-1
i(k) = a; .
ot =TT
The binomial coefficient (k_;fcll_l) counts the number of homogeneous forms of degree

k — i in d variables, thus its associated series Y, ., ¢i(k)t" equals (‘“ti Therefore,

1-t)d-
it follows that

Hy(t) = (Z @-(k:)) tk,

keZ \i=1
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and therefore

on(k) = ¢ilk). (1.8)
i=1

Thus to compute degree we have only to apply A% ¢~1 to both sides and decide for
which “large enough” k does A%~¢1¢/(k) becomes a nonzero constant. This can be
done using (1.8). Notice that we can use the extension to negative integers by zero,
since for k£ < 0 the binomial coefficient (kfflfcll*l) is zero for any 0 < ¢ < r. Now, by

an elementary binomial identity it follows that

A1, 1) — <k—z’+c)_

c
The function Y\, A9=¢"1¢;(k) will settle down in some nonzero constant value for
k big enough. With what we have done so far it is easy to give a precise value kg for
which this first happens. Just notice that
(1=t (Z ¢i(k‘)> th = Qu(t) =ao+ait+--+at"
keZ \i=1
and therefore if
> (Z Ad—c—l@(k)) 5 =bo +bit 4 bt 4+ D bt
keZ \i=1 k>ko+1
then r = kg + ¢ and we finally conclude that
deg M = i(i)i(r—c) = - ai<r_i>. O
: ; c
i=1 i=0
COROLLARY II.13. Let S = Clz1,...,z4] be a polynomial ring and M a graded

S-module. Denote the degree of the variable x; by b;, the codimension of M by ¢ and
the Hilbert numerator of M by

Qum(t) =ao +ait + -+ apt".

Then '
Sizoai(".) .
[17 bs

Proof. This is a corollary of the proof of the previous proposition. By definition

deg M =

we have
d

[T =) Hu(t) = Qu () (1.9)

=1
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By the identity
I+t+t2 4+t Ha-—t) =1 -1

equation (1.9) is equivalent to

d
Q=) LA+ e+ + " Hu(t) = Qut).

i=1
Since
d d
[Ja+t+- -+t Hy ) =D {H(l +t4+ tbi_l)ng(k:)} tk
i=1 kez \i=1
we deduce that the numerical function
k)= Y ém(k—ji—ja—---—ja) (1.10)
0<5i<b;—1
is of polynomial type (of some degree < d) and from (the proof of) Proposition II.12
that the leading coeflicient of 1 times the factorial of its the degree equals
()
]
, c
=0
The degree of v is the same as that of the quasipolynomial function ¢as(k) and in
terms of the leading coefficient of coefficient of ¢/(k), that of ¢ comes multiplied by
1%, bi as we deduce from (1.10). O

I1.1.5. Remark. When we introduce Gorenstein ideals, this formula will become
slightly easier to remember:
T ai(’
deg S/I = 7&% i(o) :
IT; bi
with notations as in Corollary I1.13.

11.2. The attributes of Cohen—Macaulay and Gorenstein

The notions of a Cohen—Macaulay and Gorenstein play an important role in the
geometry of graded rings. In this section we introduce the notions and state the
results that we use in subsequent chapters. The books of Eisenbud [Ei] and Bruns
and Herzog [BH] are standard reference texts that do the general theory of Cohen-
Macaulay modules. As far as duality on graded rings is concerned we follow the work

of Goto and Watanabe [GW].
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DEFINITION II.14 (See [Ei]). A ring R is Cohen-Macaulay if and only if
depth P = codim P

for every maximal ideal P of R. Where the codimension of P is the supremum of
lengths of chains of primes descending from P and the depth of P is the length of a

maximal R-sequence contained in P.

Besides being a measure of how close to good a ring is the notion of Cohen—
Macaulay yields useful results when dealing with intersections. Suppose that R is
a graded ring and fi,..., f, are homogeneous forms in R. Then the ideal I =
(f1,..., fn) defines a subscheme of Proj R given by ProjR/I. From the onset we
would like to know the dimension of R/I and more specifically what are the primary
components of the scheme Proj R/I. Roughly speaking Proj R/I is made of irre-
ducible components with some multiplicity plus some embedded components. This
decomposition corresponds to a primary decomposition of I C R (recall that primary
decompositions are not unique). The Unmixedness result says that if I is generated
by a regular sequence the scheme Proj R/I has no embedded components. We start

by addressing the issue of dimension.

THEOREM II.15. Let R be a local Cohen-Macaulay ring. Then X = x1,...,T, i8S

an R-sequence if and only if dimR/x = dim R —r
Proof. See [BH, 2.1.2]. O

We can recover this result for graded rings by localising at the graded maximal

ideal m. Noticing that if (z) is a sequence of homogeneous elements of R then
(x) is an R-sequence <= (z,,) is an Rpy-sequence.

THEOREM I1.16 (Unmixedness Theorem). Let R be a ring. If I = (x1,...,xy) is
an ideal generated by n elements such that codim I = n, then all minimal primes of
I have codimension n. If R is Cohen-Macaulay, then every associated prime of I is

minimal over I.

Proof. See [Ei, 18.14]. O
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I1.2.1. Example. These two results can be used to compute the homogeneous ring
of a projective variety. Here is an example that almost works. Recall the if X is
a projective reduced variety in (weighted) projective space P then the homogeneous
ideal of X, denoted by I(X) is the ideal of quasihomogeneous forms F' € Clx1, ..., z,]
that vanish on X. The ideal I(X) is a radical ideal. By the Nullstellensatz, the zero
set of two ideals A, B coincide if and only if Rad A = Rad B. If we have the variety
X C P and an ideal of quasihomogeneous forms (fi,..., f,) that cuts out X set-
theoretically X then Rad(fi,..., fn) = I(X). Take for example the twisted cubic.
The curve C3 C P? is the image of P! by the third Veronese embedding:

(u,v) — (u3, u?v, uv?,v?).

The homogeneous ideal of C3 C P3 = P[x,y, 2, w] is generated by 3 quadrics given by
rank[x vy oz ] < 1.
Yy z w

Now let us take the quadric ¢ = zz — 3? and the cubic f = det (g jZ: %) Since
q is irreducible and f is not a zero divisor in Clx,y, z,w]/(q), by definition, (g, f)
are a regular sequence. Since Clz,y, z, w] is a Cohen—Macaulay graded ring, by The-
orem II.15 the dimension of C[xz,y,z,w]|/(q,f) is 3 —2 = 1. By the Unmixedness
Theorem we know that all associated primes of (g, f) are minimal over (g, f). Let
us now show that there is only one minimal prime over (g, f) corresponding to the
irreducible component C3. On the one hand it is clear that ¢ and f go through Cj.
(The condition on the rank implies that the determinant of the matrix defining f is

zero). On the other hand if
gq=0 and f=zdet(¥;)—wdet(yw)=0

then from ¢ = 0 we deduce that there exists k € C such that (z,y) = (ky, kz) or
(y,2) = (kx,ky). With no loss in generality, we can assume that (y,z) = (kz, ky).
Then y = kx, z = k?z and from f = 0 we get kz = w, i.e. w = k3z. This means
that the rank of the matrix [y ¥ 4] is < 1. We have shown that ¢ and f cut out
set-theoretically Cs. Scheme-theoretically, (g, f) cuts out a subscheme of degree 6.
(The degree is easily computed from the fact that f,g are a regular sequence. The

scheme-theoretic intersection is 2C'3, in other words ¢ = 0 and f = 0 meet with
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multiplicity 2 at C3. The twisted cubic is a classical example of a self-linked curve).
However, if the degree of R/(q, f) were 3 then we would deduce that I(X) = (q, f).
This sketches a type of reasoning that will be applied in a later chapter.

PROPOSITION I1.17. Let S be a polynomial ring (generated in arbitrary positive
degrees). The degree of an homogeneous ideal I C S is by definition the degree of the
graded S-module S/I. Assume that I is primary. Let P be the prime ideal RadI.
Suppose that deg(I) = deg(P). Then I = P.

Proof. Since I is primary the set of associated primes of A/I consists of {P}.

Consider a dévissage of A/I:
OZM()CMlC"'CMn:A/I

where M;/M;_; ~ A/P. (See Reid’s textbook [R95, pag 103]). In particular we have
deg(P) = deg(M;) — deg(M;_1) and therefore

deg(A/I) = ndeg(P).

We deduce that n = 1 and therefore A/I = A/P. O

Remark. When S is a polynomial ring generated in degree 1, the integer n is by
definition the multiplicity of P in I and corresponds to the geometric multiplicity of
the irreducible component given by P. For a general ideal I with a set of minimal
primes {Py,..., P} the multiplicity of P, in I can be defined as the length of a
dévissage of the Ap -module (A/I)p,.. It can be checked this notion is well defined
(see [H, 1.7.4]).

DerINITION I1.18. [BH, §3.4] Let R be a Noetherian regular local ring. An
ideal I C R is a Gorenstein ideal of codimension ¢ if R/I is Cohen-Macaulay and
ExtR(R/I,R) = R/I. A Noetherian ring R is Gorenstein if each localisation at

maximal ideals is a Gorenstein local ring.

Since,
¢ = codim I = min {i | Extk(R/I,R) # 0}
(see [BH, 1.2.5]) if
R/I — Fy«— F) «—---«—F,—0 (2.1)
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is a minimal free resolution of a Gorenstein ideal, the dual complex of (2.1) will
have zero cohomology at every degree except at degree ¢ and the cohomology at this
degree is Ext%(R/1I, R), which by assumption is again R/I. Therefore by uniqueness
of minimal free resolutions, FY ; = F; and this is expressed by saying that (2.1) is

self-dual.

I1.2.2. The canonical module of a graded ring. In [GW] the canonical module
of a graded ring is defined. This is a global version of the canonical module of a
local Noetherian ring, as in [Ei] or [BH]. Its explicit definition would require some
more homological algebra. In this account we only sketch some of its properties. Let
us denote the canonical module of a graded ring by wg for any graded ring R as in
Definition I1.2. If R is a graded ring and M is a graded R-module we denote the
associated sheaf to M on Proj(R), image of M by Serre’s functor, by M. (See [H, p
116]).

THEOREM IL1.19. [GW, 5.1.8] Let X = Proj(R). Then wg =wx. O

Notice that Proj R is a projective scheme and has a dualising sheaf wx = &2t5(Ox, wp)
given that we can embed X as a subscheme of projective space P of some codimension

c. (See [H, 7.5]). The next two results will be used in the proof of Theorem II.23.

THEOREM I1.20. [GW, 2.1.3] If R is a Cohen-Macaulay graded ring, then R is
Gorenstein if and if wg = R(d) for some d € Z.

THEOREM I1.21. [GW, 2.1.6] Let R be a Cohen-Macaulay graded ring. Then for
any homogeneous ideal I of codimension ¢, such that R/I is Cohen-Macaulay
4 0 ifi<ec
Ext)(R/I,wg) = o
wryr fi=c
DEFINITION I1.22. Let S = Clzy,...,z,] be graded polynomial ring. A sub-
scheme X C Proj(S) = P is called projectively Gorenstein if the homogeneous ideal
of X is a Gorenstein ideal. In particular a projectively Gorenstein subscheme of P is

arithmetically Cohen—Macaulay, i.e. its homogeneous ideal is Cohen—Macaulay.
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THEOREM 11.23. Let X C P be a projectively Gorenstein scheme of codimension

c. Then the minimal free resolution of Ox as an Op-module has length c:
Ox —Ly—--—L.—0

and moreover there is an integer—the adjunction number—such that

(i) £}, ® Op(k) = L; (Gorenstein symmetry)
(i) wx = wp ® LY (Adjunction)

Proof. Let S denote the homogeneous ring of P and I the homogeneous ideal of

X. Let

S/l «— Ly« ---«—L.—0
be a minimal free resolution of S/I. Apply the functor Homg(_ wg):
0— Ly ®wg — - — LY @wg — 0.

Since S/I is Cohen—Macaulay, this complex is exact at every degree except in degree
¢, where the cokernel is wg ;. By the Gorenstein assumption wg/; = (S/I)(d); and

by uniqueness of minimal resolutions, L), ® wg(—d) = L;. In particular,

weyr = (S/1)(d) = Lo(d) = LY @ wg O

I1.3. Pfaffians

Let M = (m;;) be a 5 x 5 skew matrix. We define the submaximal Pfaffians of
M, using the notation Pf; for the ith submaximal Pfaffian by

Pf; = (= 1) (mpmu — mpemj + mpm;y,)

where the indices i, h, j, k, [ are such that {i, h,j, k, 1} = {1,2,3,4,5}. Modulo a plus
or minus sign the submaximal Pfaffian Pf; is the Pfaffian of the skew matrix obtained
from M by removing the row and column ¢. Given that a skew matrix has even rank,

the determinant of M and therefore the Pfaffian of M are zero. Expanding along
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each row we obtain the following Pfaffiant identity:

Pf;

mi2 M1z M4 Mis Pt
M3 MM24 M25 Pf3 =0

m34 M35 Pf,

mys5 Pf5

If we regard Pf; as defining polynomial equations in a ring C[m;;| then this identity
gives a set of 5 syzygies. In connection with this recall the theorem of Buchsbaum—
Eisenbud on page 4. As shorthand notation we denote the 5-tuple consisting of the

submaximal Pfaffians of M by Pf M.

It is our convention to write only the upper triangle of a given skew matrix.



CHAPTER III

Halfcanonical Curves

Throughout this work C is a nonsingular abstract algebraic curve. A priori, C is
not embedded in a projective space. The initial datum is the genus of C. One step

further we consider a polarising divisor of a particular kind.

DEFINITION III.1. Let C be a nonsingular algebraic curve.
(i) A divisor A is called an halfcanonical divisor® if 2A = K¢.

In this work we restrict our attention to effective halfcanonical divisors, i.e. those
for which h%(A) > 0. On an elliptic curve, there is only one effective halfcanonical
divisor. We restrict to curves of genus > 2. Let A be a halfcanonical divisor on a
curve C of genus > 2. Since g(C) > 2 and 24 = K¢, the divisor A is ample. To the

polarising divisor A we associate

(ii) the halfcanonical ring R(C, A) = @, H'(nA).

Let S be a nonsingular regular surface of general type. A general member C of
the canonical linear system |Kg| is a nonsingular curve and by adjunction it has a
halfcanonical divisor A = Kgc. If S is a regular, it is left with two invariants p,
and K?2. (According to our conventions on page 122, S is minimal). Additionally,
the genus of C is given by Kg + 1 and the invariant p, of S is transferred onto C
as dim H°(A) = p, — 1. There is one more way in which we should think of (C, A)
as being given with two invariants, and this is related to the numerical structure of
R(C,A). The dimensions of the graded components of this ring are by definition
dim H°(nA). Hence on a first attempt at computing R(C, A) we must own this data.
The solution is given by the Riemann—Roch theorem (which for most of this work we

abbreviate to RR). For large n, the divisor nA is non special and so
dim H°(nA) =1 — g(C) + ndeg(A).

*In the literature theta characteristic is also used to designate a halfcanonical divisor.

30
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The genus of C, h?(2A), has to be given and additionally so does h°(A).

The focus of this and later chapters will be, on the one hand, the construction
of curves with a halfcanonical divisor and on the other hand, almost equivalently,
to study the structure of the halfcanonical ring. We finish this introduction with a

proposition that we use many times in this work.

PROPOSITION II1.2. Let C be a nonsingular curve with a halfcanonical divisor, A.

Let D be a divisor and (s1,s2) C H°(D) a base-point free pencil. Then
. deg(D
(i) hO(A — D) > h0(A) — &),
(ii) if deg(D) is odd, h°(A — 2D) > h°(A) — deg(D);

Proof. Castelnuovo’s free-pencil trick amounts to saying that, since the system
(s1,2) is free of base points, the map 20¢; — O¢ (D) given by multiplication with s;
and so, is surjective. The kernel of this map is a torsion free sheaf of rank 1 and since

C is a nonsingular curve this is equivalent to invertibility. Therefore,
0 — Oc¢(—D) — 20¢ — O¢(D) — 0.

Finally, tensoring this with O¢(A), we get h°(A — D) + h°(A + D) > 2h%(A); so that

by Riemann-Roch and Serre duality, h%(4 — D) > h°(A) — degT(m. If deg(D) is odd

then indeed h°(A — D) > h%(A) — degT(D). But another application of Castelnuovo’s

free-pencil trick yields:
0— H%A-2D) — H°(D)® H°(A— D) — H°(A).
Hence, 2h(A — D) < h%(A — 2D) + h°(A). Which implies that

h°(A —2D) > h%(A) — deg(D). O

I11.1. Noether’s theorem for halfcanonical divisors

In this section we give a few elementary results on the degree of the generators of

R(C, A). First recall Noether’s theorem.

THEOREM II1.3 (Noether). Let C be a nonsingular curve. If C is not hyperelliptic
then the maps S" HY(K¢) — HY(nK¢) are surjective. [0

Without any assumptions on (C, A) the following is as good a result as we can get.
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ProposiTION I11.4. Let C be a nonsingular curve of genus > 2 and A a half-
canonical divisor on C. Then the ring R(C, A) is generated by elements of degree up

to 5.

Proof. The linear system 2A = K¢ is free and at least 2-dimensional. Take a
pencil of sections V' C H°(2K¢) and apply Castelnuovo’s free pencil trick. The kernel
of the map

H°(nA) @V — HY((n+2)A)

is isomorphic to H((n — 2)A). For n > 5, by RR and Serre duality, its dimension is

(n — 3)deg(A) = 2h°(nA) — h°((n +2)A). O

Notice that Cip C P(1,2,5) is a nonsingular curve with a halfcanonical divisor
A = O(1) halfcanonically embedded, i.e. the homogeneous ring of Ciy equals R(C, A),

and therefore this ring has a generator in degree 5.

ProposiTION IIL.5. Let C be a nonsingular curve with a halfcanonical divisor such
that h°(A) > 2. Assume that the divisor A is free. Denote by d the degree in which
the ring R(C, A) is generated. Then d < 4. Furthermore,

(i) If dim H°(A) = 2 then d < 2 if and only if C is not hyperelliptic.
(ii) If dim H°(A) > 3 then d < 3.
(iii) If dim H°(A) > 3 and 2gon(C) > deg(A) then d < 2.

Proof. To show that the maps
HY(A) @ H'(nA) — H((n+1)A)

are surjective for every n > 4 we use the next lemma, which we use again later in this

chapter.

LeEMMA TIL6. Suppose |A| is free. Let (s1,s2) C H°(A) be a pair of sections

spanning a free pencil. Then, for n > 4, the map
(s1,82) ® H'(nA) — H((n +1)A) (1.1)

18 surjective.
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Proof of the lemma. This is a straightforward application of Castelnuovo’s free-
pencil trick. The kernel of such a map is isomorphic to H°((n — 1)A), and thus, for
n > 4 its dimension (by RR and Serre duality) equals to (n — 2) deg(A). Hence the
image of (1.1) has dimension 2(n — 1) deg(A) — (n — 2) deg(A) = ndeg(A), which is
the dimension of HO((n + 1)A4). O

This shows that R(C, A) is generated in degree 4, as long as A is free and thus in
all of the cases (i)—(iv).

Proof of (i). Since A is free, if C is a hyperelliptic curve, then by Proposition II1.2,
hY(A — g3) > 1 so that A is the hyperelliptic divisor. Then, neither of

H(2A) @ H°(2A) — HY(4A)
HY(A) ® HY(3A) — H(4A4)
is surjective. Conversely If C is not hyperelliptic then H°(24) ® H°(24) — HY(4A) is

surjective and by Castelnuovo’s free—pencil trick H(A) @ H(2A) — HY(3A) is also

surjective.
Proof of (ii). We show that the map
H°(A) @ H°(3A) — HY(44A) (1.2)

is surjective. We start by proving a lemma which we use, often without mention,

throughout this work.

LEMMA II1.7. Let A and B be two divisors on an algebraic curve C. The extension
bundles of O¢(B) by Oc(A) with mazimum number of global sections are parametrised

by the cokernel of the multiplication map
H°(K¢e— A)® H°(B) — H' (K¢ + B — A).

Proof of the lemma. The group classifying extensions of O¢(B) by O¢(A) is
Ext!(B, A). By Serre duality we have:

Ext!(B,A) = Ext' (K¢ + B — A, K¢) ~ H(K¢c + B — A)V.

On the other hand, extensions of O¢(B) by O¢(A) with maximum number of global
sections,

0— Oc(A) =% — Oc(B)—0
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have zero connecting homomorphism H%(B) — H'(A). In other words .# has max-
imum number of global sections if and only if its class [#] € Ext!(B, A), under the
canonical morphism Ext!(B, A) — Hom(H°(B), H'(A)) maps to zero. Which is to

say, -# has maximum number of global sections if and only if
(7] € Ker {Ext! (B, A) — H'(B)" @ H'(A)} . (1.3)
Again by Serre duality we have
HY(A) ~ Ext?(A, K¢)¥ = Ext?(0, K¢ — A)Y = H (K¢ — A)Y.

Finally, by dualising the statement of (1.3) we conclude that the classes of Ext!(B, A)
corresponding to extensions with maximum number of global sections are in bijection

with the cokernel of the map H*(K¢ — A) ® H(B) — H'(Kc+ B—A). O

Let us apply this lemma to our case. Let .# be an extension of O¢(A) by O¢(—A)

corresponding to an element of the cokernel of (1.2). We have
0— Oc(—A) =% — Oc(A) -0 (1.4)

with h%(#) = hP(A) > 3. Since h°(F) > 2 there exists a section of .F with a
nontrivial divisor of zeros, §. Such section gives rise to an embedding O¢(0) — .7,

which by saturation yields
0—0c(§) = F — Oc(=¢) — 0, (1.5)

for some effective divisor § C £ # 0. From this sequence we immediately conclude
that h0(¢) = h%(A). As O¢(€) cannot be a subsheaf of O¢(—A), the composition of
Oc(§) — # with the map .# — Oc¢(A) of (1.4) is injective. Since A is free £ ~ A.
This means that .% is the split extension. We deduce that the cokernel of that map
(1.2) is trivial.

Proof of (iii). Suppose that dim H(A) > 3 and 2gon(C) > deg(A). We prove that
the map

H°(A) @ H°(24) — HY(34) (1.6)
is surjective. Consider .#, an extension of O¢(A) by O¢ corresponding to an element

of the cokernel of the map (1.6). Since dim H°(.%) > 2, as before, we can take a global
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section of . with a nontrivial divisor of zeros. The same construction as above now
yields:

0—0c() —ZF — Oc(A-¢) — 0. (1.7)
Since A is free (1.7) implies that h%(A — &) < h%(A) — 1 and as h%(F) = 1 + hY(4),
we deduce that h%(¢) > 2. By 2gon(C) > deg(A), we get 2deg(¢) > deg(A) and then
that 2deg(A — &) < deg(A) < 2gon(C). Hence h%(A — &) < 1 and so h%(¢) = h°(A).
As before we have an embedding O¢ (&) — O¢(A) and since A is free we deduce that
¢ ~ A. In other words .% is the split extension. [

The statement and proof of this proposition are inspired in the article [GL] of
Green and Lazarsfeld. Their result characterises the normal generation of a line
bundle L (equivalently gives a condition for the graded ring of a complete linear

series to be generated in degree 1) in terms of the Clifford index, ClLff(C).

THEOREM III.8 (Green-Lazarsfeld). Let L be a very ample line bundle on C, with
deg(L) > 2g+1 —2-hY(L) — Cliff(C)
(and hence h'(L) < 1). Then L is normally generated.

Notice that for the purposes of halfcanonical rings R(C, A) we will only expect to
have a normally generated halfcanonical divisor for relatively high values of h°(A).
On the other hand, by Serre duality h'(A4) = h°(A) and therefore it will virtually
impossible to apply their theorem directly. However the proof, involving vector bun-
dles, has been easy to adapt to our case. We will need to refine the result in one
or two occasions when R(C, A) is still generated in degree < 2 despite the fact that
2gon(C) < deg(A).

Notation. Throughout this work we use the notation
sym?: S2HO(A) — H°(2A)

for the second symmetric product of H°(A). We use it mainly when A is a half-
canonical divisor on a curve C. In the last chapter the same notation is used for
S?H(Kg) — H°(2Kg) in the context of surfaces of general type.

Let V be a finite vector space. The subvariety of P[S?V] parametrising symmetric

tensors of rank < k will be denoted by Q.



III.1 Noether’s theorem for halfcanonical divisors 36

The following Proposition goes some way in the direction of characterising the

kernel of sym?, and therefore of deciding when R(C, A) is generated in degree 1.

PrOPOSITION I11.9. Let C be a nonsingular curve and A a divisor on C such that
h(A) > 3. Consider the linear subspace of P[S*HO(A)] given as the projectivised
kernel of the map sym?: S?HY(A) — H(2A) and denote it by P[Kersym?]. Let
d= LdegT(A)J. Then,

(i) P[Kersym? N Qy # 0 = W;(C) # 0;
Suppose that A is a halfcanonical divisor and let d' < 2h°(A) — 3. Then,
(i) W(C) #0 = P[Kersym?| N Qy # 0.
Additionally, suppose that d < d' and that & € WU}, (C) is a free pencil. Then there

exists a quadric of rank 4 in the intersection P[Ker sym?] N Q4.

Proof. The free part of |A| yields a morphism, ¢: C — C; C P"~! onto a curve of
degree t, where we have denoted h(A) by h. We have the inequality

deg(y) - t < deg(A).

Let us suppose that P[Ker sym?]N Q3 # ). In other words assume that C; is contained

in a quadric @, of rank 3. Projecting from the vertex of () and composing with ¢,

®
CHCtCQCPh_l

lw

Cy C P2
yields a pencil of degree < deg(’;)ﬂ, since
A
deg(m) - 2 < t = deg(yp) - deg(m) < degt( ) . %

Next, consider the case when the rank of () is 4. Again, project from the vertex of )
to obtain:
i h—1
C—=CyCcQcCP'~
lﬂ
Cs CQqC P3
where Cj is a curve of degree s < t. As Cs C (4, denoting by L; and Lo the two
rulings of ()4, we can write Cs = aL1+bLy with a,b > 0 and a+b = s. But then either
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a < ﬂ orb < % and thus the corresponding ruling gives a pencil of degree strictly

less than £ < Bl < %. In both instances we conclude that W} (C) # 0.

Proof of (ii). Let us now assume that A is a halfcanonical divisor. Let ¢ be a

base-point free pencil of degree d’ < 2h%(A) — 3. Proposition I11.2 yields that

d%@)zmmHWAy—&mHWAy+g>L

We deduce that h?(A — &) > 2. We choose two pencils of sections in each of H?(¢)
and H°(A — ¢):

dim H%(A — ¢) > dim HY(A) —

<81,82> CHO(g) and <t1,t2> CHO(A—f).
LEMMA II1.10. The kernel of the map
(51,82) @ (t1,ta) — HO(A) (1.8)

18 at most 1-dimensional.

Proof of the lemma. We apply Castelnuovo’s linear-bilinear principle. Arguing
by contradiction, suppose that the kernel of (1.8) is is 2-dimensional. Then, its
projectivised in P[(s1, s2) ® (t1,t2)] is a line. Therefore it must intersect the variety of
rank 1 tensors: P[(s1, s2)] X P[(t1,t2)], as this variety is 2-dimensional. But the image
of a tensor w ® v is simply w - v, hence, never zero unless one of w or v is zero. We

conclude that the kernel of the map above is at most 1-dimensional. [

Next, notice that the elements sitq, s1to, Sot1, Soty of HO(A) readily produce a

symmetric tensor,
o = (Sltl) . (Sgtg) — (Sltg) . (Sgtl) S SzHO(A)

which is in the kernel of the map sym?. By the lemma, ¢ has rank 3 or 4.
Finally suppose additionally, that d < d’ and £ € W},(C) is free. Applying Castel-

nuovo’s free-pencil trick, we see that the kernel of the map
(s1,82) © H'(A—€) — H(A)

is isomorphic to HY(A — 2¢). We have
deg(A)

deg(A — 2¢) = deg(A) — 2d’:2< —1—d’>+2§2(d—d’)+2§0.
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If deg(A — 2¢) = 0 then d' = degT(A) = d. Hence deg(A — 2£) < 0 and therefore
dim H°(A — 2¢) = 0. Thus the image of ¢ under the map of item (ii), Q, is a quadric

of rank 4. O

II1.2. Petri’s theorem for halfcanonical divisors

Notation. Let S = C[z;] be a polynomial ring. We denote a surjection of C|z;] onto
R(C,A) by ev: C[z;] — R(C, A). The notation ev is mostly used for minimal surjec-
tions, i.e., surjections corresponding to a minimal choice of generators of R(C, A). In
Chapter V the same notation is used for a surjection onto the canonical ring R(S, Kg).

Let ev : S = Clz;] — R(C, A) be a minimal surjection. By definition I4 is the
kernel of the map ev. By an abuse of language, we will sometimes say the ring R(C, A)
has codimension ¢ when c is the codimension of 74. We denote by I 1’47 4 the subspace

of I44 given as
d—1

Tyag= Z Sk Iad—k-
=1

Recall Petri’s theorem on the homogeneous ideal of the canonical model Cog_o

of a nonsingular curve.

THEOREM III.11 (Petri). Let C be a nonsingular curve of genus g > 3. Assume
that C is not hyperelliptic. Then the homogeneous ideal of Cog_o is generated by
quadrics and cubics, and by quadrics only in case C is neither trigonal nor a nonsin-

gular plane quintic. 0O

Petri’s analysis is composed of two steps. In the first step one shows that the
canonical ideal I, is generated by forms of degree < 3. This step is purely algebraic
and somewhat easier. The second step is the core of Petri’s analysis. The argument
relates the geometry of Co, _o with the gonality of C. It relies on two auxiliary results.
One is Petri’s identity expressing a relation between the generators of I,. The other
establishes a relation between gonality of C and the set cut by the generators of degree
2 of I,. Petri’s identity has an important role. Without it, the fact that the quadrics
relations cut out the canonical model would have to be stated set-theoretically. When

the quadric relations cut out the canonical model, Petri’s identity turns the statement



II1.2 Petri’s theorem for halfcanonical divisors 39

into a scheme-theoretical statement which is the conclusion of the theorem. (See [S]

for a proof of Petri’s theorem).

ProrosiTioN II1.12. Let C be a nonsingular curve equipped with a free halfcanon-
ical divisor A. Let d be the maximum degree of a minimal set of generators of the
halfcanonical ideal 14. Let m be the mazimum degree of the generators in a (minimal)
set of generators of R(C,A) Then d < 4+ m. This is, in full display:

(i) d < 8 when R(C, A) is generated in degree 4;

(ii) d <7 when R(C, A)

(iii) d < 6 when R(C,A) is generated in degree 2;
(iv) d <5 when R(C, A)

, is generated in degree 3;

)
)
)
)

, is generated in degree 1.

Proof. The proof relies entirely on the elementary observation of Lemma II1.6. Let
ev: C[X;] - R(C, A) denote a minimal surjection. Since we assume that A is free, by
Proposition IIL.5, the ring R(C, A) is generated in degree 4 and therefore

a) our list (i)—(iv) exhausts all possibilities,

b) wt(X;) <4 and

c) m = max {wt(X;)}.
Fix X; and Xy two variables of weight 1 such that ev(X;) = s; and ev(X2) = s2
for (s1,se) C H°(A) spanning a free pencil. The next thing to do is to reduce any

polynomial in the variables X; to a convenient form.

LEMMA II1.13. Let F € C[X;] be a form of degree d > 5+ m. Then, there exist
G, H € C[X;], quasihomogeneous forms of degree d — 1 such that

F=GX;+HX; mod IfA,d
Proof of the lemma. We can write F' as

F=GX1+HXy+ Y XpF
k>3
where deg(Fy) = d — wt(Xy) > 5. By Lemma II1.6 there exist G, Hy, € C[X;] forms

of degree d — wt(X}y) — 1 such that

F. =G X1+ H.,Xo mod Iy

Tk

where jip = d — wt(Xg). O
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If F is a quasihomogeneous form of degree d > 5+ m, such that ev(F') = 0, then
s1ev(G) + sgev(H) = 0 and thus by Castelnuovo’s free-pencil trick, there exists

1€ H((d—1)A— A) ~ H°((d — 2)A) such that
ev(G) = —s2l and ev(h) = s1l.
Let L € C[X;] be a quasihomogeneous form of degree d— 2 such that ev(L) = [. Then,
G=—-XoL modIgq1 and H=X;L mod 4

and thus F/ = 0 mod I’ ;. Hence if m = 4, we get that d (as in the statement of
this proposition) is < 8; since any quasihomogeneous form of degree > 9 in the kernel
of ev can be reduced to a combination of forms of smaller degree in the kernel of ev.

Similarly, d <4+ m. U

Despite the fact that in most interesting cases our estimate of d is far from good,
we point out that in the context of curves with a free halfcanonical divisor the estimate
of d is sharp. We see this by considering a plane quintic, which has m = 1 (the
notation is taken from Proposition I11.12) and d = 5. Also, as we see in Section 111.4,
a sextic nonsingular curve Cg C P(12,3) is an example for which m = 2 and d = 6.
This is the only curve of genus 4 with a free halfcanonical pencil. Finally an octic
curve of in P(12,4) has m = 4 and d = 8. All of these are “easy cases” in the sense
of Section III.4. Table III.1 on page 42, contains a list of candidate pairs (C, A),
consisting of a nonsingular curve C and a halfcanonical divisor A such that the ring

R(C, A) is simple.

THEOREM II1.14 (Petri’s Theorem for a halfcanonical divisor). Let C be a nonsin-
gular curve with an effective halfcanonical divisor A. Assume that R(C, A) is generated
in degree < 2 and that C is not hyperelliptic. Consider the morphism given by a choice
of generators of R(C, A), o a+: C — P. Then,

(i) wa+(C) is cut out set-theoretically by quasihomogeneous forms of degree 6.
Additionally if C is not trigonal neither a plane quintic,

(i1) @a+(C) is cut out set-theoretically by quasihomogeneous forms of degree 4.

Proof. Denote by W a complementary subspace to the image of the map sym?.

By our assumptions the pluri-halfcanonical map, ¢4+ maps to P[H?(A) @ W]. It is
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an embedding fitting into the commutative diagram:

PA+

C

P[HO(A) & W]
e l v

P(B)
P[H(K¢)] — P[S?HO(A) & W]

The map vo is the second Veronese embedding and the map P(3) is the linear em-

bedding induced by the surjection
B: SPHY(A) @ W — H(K).

Since C is not hyperelliptic, by Petri’s theorem, the image of C under the canonical
embedding is cut out by cubics. Therefore the image of C under P(53) o ¢k, is cut out
by forms of degree < 3. Using the commutativity of the diagram we deduce that the
image of C under vo 0@ 4+ is cut out cubic forms in the variables S? H°(A) @ W which
implies that C under @ 4+ is cut out by forms of degree < 6. This shows (i). Item (ii)

follows by a similar argument. [

To get a theorem of the same calibre for the halfcanonical ring, i.e. to prove
that the ideal I4 is cut out by forms of degree < 6 (and by forms of degree < 4 in
the nontrigonal and “non-plane-quintic” case) we have to run a Petri analysis on the
generators of R(C, A). The easy part of Petri’s analysis is done in Proposition I11.12.
From there we recover the result that when R(C,A) is generated in degree 2, I
is generated in degree 6 (allowing that we assume A to be free). The two results
collected in this section are slightly diverse in nature. However, even the weaker form
of Petri’s theorem as stated here will serve our purposes. In general, and especially
in Chapter IV, we use it for complete intersections in weighted projective space or in
weighted Grassmannians, when the set theoretic result of Theorem II1.14 combined
with Bézout’s theorem from intersection theory (see [Fu, p 10]) allow us to describe

the generators of 4.

II1.3. Hilbert numerators

If A is an halfcanonical divisor on a nonsingular curve then by Clifford’s Theorem

we know that h%(A) < % + 1 with equality taking place if and only if the curve

is hyperelliptic. This upper bound allows us to limit our search of curves whose
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g(C)—1|h(A) Hilbert Numerator Denominator
1 1 1—¢t0 (1—t)(1—*)(1—¢°)
2 1 1—th— 16 4410 (L—t)(1—)%(1 —17)
2 2 1—18 (1—1)2(1 —t%)
3 2 11— (1—1)%(1 —?)
4 2 1—2t* + 8 (1—1)2(1 —t?)?
4 3 1—12 6448 (1—1)3(1 —t3)
5 3 11—t (1—1¢)3
6 3 1—83 -t 17 (1—-1)3(1 —t?)
8 4 1—t2 -t 16 (1—t)
9 4 1—2t3 4+ 16 (1—1t)*
11 5 | 1-3t2—2t4 4213 431> — 7 (1—1t)°
12 5 1—22 -3 +t4 265 — 7 (1—1t)°
TABLE III.1. Codimension < 3 easy cases.
g(C) — 1| ho(4) Hilbert Numerator Denominator
5 2 1 — 5t4 + 5¢6 — 10 (1—1)2(1—1¢?)3
7 3| 12683 =3t 432 +2t5 — 17 | (1 —1)3(1 — ¢2)?
10 4 1— 483 + 445 — 18 (1—t)*1 -1
13 5 -2 — 43 +atd + 15 — 7 (1—1t)°

halfcanonical ring R(C, A) has low codimension. In the two tables and in Figure 1 of

this section we collect all pairs (C, A) whose halfcanonical ring R(C, A) has expected

codimension < 3.

By inspection of Table III.1, we see that all the rings of codimension 2 are expected
to be complete intersections. There are 4 clear! 5x 5 Pfaffian plus a single 7 x 7 Pfaffian

case. The result of the computation of the Hilbert series for a pairs (C, A) consisting

TABLE II1.2. Codimension 3 Pfaffian 5 x 5.

fThe case g = 12 and h°(A) = 5 is an “easy” 5 x 5 Pfaffian ring.

42
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W(4) ho(A) = 89=1 1
5 L e
4 o ¢
3
2
1 .
2 3 4 5 6 7 8 9 10 11 12 13 14 15 Vg(C)

FicUure 1. All halfcanonical rings of codimension < 3.

of a smooth curve and a halfcanonical divisor can be displayed as a correspondence
between g(C) and h°(A) an in Figure 1. In this graph, points (g(C), h°(A)) marked
with a bullet correspond to rings R(C, A) of codimension < 3. The diamonds indicate
the cases whose corresponding rings are expected to have Pfaffian 5 x 5 format. The

star signals a Pfaffian 7 x 7 halfcanonical ring.

THEOREM III.15. The pairs (C,A) as depicted in Figure 1 exhaust all possible

cases of halfcanonical rings of codimension < 3 on nonsingular curves.

Proof. Tt is clear that if R(C, A) has codimension < 3 necessarily h°(A) < 5. The

proof now breaks into an analysis of each value of dim H%(A).

Case dim H°(A) = 5. The dimension of the space S?HY(A) is 15. Therefore if
g(C) > 15, even if sym? is injective we still need a new generator in degree 2. Therefore

g(C) < 15. It remains to show that g(C) > 12.

LEMMA II1.16. Let C be a nonsingular curve of genus 9 < g(C) < 11. Let A be a
halfcanonical divisor on C with h°(A) = 5. Then the halfcanonical ring R(C, A) has

codimension > 4.

Proof of the lemma. Let C be a nonsingular curve of genus 9 < g(C) < 11 with
a halfcanonical divisor A such that h%(A) = 5. We argue by contradiction. Suppose
that R(C, A) has codimension 3. In particular A is very ample and the image of C
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under the embedding given by |A| is projectively normal. We deduce that C can be

realised as nonsingular curve in projective space of dimension 4.

THEOREM (Castelnuovo’s bound). Let C be a nonsingular curve that admits a

birational map onto a nondegenerate curve of degree d in P". Then
g(C) < m(d,r)

where Castelnuovo’s number ww(d,r) is defined by

m(m — 1)

m(d,r) = 5

(r—1) +me,

with m = VﬁlJ ande =d—1—m(r—1).

r—1
Proof. See [ACGH, pp 113-116]. O

We apply Castelnuovo’s bound to each of the cases 9 < g(C) < 11. Castelnuovo’s
number, 7(d, 4), equals 9, 7 and 5 for g(C) = 11, 10 and 9 respectively. Applying the

Theorem we get a contradiction. [J

Remark. If g(C) = 12, then m = 3, ¢ = 1 and thus 7(11,4) = 12. The curve C is
therefore an extremal® curve. For any r > 3 and d > 2r + 1, extremal curves exists
and are completely classified. See [ACGH, p. 122]. In our case, an extremal curve of
degree 11 in P* is a nonsingular member of [4H — L| of the cubic scroll F(1,2) C P4.

See page 63 for details.

Case dim H%(A) = 4. The dimension of the space S2 H°(A) is 10. Hence if g(C) > 11,
we still need two generators in degree 2. It follows that g(C) < 11.

LEMMA II1.17. Let C be a nonsingular curve of genus 7 with a halfcanonical divisor

A such that h°(A) = 4. Then R(C, A) has codimension > 4.

Proof of the lemma. The kernel of sym? is at least 3-dimensional. If the kernel
of sym? is 4-dimensional then its projectivised must meet Qy C P[S2H(A)] since
this variety has dimension 6. The elements of Qs are reducible quadrics, hence this
cannot happen. We deduce that sym? must be surjective. In degree 3 the dimension of

S3HO(A) is 20. The space of multiples of the kernel of sym? has dimension 3 -4 = 12.

fCastelnuovo extremal.
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Suppose that there are at least 3 first syzygies between the 3 quadrics generating

Ker sym?. Each syzygy can be written as

AQ1+ BQ2 + CQs (3.1)

where @Q; € Kersym? and A, B,C € (z1,...,25). In view of (3.1) we can identify
the space of first syzygies with a subspace of the variety Hom(H°(A), (Q1,Q1,Q3)").
Saying that the linear space of syzygies has dimension > 3 is equivalent to saying
that its (projective) dimension is > 2. Therefore the space of syzygies meets the
subvariety of Hom(H?(A), (Q1,Q1,Q3)") parametrising homomorphisms of rank < 2.
(Since the codimension of this variety is (4 — 2)(3 — 2) = 2). This means that there
exists a nontrivial syzygy of the form AQ 4+ BQ' = 0 with Q, Q" € Kersym?. This is
a contradiction since () and Q' are irreducible. Therefore the space of first syzygies
between (Q1, @2, Q3) is at most 2 dimensional and accordingly, the span of S* HO(A)
in H%(3A) has dimension 20 — 12 + 2 = 10. We conclude that we will need two new
generators in degree 2, which implies that R(C, A) has codimension > 4. [

LEMMA II1.18. Let C be a nonsingular curve of genus 8 with a halfcanonical divisor
A such that h°(A) = 4. Then R(C, A) has codimension > 4.

Proof. We claim that gon(C) < 3. This follows from an application of Propo-
sition II1.9. The kernel of sym? has dimension > 2 thus W}(C) # 0, where d =
LdegT(A)J = 3, in other words gon(C) < 3.

Now suppose that C has a free g%. Then by Proposition II1.2 (on page 31) we
deduce that the space H(A —2g3) has dimension > 1, which means that there exists
an effective divisor, A— Qg%7 of degree 1 with at least 2 global sections. In other words
C is rational. This is a contradiction. Therefore C is hyperelliptic. (Notice that the
point (8,4) is not on the Clifford line).

If C is a hyperelliptic curve with a halfcanonical divisor A such that h(A) = 4
then Proposition II1.2 gives that h®(A—3g3) > 1. Hence A is not free and there exists
a point p such that A = 395 +p. This implies that sym? is not surjective, since K¢ is

free. By the same token, the map

H°(A) @ H°(2A4) — HY(3A)
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cannot be surjective. In conclusion, besides (x1,z2,x3,z4) we will have at least one
new generator in degree 2 and at least one new generator in degree 3. The ring

R(C, A) has codimension > 4. O

There are three more cases before we finish the proof of Theorem III.15.

Case dim H°(A) = 3. The dimension of the space S? H°(A) is 6. When g(C) > 8, we
still lack at least three generators in degree 2. Therefore g(C) < 8.

Case dim H°(A) = 2. The dimension of the space S> H°(A) is 3. If g(C) > 6, we have

to add at least four new generators in degree 2. Therefore g(C) < 6.

Case dim H’(A) = 1. We need z to generate H(A) and a further y;...y,-1 to
generate H°(2A). In degree 3 we have

o3 ay; for i=1,...,9—1.

Altogether, g elements. The dimension of HY(34) is 29 — 2 hence we need an ex-
tra set of ¢ — 2 generators in degree 3. Up to now, the number of generators is
1+49g—149g—2=2g—2. If g > 4 then the number of elements needed to generate
R(C, A) is > 6 which means that R(C, A) has codimension > 4.

We have finished the proof of Theorem III.15. [

1I1.4. Halfcanonical rings: easy cases

We refer the reader to Table III.1 on page 42 for a list of the easy cases. In this
section we construct the halfcanonical ring R(C, A) of a pair (C, A), in each the classes
of Table III.1. We will need to make some generality assumptions on the pair (C, A).

In most cases this will exclude the occurrence of masking of the Hilbert numerator.

Genus 2.

THEOREM II1.19. Let C be a nonsingular curve of genus 2. For every ramification
point p € C of the hyperelliptic system, the divisor A = p is a halfcanonical divi-
sor. The ring R(C, A) is generated by z,y,z of degrees 1, 2 and 3, respectively, The
ideal of relations 14 is generated by a single quasihomogeneous form of degree 10. In

particular, C is isomorphic to a curve of degree 10 in P(1,2,3).
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Proof. A nonsingular curve of genus 2 is hyperelliptic. Let us start the analysis of

the ring R(C, A) by writing

The element z is a generator of H(A) and (y) is a complementary basis to (z?) C

4, :172y, y2 are

H°(2A4). Then 23,2y have to be linearly independent. Moreover,
also linearly independent, as any linear dependence relation would imply that y is
zero on the divisor of zeros of x which contradicts the fact that 22,y are linearly
independent. In the next step, h°(54) = 4 and we already own a 3-dimensional
subspace of H°(5A) given by <x5 ,m3y,x2y>. Therefore there exists a generator u €
H°(5A) complementary to this space. By Proposition I11.4 these are all the generators
of the ring R(C, A).

As far as the ideal 14 is concerned, firstly, there is no relation in degree 6: the
space H(6A) contains the elements x5, 2%y, 23y, zu which are clearly linearly inde-

pendent. Furthermore, y3 € H%(6A) and cannot be involved in any linear relation

with 26, 2%y, 23y, 2u, otherwise y would vanish at divg(z). Therefore
HY(6A) = <x6,x4y,x3y,xu,y3>.
The divisor 24 = K¢ is free. Thus, by Castelnuovo’s free-pencil trick the map
(2%,y) ® H'(nA) — H((n + 2)A) (4.1)
has a kernel of dimension h%((n — 2)A). But then, for n > 5 we have
2h0(nA) — h((n — 2)A) = (n + 1) deg(A) = h%((n + 2)A),

i.e., the map (4.1) is surjective. Since u" € H°(5n.A) and is not a multiple of <1:2, y>,
we deduce that there is a relation for each degree divisible by 5 bigger than 10. These

have to be multiples of the original relation in degree 10. [
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Genus 3 and h'(4) = 1.

Let A be a halfcanonical divisor with h%(4) = 1. If C is nonhyperelliptic, the
canonical morphism embeds C as a plane quartic C4 C P? and then A is supported on
the intersection of C4 and a bitangent line (see Figure 2 below). Scheme-theoretically
the intersection is 2A = K¢ since C4 is a canonical curve. In particular we deduce
that the number of halfcanonical divisors on a nonhyperelliptic curve of genus 3 with
0-dimensional associated linear system equals the number of bitangents of a plane
quartic, i.e. 28. If C is hyperelliptic and the canonical morphism ¢g, is 2-to-1 onto
a plane conic Cy C P?2. Let L be a secant to Cy at two branching points and denote
LNCy by Py + Py, with P, # P,. The pulled-back divisors cp}‘(c (Py) and Pk, (Py) are
denoted by 2p; and 2ps respectively. Then A = p; + ps. Conversely, a halfcanonical
divisor A, determines a unique secant line L at two branching points. We deduce
that in the hyperelliptic case there are (g) halfcanonical divisors on C, where r is the

degree of the ramification divisor on C. By Hurwitz’ formula,
r
r=2g+2=8 = <2> = 28.

Incidentally, in the hyperelliptic case, C has a unique halfcanonical pencil (the g3)

and 35 noneffective halfcanonical divisors

—95 + pi; + Diy + Dis + Diy

where {i1,12,43,i4} C {p1,...,ps} = R, where R is the support of the ramification
divisor. As written there are (Z) = 70 such expressions, but this number should be

halved on account of the relation:
—3 + Pir + Diy + Dis + Dis ~ =95 + Djr + Pjp + Djs + Pia

where {j1, jo, j3,j4} is a complementary set to {i1,i2,143,74}. Altogether the number
of halfcanonical divisors on a hyperelliptic curve of genus 3 is 28 + 1 + 35 = 223 as

expected.

THEOREM I11.20. Let C be a nonsingular curve of genus 3 and A a halfcanonical
divisor with h°(A) = 1. Then the ring R(C, A) is generated by x,v1,y2, 2 of degrees
1,2,2 and 3, respectively. The ideal of relations 14 is generated by two quasihomoge-

neous forms Fy, Fg of degrees 4 and 6, respectively.
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Proof of Theorem II1.20. Let us write

HO(A) = (z)
HO(24) = (2%, y1,92)
HO(3A) = (2*, zy1, 2y2, 2) = (1)
HO(44) = (z(1), v1, 192, 95) = (*)

HO(5A) = (z(x),y12,527)
In the above display, = is a generator of H°(A), y1, v are complementary to <x2> C
H°(2A) and z is complementary to (z®, zy, zy2) C H°(3A). However in what follows
it will be important to choose y1, y2, z in general conditions. Firstly we want the pencil
(y1,y2) to be free. Since 24 is free there is no impediment for this to happen. As we
can see in Figure 2, geometrically this corresponds to choosing y1,y2 to define two
lines meeting outside the image of C by ¢ 4. Additionally, in the hyperelliptic case,
if we denote @}C(Pl) = 2p1 and ¢, (P2) = 2p2, with A = p; + p2, we can choose z
such that z(p;) # 0. This is because the divisor 34 is free. (In fact, very ample as we
will see). The set (*) has 7 elements and the space itself is only 6-dimensional. Hence

we find a relation in degree 4.
LEMMA II1.21. There is only one relation in degree 4.

Proof of the lemma. We argue by contradiction. Suppose there are two relations
in degree 4. Then, we can eliminate from one of them the term zz. In other words
there exists a relation involving only z#, x%y1, 2%y, y?, y192 and %3, which means that
the image of C under the canonical map ¢k, is contained in a quadric, i.e. C is

hyperelliptic. Let us write a relation in degree 4 in the form:

azr = q(z?,y1,y2).

where ¢ is a quadratic polynomial. For at least one of the relations the scalar «
is nonzero, thus q(x2,v1,%2) is not a relation. However, in this situation, ¢ goes
through Py and P, so that p; + q1 + p2 + g2 C divo(q(22,y1,%2)), which implies that

q1 + g2 C divg(z), which is a contradiction. [

Let us denote this new relation by Fj. Equally, there is only one relation in

(x(%),y12,y22) and this is the multiple Fy. A relation that is not a multiple Fj is
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Nonhyperelliptic C

Hyperelliptic C Py

Py

FIGURE 2. The image of C under ¢,

necessarily of the form
z(ayr + By2) = zA

where A is some appropriate polynomial expression of x, y1, y2, z. Since divy(z) misses
out on divg(z) such a relation implies that ay; + By2 € H°(2A — divg(z)) = (2?) and
this is a contradiction. Accordingly, there are no new generators in degree 4 and 5
and so by Proposition I11.4 the ring R(C, A) is generated by x, y1, y2, 2. We now deal
with the generators of the ideal I4. We have already a generator of degree 4. The full
symmetric power of degree 6 of the generators z,y1, y2, z of the ring R(C, A) is based
by

{:Uﬁ,x?’z, 22} U{y1,y2} - {zx,$4} US* {y1,y2} - 22U S3 {1, 12} . (4.2)
Subtracting the 3 multiples of Fy we obtain an 11-dimensional space. As the dimension

of H°(6A) is 10, we get a new relation in degree 6. Since the ring R(C, A) has no new
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generators in degree 6 we conclude that there are no more relations in degree 6. Let

us denote this relation by Fg.
LeEMMA II1.22. There is no syzygy between Fy and Fg in degree 7.
Proof of the lemma. If xFg + 1(23, y12, yo2, 2) Fy = 0 then
x| Ux3 iz, pox, 2)Fy = x| 1(2®,y12,02,2) or x| Fy.

In the first case, we obtain Fg + a(x?,y1,72)Fy = 0 and this is clearly not true. In
the second case, we obtain a relation between the elements of (1) which again is not

true. 0O

By the usual numerical argument this lemma enables us to show that there are

no new generators of I4 4 in degree 7.
LeMMA II1.23. The map
(y1,92) ® H(nA) — H°((n + 2)A)
1s surjective for allm > 5 and for n = 4,3 has a 1-dimensional cokernel.

Proof of the lemma. By Castelnuovo’s free-pencil trick, the kernel of this map
is isomorphic to the space H%((n — 2)A). For n > 5 all divisors involved in compu-
tation of the dimensions of the spaces are nonspecial. The cokernel has dimension
(n+1)deg(A) —2(n —1)deg(A) + (n — 3)deg(A) = 0. If n = 4 then the kernel has

dimension 1 more than expected. And if n = 3 the kernel is 1-dimensional. [

For clarity, we make extra notation. Let ev: C[x,y1,y2,2] — R(C, A) be the

minimal surjection corresponding to the generators§ T, Y1, Y2, 2-

COROLLARY II1.24. Let F € Clz,y1,y2,2| be a polynomial of degree d > 10.
Then¥,

Felpg = Felyy,
$We keep the same notation for the sections as elements of R(C, A) and the variables of the

polynomial ring C[z, y1, y2, 2], as no confusion is likely to arise. In particular ev(z) = = and so on.

TRecall the notation introduced on page 38 for I;"d.
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Proof. Let us write F' as
F=Ay; + Bys + Cx + Dz

where A, B,C, D € C[z,y1,y2, 2] are quasihomogeneous forms of degrees d — 2, d — 2,
d — 1 and d — 3 respectively. In particular, deg(D) and deg(C) are > 7. By

Lemma III1.23 we can write D = Ayy; + Biy2 mod I4 43 and therefore
F = Agyr + Baya + Cx mod Iy 4.

Writing C' = Asy1 + Bays mod 14 41 we deduce that F' = Azy; + B3y mod If47d.
Consequently, if F' € I 4 we conclude that ev(As)y;+ev(Bs)y2 = 0. By Castelnuovo’s
free-pencil trick, there exists a section k € H°((d — 2)A — 2A) such that

ev(As) = —kys and ev(Bs3) = ky;.
Let K € Clz,y1,y2, 2] be such that ev(K) = k. Then,
A3 =—Ky, mod [pq-2 and B3z =Kys mod 442
and this implies that /=0 mod I;},d' In other words, F' € Ii&,d' O

This corollary shows that any relation in degree > 10 is a multiple of a relation

of smaller degree.

LEmMMA II1.25. Let F € Clx,y1,y2, 2] be a quasihomogeneous form of degree 8.
Then,

Felpg = Felyg
Proof of the lemma. If F has degree 8, then we can write it as
F = Ay, + Bys + az® + 252 + 62222

All three last summands have a factorisation of the form z - G with deg(G) = 7,
therefore by Lemma II1.23, F = Ajy; + Asy2 mod I’y ;. To finish we only have to
repeat the argument of Corollary 111.24. [

Finally we have only to analyse the the component of degree 9 of 4.
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LEMMA II1.26. Let F € Clz,y1,y2, 2] be a quasihomogeneous form of degree 9.
Then,

Felpy = Felyy

Proof of the lemma. We write
F=Ay + Bys +2° + 282 + 2322 4+ 23
and as in the previous lemma we readily reduce this expression to
F= Ay + Asys + 22 mod 11'479.

The problem is that we cannot apply Lemma II1.23 to 22 since its degree is only 6.

We go around this matter by observing that
(z) ® H'(5A) — H°(6A)

has a cokernel of dimension 2 which must be spanned by {yi{’, yly%} The argument is
a repetition of a previous argument: if ay$ + By?ys lies in the image of (x) @ H(5A)

then ay; + By2 € H°(2A — divg(x)) which is a contradiction. By this we can write
2 _ 3 2 )
2z*=2C+ aqyy + Siyiy2 mod Iag;
and the lemma follows. [J

We deduce that we have determined all the generators of I4. This finishes the
proof of Theorem I11.20. [

Remark. There is an alternative way of proving Theorem II1.20 that relies on some
results of Commutative Algebra introduced in Chapter II. In later theorems, when
the analysis of 14 does not rend itself so easily we will have to use these arguments.
An alternative proof can be described in the following way. Since R(C, A) is generated
in degree 3, the map @4+ : C — P(1,22,3) is an embedding. The homogeneous ideal
I(pa+(C)) is I4. Suppose we have determined two relations Fy and Fg and we know
they form a regular sequence. Denote by I = (Fy, Fg). Clearly I C I4. Since Fy, Fg
are a regular sequence their zero locus is a 1-dimensional. Write the scheme defined
by I as a sum of irreducible components Z = > a;Z;. By Bézout’s theorem we know
that > a;deg(Z;) < ;‘2%% = 2. But deg(p4+(C)) = deg(A) = 2, hence Z has only
one irreducible component of multiplicity 1. Since the homogeneous ring of P(1, 22, 3)
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is Cohen—Macaulay and [ is generated by a regular sequence, Z has no embedded
components (Unmixedness). Hence Z = ¢4+(C), and consequently I = I4. (See
Proposition IV.2 on page 75 for a more general and precise version of this type of
reasoning. There we have replaced Bézout’s theorem with an elementary argument).

This example is special in more than one way. To begin with, notice that the gen-
eral curve of genus 3 has a halfcanonical divisor whose linear system is 0-dimensional
(simply consider a bitangent). By Gieseker’s result (see [Gie, ACGH]) if a curve C

is general in moduli, the map
H°(A)® H°(A) — H°(24)

is injective. Therefore we can be sure that whenever in the remainder of this work
we consider curves with halfcanonical divisors whose linear systems have dimension
> 1, the curve is not general in moduli. So in this sense, curves of genus 3 special
in the context of this work. Another feature of this case is that it disproves the
assertion that going from R(C, K¢) to R(C, A) decreases the codimension of the ring.
For large genus, this is verified empirically to be true in this work. Here, R(C, K¢) is
a ring of codimension 1 whereas R(C, A) has codimension one more. Of course that
R(C, A) should be thought of a ring of a polarising divisor on C plus some information
about a bitangent to Cy (assume C is nonhyperelliptic). Which brings us to our third
remark. The problem of reconstructing a plane quartic from (a subset of) its 28
bitangents is classical. The most recent studies are those by Caporaso and Sernesi
[CS] and by Lehavi [Le]. To our knowledge none of these accounts considers the
ring R(C, A). In the context of halfcanonical rings the bitangents to a plane quartic
give 28 embeddings of C into IP(1,22,3) and the properties of these embeddings seem

worthwhile investigating.

Genus 3 and h'(4) = 2.

Since C is not rational, a divisor of degree 2 on C is necessarily free. Indeed A is

the unique g1 on C.

THEOREM 1I1.27. A nonsingular hyperelliptic curve C of genus 3 is isomorphic to
the halfcanonical curve Cy C P(1% 4).
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Proof. By Proposition I11.5, the ring R(C, A) is generated in degree < 4. Moreover

we have
HO(A) = (z1,2)
HC(24) = (2%, 3129, 23)
HO(3A) = (2%, a}xq, ... .23)
HO(4A) = <x‘11, 7a:%,w>
5

Clearly for any n the n-symmetric power of x1,xs is linearly independent, and
this takes care of the first three degrees. When we come to degree 4 we must add
a generator w complementary to <x‘11, . ,:):%). These are all the generators we need.
Moreover there is no excess of generators up to (not including) degree 10. In degree
10 we find the first relation. By Proposition II1.12 this is the only relation. Therefore
R(C,A) = Clx1, z2,w]/(Fi0) and the theorem follows. [

Remark. These two cases illustrate the different structures of R(C, A) obtained in
the same curve considering diverse halfcanonical divisors A. For hyperelliptic curves
of genus 3 we can consider R(C, A1) where A; has 0-dimensional associated linear
system and thus determines a secant line at branching points to the image of C under
the canonical morphism, and this leads to C|x, y1,y2, 2]/ (F4, Fs); or we can consider
R(C, A3) where A, is a pencil of lines going through a point of ¢k, (C) = Cy C P2,
which leads to C[z1, za, w]/(Fy).

Genus 4 and h%(A) = 2.

If C is a nonsingular curve of genus 4 with a halfcanonical pencil A, then C is
nonhyperelliptic if and only if A is free. From the halfcanonical model point of view,
Cg C IP(12,2), it is convenient to phrase the following theorem with the assumption
that A is free, though the reader might want to substitute this by the ‘nonhyperelliptic’
assumption. Notice however that a free halfcanonical pencil in this case is a trigonal

system.

THEOREM II1.28. Let C be a nonsingular curve of genus 4. Then C has a free

halfcanonical pencil if and only if C is isomorphic to Cg C P(12,2).
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Proof. A general sextic curve Cg C P(12,2) is nonsingular as we can always make
sure that (0,0,1) € Cs. By adjunction Cg has a halfcanonical divisor given as the
restriction of O(1) to Cg. Since as we mentioned, (0,0,1) ¢ Cg this divisor is free.

Conversely assume that C is a nonsingular curve of genus 4 with a free halfcanon-
ical pencil. Since A is a free pencil we deduce that C is not hyperelliptic (Propo-
sition II1.2). Applying Proposition IIL.5 we conclude that R(C, A) is generated in

degree < 2. In addition, we have:

HO(A) = (1, 22)
HY(2A) = S*(z1,22) + (y) = (%)
HO(3A) = S*(z1,22) + (ya1, y22) = ()
HO(4A) = S4<x1,:cz>+ () =(§)
HO(5A) = S%(z1,22) +y - (1)

( )

HO(6A) = S(z1,29) +y - (§)
By Proposition II1.12, the ideal I4 has a minimal set of generators of degree < 6.
On the left hand side, for 4 < n < 6 the dimension of H%(nA) is 9, 12 and 15,
respectively. Except for degree 6 they equal the dimension of the spaces on the right
hand side. We conclude that I4 is generated by a single element of degree 6. Therefore
C ~ Proj R(C, A) is isomorphic to Cg C P(12,2). O

Genus 5 and h%(4) = 2.

We consider the case when C is not trigonal. This implies that A is free and also

by Proposition IIL.5 that the ring R(C, A) is generated in degree < 2.

THEOREM II1.29. A nonsingular curve C of genus 5 and gonality strictly bigger
than 3 has a halfcanonical pencil if and only if C is isomorphic to a complete inter-

section Cyq C P(12,22).

Proof. A general complete intersection Cyq4 C P(12,22) is nonsingular since we
can always make sure that Cy4 NPy, y2] = 0. The sheaf O(1) restricts to Cy4 as
a halfcanonical divisor. This divisor is free by the fact we have just mentioned. In
particular, by Proposition III.2 this implies that C4 4 is not trigonal.

Conversely, suppose that C is a nonsingular curve of genus 5 of gonality strictly

bigger that 3 with a halfcanonical pencil. Let us start by writing
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HO(A) = (21, 22)
HO(2A) = 8*(z1,22) + (41, 42)
HO(3A) = S*(z1,22) + (y1,y2) - (w1, 22)

HO(4A) = S* (w1, 22) + S* (w1, 22) - (y1,92) + S* (41, 12) -
We have written down 8 generators for H(3A) from the generators of H°(A) and
HY(2A). As R(C,A) is generated in degree < 2 (Proposition II1.5) there are no
relations holding among these. Finally, when it comes to H’(4A) we own two
more generators than the dimension thus there are exactly 2 quartic relations. Let
us denote them by Fy and G4. Since these two quartics are linearly independent
they form a regular sequence. The ring R(C, A) is generated by x1,x2,y1,y2 and
thus the map @4+ : C — P(12,22) given by z1,z2,¥1,¥y2 is an embedding of C and
its image is contained in the scheme-theoretic intersection of two quartics. Since
deg(p4+(C)) =4 = %3, by Bézout’s theorem the scheme-theoretic intersection of the
hypersurfaces £y = 0 and G4 = 0 has only one irreducible component of multiplicity
one. Since C[zy,z2,y1,y2] is Cohen—-Macaulay Z(Fy, G4) has no embedded compo-
nents. Hence, (Fi,G4) = I(pa+(C)) = 14. O

Genus 5 and h'(A) = 3.

By Clifford’s theorem, a curve of genus 5 with a halfcanonical net is necessarily
hyperelliptic and moreover A = 2g4. So that A is free and in particular, there exists

a unique halfcanonical net on C.

THEOREM II1.30. Let C be a nonsingular curve of genus 5. Then C has a half-
canonical net A, if and only if, C is hyperelliptic and A = 2gd, if and only if C is

isomorphic to a complete intersection Cog C P(13,3).

Proof. The first equivalence is clear. Likewise, that a complete intersection Ca ¢
has a halfcanonical net is straightforward. Thus let us concentrate on showing that a
nonsingular curve C with a halfcanonical net is isomorphic to a complete intersection
Ca6 C P(13,3) by explicitly computing its halfcanonical ring. By our preamble A
must be free. Therefore R(C, A) is generated in degree < 3. Denote by

(z1,29,23) = H'(A)
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a basis of the component in degree 1. The second symmetric power
82 <$1, X9, $3> C HO(QA)

has an excess of one generator, thus we get a quadric relation. Denote it by Fs. Thus
the halfcanonical net maps C onto a plane conic. This is clearly the only relation in
degree 2. In degree 3 the third symmetric power S® (1, 29, 23) has dimension 10 and
any cubic relation between these elements must be a multiple of F5. Hence modulo
these multiples, S (z1, 2o, z3) generates a subspace of H?(3A) of dimension 7. Thus
there is a single new generator in degree 3 which we denote by z. By Proposition II1.5,

R(C, A) is generated by x1,z2, 23 and z. The map
wa+: C— P(13,3) (4.3)

given by x; and z is an embedding into a curve of degree 4. The relation F5 is
a generator of the halfcanonical ideal. If there is a new relation in degree 4 then
under the map ¢4+ of (4.3) the curve C maps to the intersection of a cubic and a
quartic hypersurface. Two hypersurfaces in 3-dimensional projective space forming a
regular sequence cut out a one dimensional scheme. We deduce that if there exists a
new quartic relation then ¢ 4+(C) is a component of a one dimensional subscheme of
IP(13,3) whose degree, by Bézout’s theorem is < %. However deg(¢4+(C)) = 4. The

same argument shows that there is no quintic relation. By Lemma III.6 the map
<x17 x2, ':U3> ® {85 <':U17 x2, .fL'3> + 82 <x17 €2, ':U3> ' Z} - H0(6A)

is surjective and 2% & (21, 22, 13) ® {S° (x1, T2, 23) + S? (21, 72, 73) - 2} we deduce that
there is a relation in degree 6. Let us denote it by Fgz. Together with F5 these cut
out a subscheme of P[z1,x9,x3, 2] of dimension 1 of degree 4 = deg(p4+(C)). We

conclude that the ideal 14 is generated by F, and Fg. U

Genus 6 and h%(A) = 3.

THEOREM II1.31. Let C be a nonsingular curve of genus 6. Then C has a free

halfcanonical net if an only if C is isomorphic to a plane quintic.

Proof. This is done in Example I1.1.2 of Chapter II, on page 15. O
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Genus 7 and hY(4) = 3.

THEOREM II1.32. Let C be a nonsingular curve of genus 7 such that gon(C) > 3.

Then C has a halfcanonical net if and only if C is isomorphic to to a complete inter-

section C5 4 C P(13,2).

Proof. Suppose that C is not trigonal and has a halfcanonical net A. By Proposi-
tion IIL.5 the ring R(C, A) is generated in degree < 2. Since C is nontrigonal the map
sym? must have null kernel. This implies that we only need one new generators in
degree 2. Thus R(C, A) is generated by x1,x2, 3 in degree 1 and y in degree 2.

HO(A) = (z1,22,73)

HO(24) = (S*HO(4),y)
Accordingly, there can only be one relation in the set S® {1, z9, 3} U {yx1, yxo, yz3}.
And likewise, only one new relation in S4{951,x2, x3} US? {1, 29,23} -y U {yQ} By
our assumption C is not trigonal, nor it is a plane quintic. Consequently, by The-
orem II1.14, denoting by ¢4+ the embedding yielded by our choice of generators
of R(C,A), pa+(C) is cut out set-theoretically by a cubic and a quartic in P(13,2)
forming a regular sequence. Let I be the ideal generated by the cubic and quartic
forms. By Unmixedness, I has no embedded primes and using Bézout’s theorem we
conclude that I has a unique minimal prime of multiplicity 1. Hence I = I4 (see
Proposition II1.17).

Conversely a complete intersection C3 4 C P(13,2) is a nonsingular curve of genus
7 with a halfcanonical divisor, (’)(1)|037 ,» such that sym? is injective, i.e., such that
gon(C) > 3. Note that C34 does not contain (0,0,0,1) € P(13,2). In this situation
Cs34 would be singular. Moreover, if A had base locus, then C would be hyperellip-
tic. O

Genus 9 and hY(4) = 4.

THEOREM I11.33. Let C be a nonsingular curve of genus 9. Let A be a halfcanonical
divisor with dim H°(A) = 4. If dim W} (C) > 0 then R(C, A) has codimension > 3.
If dimW{(C) = 0 then R(C,A) is a codimension 2 ring generated in degree 1 by
T1,T9, T3, x4 and the ideal of relations 14 is generated by Fy of degree 2 and Fy of

degree 4.
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Proof. Suppose that dim W{(C) > 0. We want to show that R(C, A) is not gen-
erated in degree 1. Suppose that gon(C) < 3. Let £ be a free pencil of degree d < 3.
If d = 3 then by (ii) of Proposition III.2, the dimension of H%(A — 2¢) is > 4 — 3,
ie. |A— 2¢| is a linear system of dimension > 1 and degree 2. We conclude that
C is hyperelliptic. For a hyperelliptic curve R(C, A) cannot be generated in degree
1. Hence we can assume that gon(C) = 4. Let & and & be two free base-point free
pencils. By Proposition II1.9 each of them yields a symmetric tensor in the kernel of
sym?. Since W41 (C) > 0 we may assume they yield distinct symmetric tensors. Hence
dim Ker sym? > 2 and thus R(C, A) is not generated in degree 1.

Suppose that dim W} (C) = 0. Then, by the reasoning above, the dimension of
Kersym? is 1. From Proposition II1.5 we deduce that R(C, A) is generated in degree

< 3. Hence we must show that the map
H°(A) @ H°(24) — HY(34) (4.4)

is surjective. We will use a refinement of the argument of the proof of Proposition I11.5.
Consider a element of the cokernel of (4.4). According to Lemma IIL.7 it corresponds

to an extension

0—0c—F — Oc(A) —0

with 5 global sections. Consider the divisor of zeros § of a section through two general

points p, g of C. Saturating the embedding O¢(p + q) C O¢(0) — F we obtain
0—Oc(§) = F — Oc(A-§) — 0

where £ D p+ ¢ is an effective divisor. Since p+ ¢ are general we obtain h°(A—¢) < 2.
Consequently h%(€) > 3. Thus deg(£) > 6 and accordingly deg(A — &) < 2, so that
dim H°(A — €) < 1. We deduce that h°(¢) > hO(A).

To finish the proof of our claim, by showing that .% must be the split extension,
we need to show that |A| is base point free. Suppose that |A| has a base point. Then
@ maps C onto a space curve of degree < 7. The degree of w4 is < 2. Suppose
degwa = 2. Then the image of C by ¢4 is the rational normal curve of degree 3.
Which means that C is hyperelliptic. Thus degws = 1 and the image of C by ¢4
has degree < 7. Additionally we know that ¢ 4(C) is contained in a quadric. This
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implies that there exists a g1 on p4C and therefore on C. This is a contradiction. We
conclude that A is free.

Therefore if dim W} (C) = 0 the map sym? has a 1-dimensional kernel and the
ring R(C, A) is generated in degree 1. In particular ¢4 is very ample. Moreover the
curve p4(C) has a 1-dimensional family of 4-secants and as such is not contained in

any irreducible cubic. In degree 4 we have
H°(4A) D S*HO(A).

On the right hand side, the space has dimension 35. Subtracting 10 to account for
multiples of the quadric relation we obtain 25. The space H"(4A) has dimension
3.8 = 24. Therefore there is a new quartic relation in I4. Denote the two relations
we have found so far by F5 and Fj. Let S denote the intersection (Fy = 0)N(Fy = 0).
By Unmixedness, S has no embedded components. By the Bézout’s theorem we have
8 =deg 4 (C) < Y i deg(Cy) < 8.
C;eS
In other words S is irreducible and coincides with ¢ 4(C), which implies that I, is

generated by Fb, Fy. This finishes the proof of Theorem II1.33. [J

Genus 10 and h°(A) = 4.

THEOREM II1.34. A nonsingular curve C of genus 10 and gon(C) > 6 has a half-
canonical divisor A with h°(A) = 4 if and only if C is isomorphic to a complete

intersection Cs 3 C IP3.

Proof. By Proposition I11.9 for a complete intersection C3 3 of two cubics in P? we
have gon(Cs33) > 6. Conversely suppose that C is a nonsingular curve of genus 10 with
a halfcanonical divisor A such that dim H°(A) = 4. Assume that gon(C) > 6. Since in
this case the inclusion Q4 C P[S2HC(A)] is an equality (all quadrics of 3-dimensional

projective space have rank < 4) Proposition I11.9 yields the equivalence:
P[Ker sym?] # () <= gon(C) < 4.

In fact this proposition also shows that for a nonsingular curve with a halfcanonical

divisor A with dim H°(A) = 5 the case gon(C) = 4 does not happen. Hence our
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assumption that gon(C) > 6. Additionally, by the next lemma, gon(C) > 6 implies
that A is very ample.

LEmMA II1.35. Let C be a monsingular curve of genus 10 with a halfcanonical

divisor A with dim H°(A) = 4. Then
gon(C) > 6 < |A| is very ample.

Proof of the lemma. Suppose that |A] has a base locus. Then it contains a free g3
where d < 8. By Castelnuovo’s bound (see page 44) a nondegenerate curve of degree
< 8 in P3 has geometric genus < 9, which means that it cannot be birational to C.
Hence a gg with d < 8 must give a morphism of degree > 2. In this situation it maps
C onto a nondegenerate curve in P? of degree < 4. There is a finite list of curves to go
through. They are all rational or elliptic. In case the image is a rational curve we get
straightforwardly that gon(C) < 4. If the image is a quartic elliptic curve, then it is
contained by the intersection of two linearly independent quadrics. But we know that

if gon(C) > 6 then sym? has no kernel, hence this cannot happen. We have shown
gon(C) > 6 = |A] is free.

By our previous argument,the image of C under the morphism |A| cannot have degree
3 so that ¢4 is a birational morphism onto a space curve Cy of degree 9. If it is not
an embedding then Cg has at least a singular point. Projecting off such a point we
obtain a free g3 where d < 7. Since gon(C) > 6 we must have d = 7 and such system
yields a birational morphism onto a plane curve of degree 7. By the genus formula
this plane septic must be singular and therefore projecting off a singular point yields
a gs.

Conversely suppose that |A| is very ample and the image of C under ¢4 is con-
tained in a quadric. If the rank of the quadric is 3 then the genus of Cy is 12. (Blow
up the quadric at the vertex and use the genus formula on the blown up surface).
Likewise if Cg is contained in a quadric of rank 4 then there exist two positive in-
tegers a,b such that a +b = 9 (degree) plus ab —a — b+ 1 = 10 (genus formula).
These have the solution {a,b} = {3,6} which implies that C is trigonal. But then by
Proposition III.2 the dimension of the space H(A — 2g31,) is > 1. Since the genus of
C is big enough (> 5) there exists a single trigonal system. Hence A = 3g3. But then
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deg(pa) is 3 and not 1. Hence

|A] is very ample = sym? is injective = gon(C) > 6. O

If gon(C) > 6 then by the lemma |A| is very ample and by Proposition IIL.5 the
ring R(C, A) is generated in degree 2. Moreover since sym? is injective a dimension
count shows that R(C, A) is indeed generated in degree 1. Denote a basis of H(A)
by x1,...x4. The space

S3HY(A) c H°(34)
is generated by (g) = 20 elements, two more than the dimension of H%(34). As
there are no new generators in degree 3 we get exactly two relations in degree 3.
We deduce that ¢4(C) is contained in a complete intersection of two cubics in P3.
By Unmixedness and Bézout’s theorem we deduce that I4 is generated by two cubic

forms. This finishes the proof of Theorem I11.34. [

Genus 12 and h°(A) = 5.

Suppose that ¢4 is a birational morphism. Then as we have mentioned be-
fore, Castelnuovo’s bound (page 44) classifies C as an extremal curve and therefore
according to a classification of extremal curves, the image of C by ¢4 is a divisor in

the cubic scroll F(1,2). Let us give an elementary proof of this.

PRrOPOSITION I11.36. Let C be a nonsingular curve of genus 12. Assume that C
has halfcanonical divisor A with dim HO(A) = 5. Let C C P* be the image of C under
the map wa. Then one of the following possibilities occurs:

(i) C ~ Cy ~P! <= C is hyperelliptic.
(ii) C ~Cs C F(1,2) and Cs € |H + 2L| <= C is bielliptic.
(iii) C ~ Cyy €C F(1,2) and Cyy € [4H — L| <= dim W}(C) = 0.
where H is the hyperplane section of F(1,2) and L the class of its ruling. The equiv-
alences hold under the assumption of existence of A. Moreover a monsingular curve
Ch1 € [4H — L| of F(1,2) is a curve of genus 12 with a unique g} and a halfcanonical
divisor A such that dim HY(A) = 5.

Proof. Since C' is nondegenerate it is clear that deg(C) > 4. By Castelnuovo’s
bound (page 44) if ¢4 is birational then deg(C) = 11. (This is the point of calling C
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extremal). Therefore the possibilities for the degree of C are 4, 5 or 11. Hence in the
statement of the theorem we list all possible cases.

By a straightforward numerical argument, C' is contained in a net of quadrics.
Denote this net by 7 € P[S2 H(A)]. Equivalently there are at least 3 quadric relations
in R(C,A). In the first place this implies that there exists a quadric of rank < 4
through C' and therefore gon(C) < 5 (Proposition I11.9). We will see here that indeed
gon(C) < 4. Let £L C m C P[S?H°(A)] be the locus of singular quadrics through
C. The scheme L is a nondegenerate subscheme of the plane 7, of dimension > 1.
The curve C' is contained in a component of the intersection the quadrics of 7. Let
us denote this component by S. Suppose that S has dimension 1. We rule out
the possibility that deg(C) = 5. If deg(C) = 5 then for every Q € L there exists
p € CN(Q = 0). On the other hand if p € (g, Sing @ then any secant line to C
through p must be contained in C. In other words C' is the union of two or more
lines, which is not true. We deduce that for every point of C there exists a singular
quadric @, of 7 such that p € Sing (),. This implies that S is singular along C' and
therefore C' has multiplicity > 2 in S. By Bézout’s theorem we have 5 -2 < 23 which
gives a contradiction. Therefore if dim S = 1 then deg(C') = 4. Then, C' ~ Cj the
rational normal curve of degree 4. Since C is not rational the map ¢4 must have
degree d = 2. This means that C is hyperelliptic. Conversely if C is hyperelliptic
then dim H°(A —4g3) > 1 by Proposition III.2 on page 31, and by Clifford’s theorem
dim H%(4¢3) = 5, so that the set-theoretic support of |A — 4g3| is the base locus of A
and ¢4 maps C onto the rational normal curve of degree 4.

The next possibility happens for dim S = 2. Since S is contained in two quadrics
and is a nondegenerate variety of P* (it contains C) it can only be one of two varieties:
[F(0, 3), the cone over the rational normal curve of degree 3 or F(1,2) the cubic scroll.
In the first case, projecting from the vertex we deduce that deg(C') must be divisible
by 3. This is a contradiction. Hence the case S = F(3,0) does not happen for this
genus. The final case is S = F(2,1). Given that Kp = —2H + L, where H is the
hyperplane section and L a class of the ruling of F(1, 2), if we are to have C' = aH +bL

we deduce from the genus formula that

2p4(C) — 2 = KpCi1 + C} = —5a — 2b + 3a® + 2ab. (4.5)
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Since deg(C) = 5 or 11, there are two possibilities:

(a) 3a+b=0>5and p,(C) >0
(b) 3a+b =11 and p,(C) > 12

In case (a) the quadratic equation of (4.5) reduces to
30>~ 1la+8 <0

which has integer solutions for a =1 or a = 2. If a = 1 then p,(C) = 0 and therefore
C is a smooth rational curve. Then, the morphism ¢4 is 2-to-1 onto C'. But this
means that C is hyperelliptic and we have dealt with this case. (If C is hyperelliptic
the image of C under ¢4 is the rational normal curve of degree 4). If a = 2 then
C € |2H — L| gets a hyperelliptic system from the ruling of F(1,2). Note that, as
above, we can rule out the possibility of C' being rational. In fact, in this case C' must
be a quintic elliptic curve. In this case C is bielliptic. Conversely, suppose that C is
not trigonal with dim W;(C) > 0 and let &, & denote two complete free pencils of
degree 4 on C. By Proposition II1.2 we know that dim H°(A — & — &) >5—4 = 1.
On the other hand, by the fact that &; £ & we have that dim HY(&; + &) > 4 (see
[ACGH, p. 137]). This implies that A is not free and therefore 4 maps C to a
quintic. This proves item (ii).

Finally suppose that we have (b). The quadratic equation of (4.5) reduces to
3a> — 23a+44 <0

whose only integer solution is a = 4. Therefore p,(C) = 12 and Cy; € [4H — L|.
We deduce that in this case the morphism ¢4 is an embedding. In particular by
Proposition II1.2, C is nontrigonal. The curve C1; has a tetragonal linear system
given by the ruling of F(1,2), and by reasoning as above this system is unique. Hence
dim W{(C) = 0. Conversely suppose that dim W/} (C) = 0. Then, by what we have
shown so far ¢4 is an embedding and we recover C1; € [4A — L.

Finally a nonsingular curve in C € [4H — L] is halfcanonical by adjunction. The
halfcanonical divisor A is given as the restriction of H to C. We deduce that h(A) =
hO(F,H) = 5. The divisor A is very ample and therefore applying the argument
of a few lines above we deduce that dim W} (C) = 0. This finishes the proof of the

proposition. [
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COROLLARY II1.37. Let C be a nonsingular curve of genus 12. If gon(C) > 5 then

there are no halfcanonical divisors with dim H°(A) =5. [

Remark. Observe that if A is not free then the ring R(C, A) is not generated in
degree 1 and hence not a codimension 3 ring. This justifies the assumptions of the

next theorem.

THEOREM II1.38. Let C be a nonsingular curve of genus 12. Let A be a halfcanon-
ical divisor on C with dim HY(A) = 5. Assume that dim W} (C) = 0. Then the ring
R(C, A) is generated in degree 1 by x1, 2,23, x4, x5 and the ideal 14 is generated by

three quadric relations Fy, Go, Hy and two quartic relations Fy, Gy4.

Proof. By Proposition I11.36 the map ¢4 is an embedding onto C1; C F(1,2)
lying on the cubic scroll and belonging to the linear system |4H — L|. In particular
there are no more quadrics through C1; (other than those defining F(1,2)) and this
means that there are no new generators in degree 2. A cubic form not contained
in the ideal #r(3) cuts out in F(1,2) a subscheme of degree 9 hence there are no
generators of 14 in degree 3. The dimension of S> H?(A) = S3(x1,...,x5) is 35. The
space of multiples of the quadric relations is 15-dimensional and there are exactly 2
syzygies holding between these. Given that dim H(3A4) = 22 we deduce that there
are no new generators in degree 3. By Proposition III.5 we deduce that R(C, A) is
generated in degree 1 and therefore it is a codimension 3 ring. Since Cy; € |[4H — L|
and dim H°(F,4H — (4H — L)) = 2 we deduce that there is a pencil of quartic
hypersurfaces through C'1;. Two different quartics in this pencil cut out subschemes
on F(1,2) which contain C7; and differ by two distinct lines of the ruling. Hence
these quartics cut out set-theoretically C17 on F(1,2). Let Fy and G4 be two distinct
quartics through C1. Denote the quadratic generators of 14 by Q1, Q2, Q3. We want
to show that I = (Q1, Q2, Q3, Fy, G4). Consider

Ji = (Q1,Q2,Q3, Fy) and Jo = (Q1,Q2,Q3,G4).

Since F(1,2) is arithmetically Cohen—Macaulay and the projection of each of the
ideals J; in C[F(1,2)] = Clzy,...,24]/(Q1,Q2,Q3) is principal we deduce that both

J; C C[z1,...,25] have no embedded primes. Since they cut out a subscheme of P*
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containing ¢4 (C), each of J; must be contained in 4, the minimal prime correspon-
ding to the irreducible component ¢ 4(C). The degree of J; equals 4 -degF(1,2) = 12.
Hence in a primary decomposition of each J;, I 4 appears with multiplicity 1. Moreover

since J; cut out a line outside p4(C) we conclude that
Ji=I4+P and Jy=1y4+ Ps,

(where P; are distinct prime ideals defining disjoint lines in P4) are primary decom-

positions of J; and J. Clearly J; + Jo C I4. On the other hand,
Iy =14Cl2r,...,2xa] = [aA(PL+ P2) C(Ia+ P)+ ([a+ P2) = Ji + o

hence Io = J; +Jo. O

Remark. To begin with, notice that this is an example where the interpretation of
the Hilbert numerator is not completely straightforward. The Hilbert series multiplied
by (1 —1)%is 1 — 3t? + 2t — 2t* + 3¢ — " which would suggest that we need 2 more
generators in degree 3. In the end it turns out that this Hilbert numerator should be
written as 1 — 3t% — 2t4 + 263 + 3¢5 — ¢7.

This is the first case of a Pfaffian 5 x 5 ring of which we give a full description
in this Chapter. The reason is that in this case, writing the equations in a Pfaffian
format is trivial. In the cases of Chapter IV to be able to write the 5 Pfaffians we
need to employ the vector bundle method.

Let us first write the equations of F(1,2). In coordinates of P4[x1,...,z5] these
are given by

rank [ TLoEs ] <2. (4.6)
T2 T4 XI5

Suppose that one of the quartics is given as
Fy=x1A+ x23B + x4C.
Consider
Gy = 29A+ x4B + 25C.

Since the vectors (z1, z3,x4) and (2, x4, z5) are proportional on [F(1,2), the intersec-
tion G4 with F(1, 2) contains C};. Moreover it contains a different line from the ruling

of F(1,2). We deduce that Fy, G4 span the pencil of quartics through C1;. Now we
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check that the three quadrics of (4.6) and these two quartics can be written as the 5

submaximal Pfaffians of the following skew matrix

0 1 I3 Xq
T2 T4 xIs5
C -B

A

Let us take this opportunity to give a brief preview of the type of arguments used

in Chapter IV.

PropPoOsITION 111.39. Let C be a nonsingular curve of genus 12. Assume that
dim W} (C) = 0. Let A be a halfcanonical divisor on C such that dim H°(A) = 5.
Then there exists a vector bundle & of rank 2 and determinant —A with the following
properties:

(i) dim H(&) = 2.
(i) H°(A) @ HY(&) — HO(&(A)) is surjective.
(iii) H°(24) ® H°(&) — H(&(2A)) has a 3-dimensional cokernel.

Proof. Let ¢ be the unique g} on C. As we have shown in previous proofs we have

hP(A — 2¢) = 1. Therefore the map
HY(Ke =€) @ HY(—¢ = A) — H"(A - 2€)

has a 1-dimensional cokernel. Accordingly, by Lemma III.7 on page 33, we deduce

that there exists a unique nonsplit extension
0—0c(§) =& — Oc(=§—A)—0

with 2 global sections. This shows (i). The dimension of the cokernel of the map
HO(A) ® H°(&) — H(&(A)) can be assessed by considering the adjoint maps. In

fact, it is enough to show that
H°(A) @ H(€) — HY(A+¢) (4.7)

is surjective. By Castelnuovo’s free-pencil trick, the kernel of this map is isomorphic to
HO(A — ¢), whose dimension, by RR and Serre duality equals h®(A + ¢) — 4. Hence
the cokernel of (4.7) has dimension 2h°(A + &) — 14. All we need to show is that
hO(A + €) = 7 or equivalently, that h%(A — &) = 3. In fact, by Proposition III.2
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we have h¥(A — &) > 3, and if h9(A — &) > 4 then A is not very ample. This is a
contradiction. Thus we have showed (ii).

To show (iii) we proceed analogously. This time, again, the map
HY(24) @ H(¢) — H°(2A +¢€)
is surjective but
H°(2A) @ H(—¢ — A) — H°(A—¢)
has a 3-dimensional cokernel. [J

Choose (s1,52) = HY(&) and (t1,to,t3) C H°(&(2A)) spanning a complementary
set to H°(2A) ® HY(&) and let us write down the skew matrix:

0 siAt1 siAty s1 Aty
So Nty SNty SoAto
t1 ANty t1 Nts

to N3

(4.8)

The zero entry comes from the fact that s; A so = 0 since these sections span a
subbundle of &. At every point of C this matrix has rank 2 since & is a vector
bundle of rank 2. Moreover, the entries of (4.8) are elements of R(C,A). Hence
its 5 submaximal Pfaffians represent relations between these elements. There are 3
quadric relations and 2 quartic relations. For complete details we refer the reader to
Chapter IV. Let us only mention that there are still some details to be checked. For
example that the 3 quadrics obtained in this way cut out F(1,2) C P*[H%(A)]. This
is equivalent to proving that each of these Pfaffians is not a trivial relation, which is

a consequence of the fact that the intersection (t1,t2,t3) N H°(24) ® H%(&) is empty.

Genus 13 and h°(A) = 5.

PropoOSITION I11.40. Let C be a nonsingular curve of genus 13 with a halfcanonical
divisor A such that dim H°(A) = 5. Then C has no g3 if and only if sym? is surjective

and if either is true then p4 is a birational morphism.

Proof. Assume that sym? is surjective. Then |A| is necessarily free and using
Proposition IT1.2 we see that C cannot be hyperelliptic. In fact we will show next that

gon(C) > 5. First, let us prove a lemma which will be used also in the next chapter.
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LEMMA II1.41. Let C be a nonsingular curve and A a halfcanonical divisor for
which sym? is surjective. Let D be an effective divisor on C and denote by d the
dimension of its linear span in P[H?(A)]. Then we have the following inequality:

1

deg(D) — h°(D) < —(d+2)(d+1) — 1

|

Proof. The number deg(D) — h°(D) is the dimension of the linear span of D in
canonical space, P(H°(K¢)). The number (d 4+ 1)d — 1 is the dimension of the image
of linear span of D in P[H?(A)] by the second Veronese map. [J

We use this lemma to show that gon(C) cannot equal 3. For otherwise, assume
that D is a divisor of degree 3 and with h°(D) = 2. Then h°(A — D) > 4 by
Proposition II1.2. Hence

dim H°(A) — dim H°(A — D) — 1 <0.

From Lemma I11.41 we deduce that deg(D) —h"(D) < 0 which implies that deg(D) <
2. This is a contradiction. We conclude that gon(C) > 4.

Let us now show that gon(C) > 5. Consider a free g} on C and denote it by &.
By Proposition I11.2 we have h°(A — 2¢) > 1. Suppose that h°(A — 2¢) = 1. Denote
HO(€) by (s1,52) and H%(D) by (t1,t2,t3). Then

H(€) @ H*(D) — H(A)

produces the following quadrics:

sty sily sits ) (4.9)

rank
Sot1  Soto  sot3z | —

Since h°(A — 2¢) = 1 we deduce that the kernel of sym? is at least 3-dimensional and
hence sym? is not surjective. In fact we can see from (4.9) that o4 (C) is contained in
the cubic scroll F(1,2). If h°(A —2¢) = 2 then |A — 2¢] is a free g} on C. Let us write
A = 2¢ + ¢ with & a complete free g} (recall C is not trigonal). But now reverse the
roles of £ and £ to obtain 26 + & =28 + & = £ = ¢, Therefore A = 3¢. In this
situation we conclude that the projection from a point of P[H?(A)] of the image of C
by ¢4 is a rational normal curve of degree 3. In other words, ¢ 4(C) is contained in
F(0,3), the cone over a rational normal curve of degree 3. But then sym? cannot be

surjective. We conclude that gon(C) > 5.
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Let us now show that there are no g2 on C. Let D be a divisor of degree < 8 and
hY(D) > 3. By Proposition II1.2, the linear system |A — D is effective. Hence we can
apply Lemma II1.41. Since

dim H%(A) —dim H’(A - (A-D))—-1<1

we have deg(A — D) — h°(A — D) < 2. This implies that h°(A — D) > 2. Therefore
deg(D) = 8 and the linear system |A — D| is a free gj. This is not possible.

We have shown

sym? surjective = C has no gg

Assume now that C has no gg. Clearly if there exists a g}, then a suitable subsys-
tem of 2g} is a g2. Hence we conclude that gon(C) > 4.

Let us describe the map ¢4. Let B C |A| be the free part of |A|. The linear
system |B| yields of morphism of C onto a curve C' in P* of degree < 12. The degree
of pp is > 3. If deg(pp) = 3 then C is a rational normal curve of degree 4 and
consequently C is trigonal, which is not true. If deg(¢p) = 2 then deg(C) < 6 and a
projection off a secant line to C' C P* composed with ¢p is a linear system of degree
< 8 and dimension 2, which we are assuming not to exist. Hence deg(¢p) = 1. In this
situation the genus of C' is 13. If deg(C) < 12 then from Castelnuovo’s bound (see
page 44), the genus of pp(C) is < 12. We deduce that B = A and ¢4 is a birational
morphism.

Let us now show that sym? is surjective. We argue by contradiction. Assume that
sym? is not surjective. Choose 3 quadrics in the system of quadrics through C' C P4,
and denote their intersection by S. If dim S < 1, then S is a scheme-theoretic complete
intersection and by Bézout’s theorem deg(C) < 8. But by our previous discussion
deg(C) = 12. Therefore we can assume that dim S = 2 and hence the component S
of S to which C belongs is 2-dimensional. The surface Sy is contained in two linearly
independent quadrics and accordingly has degree < 4. If the degree is 4 then using
Unmixedness and Bézout’s theorem we deduce that Sy is a complete intersection of
two quadrics. But then it cannot be contained in an extra quadric as we are assuming,.
Thus deg(Sp) < 3. Having minimal degree Sy can only be either F(0,3) or F(1,2).
In the first instance projecting from the vertex would yield a linear system of degree

< 4 on C. This is a contradiction.
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Finally suppose that C C F(1,2) C P*. Let us write H for the hyperplane section
of F(1,2) and L for the class of the ruling of F(1,2). Then there exist integers a, b such
that C' = aH + bL. With 3a + b = deg(C) = 12. Additionally, since Kp = —2H + L

we have

24 < 2p,(C) — 2 = KgC + C* = —5a — 2b + 3a® + 2ab.

substituting b = 12 — 3a we get the following quadratic inequality:
3a® —25a + 48 < 0

which has integers solutions a = 3,4 and 5. If a = 3 then b = 3 and therefore there
exists a g3 which is not true. If @ = 4 or a = 5 then p,(C) = 15 or 22 respectively.
We deduce that C is singular at least at two distinct points. Projecting from a secant

line at these points we obtain a g2. We conclude that sym? must be surjective. [J

THEOREM II1.42. Let C be a nonsingular curve of genus 13. Assume that C has
no g%. Then C has a halfcanonical divisor A with dim H°(A) = 5 if and only if C is

isomorphic to a complete intersection of Co 23 C P4

Proof. Let Cy23 C P* be a nonsingular complete intersection. By adjunction,
C = Cy2,3 has a halfcanonical divisor A = O(1)|¢ with dim H°(A) = 5. Additionally
sym? is surjective.

Conversely assume that C is a nonsingular curve of genus 13 with no gg and that
C has a halfcanonical divisor A with dim H°(A) = 5. By Proposition I11.40 we know
that sym? is surjective and |A| is a free linear system. Hence from Proposition I1L.5

we deduce that R(C, A) is generated in degree < 3. We need to show that
H°(A) @ H°(24) — HY(34) (4.10)

is surjective. The argument we use here is a refinement of the proof of Proposi-
tion III.5. By Lemma III.7 an element of the cokernel of (4.10) corresponds to an

extension

0—0c—F — 0Oc(A)—0

with 6 global sections. Let p, ¢ be two general points of C and denote by § D p+ ¢ the

divisor of zeros of a section of .% vanishing at p and ¢. Let O¢(&) be the saturation
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of O¢(6) — .#. We have
0—0c(§) = F = Oc(A-§) —0.

Since p+ ¢ C § C € and p,q are general we deduce that h%(A — ¢) < 3. Since
RO(F) < hO(€) + hP(A — £) we deduce that h%(¢) > 3. Since C has no g2 this implies
that deg(¢) > 9 and accordingly deg(A—¢) < 3. But then we must have h%(4A—¢) < 1
and consequently h%(¢) > 5. Since |A| is free, we deduce that ¢ = A. In other words
Z 1is split. This shows that (4.10) is surjective.

Consequently R(C, A) is generated in degree 1. Since sym? is surjective the ideal
I 4 has two generators in degree 2. Let us denote them by ()1 and Q3. Since there are
no linear syzygies holding between these quadratic generators a numerical argument
shows that there exists a new cubic generator that we denote by Fj3.

By the argument of the proof of Proposition I11.40 the two quadrics @)1, Q2 cut
out in P* a reduced surface of degree 4. By Unmixedness and Bézout’s theorem
this intersection is indeed complete. Since F3 is not a multiple of (Q1,Q2) it cuts
out on this surface a subscheme of dimension 1. We have I = (Q1,Q2,F) C 14.
By Unmixedness, I has no embedded primes. By Bézout’s theorem I has a single

minimal prime with multiplicity one. In other words I = I4. [



CHAPTER IV

Pfaffian 5 x 5 halfcanonical rings

In the context of Buchsbaum—Eisenbud’s theorem a Pfaffian 5 x 5 ring is a the
quotient of a polynomial ring by a homogeneous Gorenstein ideal of codimension
3 generated by the five submaximal Pfaffians of a skew matrix with entries in the
polynomial ring. Recall from Table II1.2 on page 42 that there are four (plus one)
pairs (C, A) of a curve and a halfcanonical divisor for which the ring R(C, A), for a
general pair, is expected to be a Pfaffian 5 x 5 ring. The “plus one” accounts for
the case g(C) = 12 and h°(A) = 5 which was already studied in the previous chapter
(page 63). In this chapter we study the cases

g(C)=8 dimH"(A) =3
g(C) =14 dim HY(A) = 5.

We prove that under some suitable generality assumptions on the pair (C, A), each
of these is a complete intersection in a generalised weighted Grassmannian. We sum-
marise the results of this chapter in the next table. The notation for the key varieties
is taken from Section IV.1. Additionally, F; denotes a general quasihomogeneous

form of degree d in the variables of the ambient space.

g(C) — 1| h%(A) | X, the key variety | Defining forms

2 .
7 3 G(3",3) Miei F3 N F3

4 i j
13 o P1)xG(5 ", 3) Nizy Fzﬂﬂilef

TABLE IV.1. Sections of key varieties

Implicit in Table I'V.1 is the notion of a complete intersection in a arithmetically
Cohen—Macaulay scheme. We shall see below (Section IV.1) that generalised weighted

Grassmannians are by definition automatically projectively Gorenstein schemes. In
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particular their homogeneous rings are Cohen—Macaulay and hence they are arithme-

tically Cohen—Macaulay.

DEFINITION IV.1 (Complete intersection). Consider S C X C P with S a sub-
scheme of an arithmetically Cohen—Macaulay scheme X in (weighted) projective space
P = Proj C[z;]. Let I(X) and I(S) be the homogeneous ideals of X and S in P. We
say that S is a complete intersection in X if there exist fi,..., f, € C[z;] quasihomo-

geneous forms such that
n=dimX —dimS and I(S)=(f1,...,[n)+I1(X)

In particular, since X is arithmetically Cohen-Macaulay (f; + I(X)) is a regular

sequence in C[x;]/I(X) and therefore (f;) is a regular sequence in C[x;].

In this chapter we will see how we can use generalised Grassmannians and the
notion of complete intersection to derive the structure of the ideal 14 associated to a
halfcanonical divisor and to a choice of generators of the ring R(C, A).

The following result plays has a very important role. We have used it with X =
P several times in the previous chapter. There are two reasons for only proving
this result here. In the first place, taking a complete intersection in a weighted
projective space is a more common operation than taking a complete intersection in
an arithmetically Cohen—Macaulay scheme. Secondly we will only need the level of

generality of its statement in this chapter.

ProrosiTIiON 1IV.2. Consider S C X C P with S an irreducible reduced variety,

X an arithmetically Cohen—Macaulay subscheme and P weighted projective space. Let
Clx;] denote the homogeneous ring of P and I(X), I(S) the homogeneous ideals of X
and S, respectively. Let J C Clx;] be an ideal generated by a sequence f1,..., fi of t
quasihomogeneous forms in Clx;]. Suppose that

(i) dim S =dim(Z(J)NX) =dim X — ¢

(i) SCZ(J)NnX

(if) deg(S) = deg(X) [TL_, deg(/;)
Then I(S) = J+ 1(X).

Proof. The proof consists of three steps. In step 1 we show that J + I(X) has no
embedded primes. In step 2 we show that deg(.J + I(X)) = deg(X) []\_, deg(f;) and
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finally in step 3 we show that J + I(X) is primary and Rad(J + I(X)) = I(S). Then
the proof follows from Proposition I1.17 on page 26.

Step 1. Let J C C[z;]/I(X) denote the ideal (J + I(X))/I(X). Since we are assum-
ing that dim(Z(J)N X) = dim X — ¢, the ideal J as codimension . Moreover it is
generated by the ¢ elements f; +I(X). Since Clz;|/I(X) is Cohen-Macaulay, by Un-
mixedness (Theorem IL.16), J has no embedded primes. Let m: Cla;] — Cla;]/I(X)

be the quotient morphism. Consider a homogeneous primary decomposition of J
J=PN---NP,
Since J has no embedded primes each Rad 13z is minimal over .J. Denote the primary
ideal 7~ 1(P;) by P,. Then
J+IX)=PiNn---NF

is a homogeneous primary decomposition and for each ¢ the prime ideal Rad P; is

minimal over J + I(X). Therefore J + I(X) has no embedded primes.

Step 2. By definition of degree of a homogeneous ideal
deg(J + I(X)) = deg C[z;] /(J + I(X)).

Denote by M; the graded C[z;] module C[z;]/((f1,--.-, fi) + I(X)). Since (f; + (X))
is a regular sequence in C[z;]/I(X) (Theorem II.15) we have for each integer ¢ the
exact sequence

0— MZ(— deg(flﬂ)) — Mz — Mi-i—l — 0.

We deduce that deg(M;+1) = deg(f;) deg(M;). By induction we get

deg(I + I(X)) = deg(X) [ ] des(f:)-
1=1

Step 3. Let J+I(X)= Py N---N P be a primary decomposition. We have shown
that each Rad P; is a minimal prime. We are assuming that S C Z(J) N X and
that S is irreducible. Therefore for some integer 7, which we can assume to be k,
Rad P; = Rad I(S) = I(S5), as S is reduced. Since J + I(X) has no embedded primes
and for distinct primary components P; we have distinct minimal primes Rad(P;) one

shows using induction on the exact sequence

0 — Clz;]/(P1 N Py) — Clay] /Py @ Clay) /Py — Clz;] /(P + P2) — 0
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that
deg(J + I(X)) = deg(P1) + - - - + deg(FP).

From this we obtain
y y
deg(X) [ ] deg(f1) < deg(Py) < deg(S) = deg(X) [] des(f:).
i=1 i=1
Therefore P; = --- = P,_1 = 0 and we conclude that J + I(X) is primary. Ad-
ditionally Rad(J + I(X)) = I(S). The result now follows from Proposition I1.17 on
page 26. [

Throughout this chapter we deliberately do not apply Buchsbaum—Eisenbud’s
Theorem to the ring R(C, A) for each the cases considered. If we want to apply
Buchsbaum-Eisenbud’s theorem, besides having to assume Gorensteiness of R(C, A)
from start, we would still have to analyse to which extent masking can occur in each
case. Given a Hilbert numerator indicating a 5 x 5 Pfaffian format, a priori, there is
no reason for no occurrence of masking of a 7 x 7 format. It should be interesting to

find an example where this actually happens.

IV.1. Weighted Grassmannians

The variety of subspaces of dimension 2 of a fixed vector space of dimension 5,
G(2,5) in its Pliicker embedding, provides a key example of the structure theorem for
a Gorenstein ideal of codimension 3 of Buchsbaum-Eisenbud [BE] — Theorem I.1.

From this algebraic point of view G(2,5) C P? is the zero locus of

T12 T13 T4 T15 Pf;
xT Z T
Pf S I I (1.1)
T34 T35 P'f
T45 5

The matrix M above and its Pfafians, Pf;, is all we need to write down the free
resolution of ideal generated by the five submaximal Pfaffians of M over A = Cla;;]:

—

AP 5420y M5 a—3) T 425y — 0. (1.2)

The ordinary G(2,5) corresponds to the choice of weights, wt(x;;) = 1. Making the
weighting of the variables of A arbitrary, in a way that the Pfaffians remain homoge-

neous, we can generalise this construction to a weighted Grassmannian.
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PROPOSITION IV.3. Let w;; denote the weight of the variable x;;. Then the sub-
mazximal Pfaffians of M are homogeneous with respect to this grading if and only if

there exist c,...,c5 € %Z such that c; + c¢j is an integer and w;; = ¢; + ¢;.

Proof. Clearly a grading originating from such a choice leaves the Pfaffians ho-
mogeneous. Conversely, let wt(z;;) = w;; be a weighting that makes the Pfaffians
homogeneous. Let us make the following extra notation: let b; denote the degree of
the i-th Pfaffian, Pf; and wj; for ¢ < j the ‘weight’ of the variable —x;;, which is w;;.
The Pfaffian tautology,

Ti2 - T15 Pt

T45 Pf5

returns the following relations:
wy + by = wi + by for any k # j.

This means that w;; — w;; is independent of the choice of i. Suppose that (i, k, 1) and

(i,7r,t) are two distinct ordered triples of integers in {1,...,5}. Then
Wik — Wk + Wi = Wip — Wrp + W3 = Wip — Wr + Wy

Therefore the half-integers given by

Wik — Wi + Wi
C; = 5

for any ordered triple (i, k, ) of distinct integers of {1,...,5}, are well-defined. Then,

Wij — Wy + Wy + Wi — Wi + Wi
2

¢ +cj =

We will denote ), ¢; by k. A resolution of the Pfaffian ideal is readily at hand:

. 5 5 A\t
AT D Al — k) L @ A= — k) T A(—20) — 0 (1.3)
i=1 i=1
with Hilbert series:
1 _ Zl tk'*ci + ZZ tk+ci _ t2k

(1.4)
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DEFINITION IV.4. Let (c1,...,c5) be a collection of elements of 3Z. A weighted
Grassmannian G(cy,...,cs) is the projectively Gorenstein codimension 3 subscheme
of P defined by the Pfaffian ideal of M for a choice of weights as in Proposition IV.3.
(See [CR] for an equivalent definition).

ProproSITION IV.5. Let G be a weighted Grassmannian for some choice of weights
(c1,-..,c5). Let k be the integer ), c;. Then
(i) wg = OGI(__,_2k)
(i) deg @ = —sd= (5)+(5)
& i<jlCites)

(iii) HY(Og(5)) =0 for all 0 < i < 6.

Proof.
(i) We have wp = Op(—4k) and 2k is the adjunction number.
(ii) This follows from Corollary II.13.
(iii) We prove this using the fact that G is Cohen-Macaulay (hence the length
of (1.3) equals the codimension of G in P) and vanishing of H*(Op(j)) for
0<i<9. O

ExaMPLE IV.6. Let G be the weighted Grassmannian corresponding to the choice

of weights:

(1.5)

[ S —y
NN DN

PROPOSITION IV.7. Denote by x;; for 1 <i < j <4 the variables of weight 1 and
by y; the variables of weight 2. Then G is nonsingular away from P(y1,...,ys), where
it has a singularities of type %(1, 1,1,0,0,0).

Proof. Away from P[yi, ..., ys4] where, say for simplicity x12 # 0, and among the
equations of G in P we can find z10x34 = ..., T12y3 = ..., T12y4 = ..., for which
we can apply the implicit function theorem. This means that the affine cone of G
is smooth on the neighbourhood of x5 = 1 and hence G is also smooth. If we are
at a point of P[y1,...,y4] then in the same way, using the implicit function theorem

we can eliminate three of the weight 1 coordinates and the affine cone will also be
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smooth. In this case, since the C* action has a stabiliser we find at the corresponding
point of G a singularity of type %(1, 1,1,0,0,0) where the 1 account for the remaining
coordinates of weight 1. Alternatively one can simply say that since G and G(2,5)
have the same affine cone, the variety G is quasismooth and therefore it is nonsingular

where the C* action has trivial stabiliser. O

IV.1.1. Generalised weighted Grassmannians. The theorem of Buchsbaum-—
Eisenbud, characterising Gorenstein homogeneous ideals of codimension 3 does not
say that we should take all entries of the given skew matrix algebraically independent
(as in the case of a weighted Grassmannian). In fact we take care of this detail by con-
sidering quasilinear sections of weighted Grassmannians. Unfortunately this still does
not give all the possibilities for the entries of the skew matrix. Some generators of the
ring may only appear as implicit functions in the entries of the matrix. Geometrically
this corresponds to a hyperplane section in a cone variety. The constructions below

of generalised weighted Grassmannians still give Gorenstein ideals of codimension 3.

Algebraically the definition of these varieties could not be simpler. Consider an
injection of degree 0 of C[z;;] into a graded ring A = C[x]. We only need notation
for the weights of the variables x;;: consider a collection of half-integers (ci,...,cs);
then

wt(xij) = ¢ +¢4.

This is a necessary and sufficient condition for the homogeneity of the submaximal

Pfaffians of the following skew matrix (see Proposition IV.3):

T12 *13 T14 T15

T x x
M = 23 24 25 (1 6)
T34 I35
T45

The subscheme of P[x] = Proj A defined in this way is a projectively Gorenstein
scheme of codimension 3.

There is a more geometrical definition of these varieties. Recall that aG(2,5), the
affine cone over the Grassmannian G(2,5), is the affine subscheme of 10-dimensional

affine space, A'%(z;;) with 1 <i < j <5, defined by the submaximal Pfaffians of the
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skew matrix (1.6). Let A[x1,...x,] be ordinary affine k-space. We use the symbol x

in the expression
A"x aG(2,5)

to mean: make the cone over aG(2,5) with vertex at Afzy,...,x,]. More precisely

take the join of Afzy,...,2,] and aG(2,5) in Az, ..., xy, 4]

DEFINITION IV.8. Let (by,...,b,) be a n-tuple of integers and (cy, ..., c3) a collec-
tion of five half-integers. With the notation introduced above, define the generalised

weighted Grassmannian of weights (by,...,bp;c1,...,c5) to be the quotient
(A"x aG(2,5)\0)/C*

where C* acts by

x; — A\ and Tij — )\Ci+cja:ij

for 1 <l <mand1l<i<j<5 Wedenote it by
P(bl,...,bn)D(G<Cl,...,05).

The following proposition is very similar to Proposition IV.5. For this reason we

keep the proof to a minimum.

ProproSITION IV.9. Let G be the generalised weighted Grassmannian
P(by,...,bn)xG(cr, ..., c5). Denote Y 7_, ¢; by k. Then

(i) G is a (n + 6)-dimensional variety;

(i) we = Og(—2k — 32, by);
(iii) degG = g ()

Lo i (citey) ’

(iv) H{(Og(5)) =0 for all 0 < i <n+6.
Proof. Item (i) is clear from the geometric definition or the algebraic definition

of generalised weighted Grassmannian. Item (ii) comes straight out of the projective

resolution of the ideal of Pfaffians:

. 5 5 A\t
AT D A, — k) L @ A= — k) T A(—20) — 0 (1.7)
=1 i=1
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where A = Clz1, ...z, z5] with wt(z;) = b; and wt(zi;) = ¢ + ¢j. The dualising
module of P is Op(—4k — >, b;) and by Gorenstein adjunction wg = O(—2k — )", b;).

Items (iii) and (iv) can be proved as in Proposition IV.5. O

IV.2. The vector bundle method

Vector bundles played an important part in the preliminary results of Chapter 111
relating the gonality of a curve with a halfcanonical divisor and the halfcanonical ring
R(C,A). We are referring in particular to Proposition IIL.5. Vector bundles appear
in the study of special linear systems on algebraic curves in several places. For an
overview see [La87].

However the vector bundle method we wish to describe here is of a complete
different nature. The vector bundle method was used consistently in work of Mukai
of classification of Gorenstein Fano 3-folds. In a long series of articles [M89, M88,
M93, M95c, M95b, M95a, M03| Mukai describes a method of recovering the
classical constructions of Fano 3-folds of coindex 3 by the use of a suitable vector
bundle. If V' is a nonsingular algebraic variety of dimension 3 whose anticanonical
linear system |—Ky| is ample, V is said to be a Fano 3-fold. For a Fano 3-fold of
coindex 3 we define its genus to be the integer 1 — %(K‘?}), which is the genus of a
generic linear curve section. We say that V is indecomposable if the anticanonical

linear system is indecomposable. The following theorem is taken from [MO03].

THEOREM (Mukai). Let V' be an indecomposable Fano 3-fold with at most Goren-

stein canonical singularities®. Then:

(i) g <10 or g = 12. (Iskovskikh’s genus bound in the smooth case).
(ii) g=2 V=(6)CP(13,2,3)
g=3 VicP* or
V25 Q% s C P
g=4 V=(2)Nn(3)cP
g=>5 V=(2)n(2)n(2) cP°
g=>06 V=G(2,5)NnHINHNQ or
V 2L V5 € PS, where Vs = G(2,5) N Hy N Hy N Hy

*See [R87] for a definition of Gorenstein canonical singularities.
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g = V =%9nHi NN H; where 1 = OG(5,10)

g=8 V=G(2,6) NH N--NH;

g=9 V =X%, N Hy N HyN Hy where %$, = SpG(3,6)

g=10 V =X N Hy N Hy where £33 C G(5,7)

g=12 V is smooth and V ~ G(3,7,N) C G(3,7) where
N = (b1,ba,b3) € A>C7 is a net of bivectors.

Mukai refers to (ii) of this theorem as the “linear section theorem”. It states that
a Fano 3-fold is a linear section of a Fano manifold of higher coindex. For genus
6,7,8,9,10 and 12 the key Fano n-folds ¥ appear as subvarieties of a Grassmannian
or broadly speaking of a homogeneous space. To recover V as an embedded variety
Mukai construct a vector bundle of the corresponding rank, determinant, space of
global sections, etc.; and uses it to set up a map on V yielding an embedding into the
correspondent homogeneous space.

In his own words [M03] Mukai describes the vector bundle method in a sequence

of five steps:

1) Construct the vector bundle on S € |-Ky|.
2) Extend the vector bundle on S to a vector bundle on X.

(1)

(2)

(3) Embed V into the corresponding homogeneous space.

(4) Regard the image as a subvariety of one of ¥ in the Theorem.
(5)

5) Prove that the image of V' under this embedding =X N Hy N--- N Hy.

Let us illustrate Mukai’s vector bundle method with one of Mukai’s results. (See

[M93)).

THEOREM. A curve C of genus 8 is a transversal linear section of the 8-dimensio-

nal Grassmannian G(2,6) C P if and only if C has no g2.

The only if of the statement is checked directly by geometrical inspection of
G(2,6). To prove that a curve C of genus 8 is a transversal linear section of G(2,6)
Mukai constructs a bundle & on C of rank 2 and determinant K¢ with 6-dimensional
space of global sections. In this case one can show that a bundle satisfying these

requirements is unique.
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LEMMA 1. Suppose that C is nonsingular curve of genus 8. Assume that W2(C) =
(). Then when & ranges over all stable bundles of rank 2 and canonical determinant
the maximum value of dim HY(&) is 6 and moreover there is unique bundle bundle

for which dim H°(&) = 6

Proof of the lemma. (sketch) By the theory of Brill-Noether there exists a g on
C. Let us denote it by £&. By RR and Serre duality the adjoint linear system K¢ — &

has dimension 3. One shows that
H(K¢ — &) @ HY(K¢ — §) — H°(2K¢ — 2¢)

has a 1-dimensional cokernel. Then, from the Lemma III.7 there exists a unique

nonsplit extension & of O¢(K¢ — &) by O¢(€) with dim H(&) = 6:
0—0c(§) = & — Oc(Ke—¢) — 0. (2.1)

Next one shows that & is stable and that any stable bundle of rank 2 and canonical
determinant with a space of global sections at least 6-dimensional fits in the sequence

(2.1) and therefore must be isomorphic to &. O

The vector bundle & is generated by its global sections, so that the map it defines

is a morphism

To get (5) of the vector bundle method, Mukai uses a skew version of Castelnuovo’s

linear-bilinear principle, equating
2
P, Ker {/\ H°(C) — HO(KC)} NG(2,HY(&))

with the set W2 (C), and proving that the latter is finite. This is a consequence of
W21(C) = (. The proof that a curve of genus 8 having no g2 has finite number of g?
is somewhat intricate and we refer the reader to [M93] for details. This argument
also shows that ¢)e| is an embedding as it is easily seen that ¢|¢ composed with the

Pliicker map factors through the canonical map.



IV.2 The vector bundle method 85

IV.2.1. Vector bundles and weighted Grassmannians. Let X be a nonsingular
algebraic variety and & be a vector bundle of rank r on X, such that A" & = H is an

ample line bundle. Consider E the Serre module of &

E =P H(X,&(nH)).
n>0
Let (s;) € E be any subspace of sections of & of dimension n > r. We choose
trivialisations for & and consider the induced trivialisations for &'(nH). Notice that

there is an induced trivialisation on \" & = H. We can write down a rational map:
Qo+ X 3p = [siy Ao Asio(p)iy.i, €P

where the (i1, ..., ,) ranges over all increasing r-tuples of {1, ...n} and the projective
space on the the right hand side is of dimension (:f) Then, the image of X under this
map is contained in a weighted Grassmannian. The images of s; after trivialisation
are r-tuples of complex numbers, so that the target space is nothing but (C:Xd — the
space of maximal rank r X d matrices — modulo a GL(r, C) action corresponding to
a change of trivialisation. This map is not defined when s; fail to give a matrix of

maximal rank. The action of N € GL(r,C) is

mi1 ... Mid
N: s
mye1r ... myrq
mi1 miq
— |det(N)desIN | (--)  det(N)destsa) . v
Ml Myq

that is, left-multiplication column-wise by det(N)d8() N where deg(s;) = n if and
only if s; € &(nH).

To see that this notion of weighted Grassmannian agrees with our previous defi-
nition of G simply embed this variety in weighted projective space using the Pliicker

embedding, i.e. the map

T
C*? s L AL € PN\ C779).
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The weights of the weighted projective space P on the right are determined by the
distribution of {deg(s;)}, indeed, the C* action giving P has eigenvalues \* for each
k occurring as a power of det(N) in some maximal minor. For example, the weighted
Grassmannian of Example IV.6 is the quotient C3*°/GL(2,C) with the action of
GL(2,C):

a a a a a
! E P N Yl det(N) - N | ?
by ... bs by ... by bs

There are 6 minors of weight 1 (those in the 2 x 4 leftmost submatrix) and 4 of
weight 2 corresponding to the maximal minors involving the last column. Under this
embedding C3*°/GL(2,C) = G(%{ 3) c P(1%,2%), the codimension 3 projectively
Gorenstein of Definition 1V .4.

IV.2.2. A method that gives relations. In the previous paragraphs the em-
phasis was on the (rational) map given by the linear system |&£'| in the classical sense
(as in Mukai’s work) or by the extended linear system |&|T composed of sections
of the several twists &(nKg) in the sense just described. However as was already
visible in the illustration of the vector bundle method on page 83 the vector bun-
dle method relies on a good knowledge of the graded ring R(X,det(&)). In Mukai’s
work all considerations could be reduced by an appropriate ladder of varieties to the
canonical ring of a general algebraic curve of genus g(V') given as a linear section of
V. The canonical ring of a nonsingular algebraic curve is an object that has been
thoroughly analysed. Namely we have the theorems of Noether and Petri that give a
precise numerical description of the generators of R(C, K¢) and Ik,. In the context
of halfcanonical rings the results are less precise.

In the next example we illustrate the use of two bundles (as opposed to a single
one) in finding the set of generators of the halfcanonical ring of a nonsingular curve
of genus 10. In what follows the emphasis will be on exhibiting a set of relations for
R(C, A) rather that setting up an embedding into a weighted Grassmannian. We refer
the reader to the paragraph were we study these curves on page 61 for the necessary

background.

ProrposiTioN 1V.10. Let C be a nonsingular curve of genus 10. Suppose that

gon(C) = 6 and let £ be a gé on C. Let A be a halfcanonical divisor on C such that
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dim H°(A) = 4. The map
HY(A+¢) @ HO(§) — HY (A +2€) (2.2)

has a two dimensional cokernel. By Lemma II1.7 there exists two nonsplit extensions,
& and &, of Oc(§) by Oc(A + &) with 3 global sections. These vector bundles are
stable.

Proof. By Castelnuovo’s free-pencil trick the kernel of the map (2.2) is isomorphic
to H°(A) whose dimension is 4. The dimension of the tensor is 14 and the dimension
of HY(A+2¢) by RR is 2deg(&) = 12. Hence there is a two dimensional cokernel. By

Lemma II1.7 this cokernel classifies extensions
0—0c(A—¢) =& — Oc(§) =0

with maximum number of global sections, this is with dim H°(&) = 3. Let us now
show that such extensions are stable. Let n C & be a subbundle. Suppose that
dim H%(n) > 2. Then n C £. Since ¢ is free this would imply that & splits which is

not true. Hence dim H%(n) < 1. Since
0—0c¢c(n) =& —0Oc(A-n)—0

we have dim H°(A — 1) > 2 and so

deg(&)
L

deg(A—1n) > 6 <= deg(n) <4< O

PRrOPOSITION IV.11. Let C be a nonsingular curve with a halfcanonical divisor A
such that dim H(A) = 4. Assume that gon(C) = 6. Let & be a stable bundle of rank
2 with det(&) = A and dim H°(&) = 3. Then

(i) the map N> HO(&) — HO(A) is injective.
(ii) The map H°(A) @ H°(&) — H(&(A)) has a 1-dimensional cokernel.

Proof. Suppose that there exist s1,s9 € H°(&) such that s; A sy = 0. Then the
saturation n of the bundle O¢ - s1 + O¢ - 52 C & yields a subbundle n C & with
dim H°(n) > 2. But by stability deg(n) < 4 which is not possible, since gon(C) = 6.
This shows (i).
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To describe the cokernel of the map
H°(A)® H(&) — HY(&(A)) (2.3)
we look into the adjacent morphisms

o1: HY(A)® HY(A - ¢) — H°(24 - ¢)
o9: HO(A) @ HO(&) — Ho(A+¢€)

It is easily seen using RR that o1 has a 1-dimensional cokernel. Plus Castelnuovo’s
free-pencil trick shows that oy is surjective. We deduce that the cokernel of (2.3) is

at most 1-dimensional. By RR and Serre duality the dimension of H%(£(A)) equals
dim H°(&) — 2deg(A) + 3deg(A) = 12.

Thus all we need to show is that there exist a nontrivial kernel to (2.3). It is easily

checked that
(52 As3) @51 — (51 A 83) @52+ (51N 52) @3

is an element of H°(A) ® HY(&) that gets mapped to zero. [

We do not go into too much detail in what follows. Partly because this is an
example of some conjectural nature. Let (s1,s2,s3) = H(&) be a choice of basis
for the space of global sections of & and t € HY(&(A)) be a section spanning a
complementary space to the image of (2.3). Then, since & is a vector bundle of rank

2 the skew matrix
St NSy S1As3 S At
So ANSs3 Sa At
s3 A\t

has rank 2 and therefore its Pfaffian vanishes. Regarding the entries of this matrix
as elements of R(C, A) this Pfaffian is expressing a relation between the generators of
this ring. Indeed we obtain a cubic relation. As we have chosen the section ¢ com-
plementary to the product H°(A) ® H°(&) this guaranties that we have not a trivial
relation. We do not show this here (see the sections below for similar computations).
But we can show that replacing ¢ with any section in the image of (2.3) produces a

trivial relation. Let Y, fis; be such an element; where f; € HY(A). Then

Pf(s1, 52,53,y fisi)) = _ fiPf(s1,82,83,8) = > fi-0=0,
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where we are using the notation Pf(ai,as,as,as) to mean the Pfaffian of the skew

matrix (ai A aj)ij.

CONJECTURE IV.12. Let C be a nonsingular curve of genus 10 with a halfcanonical
divisor with dim H°(A) = 4. Assume that gon(C) = 6. Fiz a choice of a gt on C and
let & and & be the two stable bundles of rank 2 with det(&1) = det(&2) = A and
dim H°(&1) = dim H%(&) = 3 as in Proposition IV.10. Consider the cubic relation
F; yielded by &;. Then Fy and Fy are linearly independent. In other words 14 1is
generated by F and Fs.

IV.3. Genus 8 and h%(4) =3

As result of independent work, Mukai and Ide have recently proved the main
theorem of this section. See [IM]. Their point of view is fundamentally different. We
are chiefly concerned with the geometrical aspects of (Gorenstein) codimension 3 ring
theory. They focus on a complete description of curves of genus 8. Curiously, as in
the following section, in the proof of the main theorem, we will use Mukai’s vector
bundle method. This is not the case in [IM]. We refer the reader to [IM] for an
excellent treatment of curves of genus 8 and to compare both approaches.

This is the main result of this section.

THEOREM IV.13. Let C be a nonsingular curve of genus 8. Then C has a free
halfcanonical net if and only if C is isomorphic to a complete intersection of a quasi-

homogeneous form of degree 3 and four quasihomogeneous forms of degree 2 in the

13 32)

weighted Grassmannian (G(§ 5

Proof. In this paragraph we only prove the easy direction. Let X denote the

13 32

weighted Grassmannian G(35", 57). Recall from Section IV.1 that X is the subscheme

of P[m;;, nyg, 2], where

miz M1z N1 N2 11 2 2

_ mg3 M21 N2z | _ 1 2 2

wt(M) = wt I 5 9
z 3

defined by the 5 submaximal Pfaffians of the skew matrix M. Let C be the complete

intersection of a cubic quasihomogeneous form, F3 and four quadric quasihomogeneous
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forms Fi:
4
C=Xn(F5nFs
i=1

LEMMA IV.14. C is a nonsingular curve of genus 8 with a free halfcanonical net.

Proof. The affine cone of the singular locus of X, which we denote by a(Sing X)

is contained in the cone over

rank ni1r n21 N31 <1
ni2 N22 N32
with vertex at z. The rank condition defines the affine cone of the Segre embedding
of P! x P2; therefore a(Sing X) has dimension < 5. Since we are including a cubic
form in the section yielding C, this eliminates the cone variable. Together the five
general quasihomogeneous forms cut out the empty set on a(Sing X'), which is to say
C does not meet Sing X. By Bertini’s theorem C is nonsingular. The dualising sheaf
on X is given by O(—9) (Proposition IV.5). Thus, by adjunction A = O(1)¢ is a
halfcanonical divisor. If follows from the vanishing of the cohomology H*(Ox (i)) for

each 0 < i < 6 that the dimension of H°(A) is 3 and since by what we said above,
Cm(mi]’:O):@,

the net |A| is free. Further, deg X = 3% and so deg(A)=7. O

IV.3.1. The ring R(C, A).

ProposiTIiON IV.15. Let C be a nonsingular curve of genus 8 with a halfcanonical
net A. Assume that A is free. Then R(C, A) is generated in degree 1 by x1,x2,x3 and
in degree 2 by y1,y2. The ideal 14 has no generators in degree < 2, the dimension of

I43 is 2 and the dimension of the quotient IA,4/III4,4 15 3.

Proof. Let us show that gon(C) > 4. Denote by £ a complete free linear system of
degree < 3. Then by Proposition II1.9 there exists a symmetric tensor of rank 3 in
the kernel of the map

sym?: S2HY(A) — HO(2A).
We deduce that the morphism ¢4 maps C onto a plane conic. But then |A| cannot

be free. We conclude that gon(C) > 4. Hence from Proposition II1.5 we get that
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R(C, A) is generated in degree 2. By the reasoning above there are no generators of
I4 in degree < 2. In particular this implies that R(C, A) is generated by x1, z9, z3 in

degree 1 and by a further two generators y1,y2 in degree 2. In degree 3 we have:
HY(3A) D S* (w1, w9, w3) + (iy)5) ;

and thus we will necessarily have two cubic relations. Not more than two, since the

ring R(C, A) is generated in degree 1 and 2. We write these two cubics in the form:
Ly + Loy = F(z1, 22, 73)
Layr + Lays = G(z1, 72, 73)

The following is an obvious but useful remark.
L1 Ly
LEna IV.16. det (f2 12) #0.

Proof of the lemma. Suppose that det (E fi) = 0. Then there exist a and (8
constants, not simultaneously zero, such that aF'+ G = 0. Since A is free and thus

there is no cubic through 1, z2, x3, this leads to a « = # = 0 which is not true. O
In degree 4 we have
HY(44) > SY 1, 23, 23) + S* (w1, 2, 3) - (Y1, y2) + S*(us) -

The number of generators in each summand is 15, 12 and 3, respectively. Subtracting
6 to account for the multiples of the two cubic relations (notice that there are no
syzygies in degree 4 holding between the two cubics) we conclude that there exist an

extra 3 relations in degree 4. In other words the dimension of I44/I'y ,is 3. O

IV.3.2. The bundle.

PROPOSITION IV.17. Let C be a nonsingular curve of genus 8 with a halfcanonical
net A. Assume that A is free. Then, as & ranges over all stable bundles of rank 2 and
determinant A over C the mazimum value of h(&) is 3 Moreover, up to isomorphism

there exists a unique stable bundle attaining the value h®(&) = 3.

Proof. Fix a general point p € C. Since A is free, the linear system &, = |4 —p| is

a free gé .
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LEMMA IV.18. The map
HO<A +&)® Ho(fp) - HO(A +2¢p)

has a 1-dimensional cokernel.

Proof of the lemma. By Castelnuovo’s free-pencil trick, the kernel of this map is
isomorphic to H°(A) and thus is 3-dimensional. The dimension of the tensor product

is 14 and the dimension of the target space is 12. [

By this and Lemma II1.7 we conclude that there exists a unique nondecomposable

extension

0—-A-§—6,—&—0 (3.1)
having h%(&,) = 3. Let us show that the bundle &, is stable. If 5 is any subbundle
we have

0—=n—6 —A—-n—0. (3.2)
We have to show that deg(n) < 3. Suppose that deg(n) > 4, then deg(A —n) < 3
and since C is not trigonal this implies that h%(A —n) < 1. We deduce that in this
situation we must have h°(n) > 2. In particular this shows that n C &, by composing
(3.1) with the exact sequence above. But since &, is free we obtain n = ¢, implying
that &), is decomposable. Such is not true. Hence deg(n) < 3 and &), is a stable
bundle. We conclude that

max{ho(éa) | & stable, rank & =2 and det& = A} > 3.

Consider now a stable bundle & of rank 2 and determinant A having h°(A) > 3. There
exists at least one section of & vanishing at p. We denote by O¢(d) the saturation of

Oc¢(p) — &. From this we obtain
0—0Oc(d) =& — Oc(A—6) — 0.

If deg(8) > 2 then h%(A — §) < h%(¢,) — 1 = 1 and therefore h°(§) > 2. But this is
impossible since by stability deg(d) < 3 and C is not trigonal. Hence deg(d) = 1, i.e.
0 =p, and & ~ &,. It follows that

max {h%(&) | & stable, rank & = 2 and det & = A} =3,

and that there exists a unique stable bundle of rank 2 for which h%(&) =3. O
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PROPOSITION IV.19. Let C be a nonsingular curve of genus 8 with a halfcanonical
net A. Assume that A is free. Let & be the unique stable bundle of rank 2 and
determinant A on C having h%(A) = 3. Then

(i) the map N> HY(&) — HO(A) is an isomorphism and
(ii) the cokernel of H(A) @ H°(&) — HY(&(A)) is 2-dimensional.

Proof. Suppose there exist two sections s1,s2 € H%(&) such that s; A s3 = 0.
Then s; and s2 generate a line bundle £. Consider the composition £ — & — O¢(&p)
with & — Oc(&,) and &, as in (3.1). Since (s1,s2) C H(L) we have h°(L) > 2.
This shows that the line bundle £ is not contained in the kernel of & — O¢(§,) and
therefore the composition map has to be injective. But since the linear system &, is
base point free, we conclude that £ ~ O¢(§,) and this way & would have to split.
This is a contradiction. We have shown (i).

To prove item (ii) we start by writing down the exact sequence
0— Oc(—A) =30 — & —0 (3.3)

that we obtain considering the evaluation epimorphism: 30¢ — & given by a choice
of a basis of H°(&). Notice that by (i) and the fact that A is free, we deduce that the
bundle & is spanned by its global sections. Tensoring (3.3) with A and taking global
sections we conclude that the map H(A) ® H%(&) — H°(&(A)) has a 1-dimensional
kernel. Furthermore, by Riemann-Roch, h%(&(A)) = h%(&)+deg(A) = 10. Therefore

the dimensional of its cokernel is 10 — 8 =2. O

PRrROPOSITION IV.20. Let C be a nonsingular curve of genus 8 with a halfcanonical
divisor net A. Assume that A is free. Let & be the unique stable bundle of rank 2
and determinant A on C having h°(A) = 3. Denote by (s1, s2,s3) a choice of basis
of H(&) and by (t1,t2) C H°(E(A)) a complementary space to H*(A) @ HY(&).

Consider a polynomial ring Clm;j, ng, z] where

miz M1z N1l N2 11 2 2

_ mg3 M21 N2z | _ 1 2 2

wt(M) = wt e 5 9
z 3

and define a map ev': Clm;j,ni, 2] — R(C,A) by setting evt(mi;) = s; A sj,

evt(ng) = si Aty and evt(z) = t; Aty. Then
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(i) ev't is surjective.
Additionally, consider ev: Clz1,z2,23,y1,y2] — R(C, A), a minimal surjection. De-
note by Pfy,... Pfs the 5 submaximal Pfaffians of M. Then, for any choice of
(s1,52,83), (t1,t2) and of a surjection \: Clmyj,np, 2] — Clz1,z2,23,y1,Yy2] such
that evt = X oev, we have:

(i) A{Pfy, Pfy, Pty Py, Pfs} C Iy

(iii) A(Pfa), A(Pf5) form a basis of I43.

(iv) A(Pf1), AM(Pf2), A(Pf3) project to a basis of Iaa/1} 4.

Proof. The matrix ev™ (M) has rank 2 on C since & is a vector bundle of rank
2. Hence evt(Pf;) = 0. In particular A(Pf;) € I4. Item (i) follows from (i) of
Proposition IV.19, Lemma IV.16 and item (iii) below.

Proof of (iii). Suppose there exist o, € C such that aA(Pfy) + SA(Pfs) = 0
Consider u = Bt; + aty and define év with respect to (sq,s2,s3) and (u,ts). Also,

define a surjection A by

Mmij) = Mmij),  Aun) = BA(nin) + BA(man),
) = Angz), and  A(z) = BA(2).
We see that \ is still a surjective homomorphism and moreover we have

X(Pf5) = BA(Pf5) + aA(Pfy) = 0. (3.4)
Hence we could have assumed from start that A(Pfs) = 0. By Proposition IV.19, the
map

/\ H°(&) — HO(A)

is an isomorphism. Thus {A(m;;)} is a regular sequence in Clxy, 2, 3,y1,¥2], and

so if A(Pf5) = A(mi2)A(ni3) — A(miz)A(ni2) + A(mag)A(n11) = 0 then there exist
A, B,C € (x1,x2,x3) such that

) A/\(mlg) + B)\(mlg)
(7112) = Ck(mlg) + B)\(ng)
) C)\(mIS) - A)\(mgg)

and in particular s; A t; = ev(A)si A sa + ev(B)s1 A s3, which means that

s1 A (t1 —ev(A)sa —ev(B)s3) = 0.
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The proof of (iii) finishes with the following lemma.

LEMMA IV.21. Lett € HY(&(A)) be such thatt ¢ H°(A)®@ H(&). Then the map
HO(&) AN HO(2A) is injective.

Proof of the lemma. Let us write § for the divisor of zeros of t. Since & is spanned

by its global sections, wedging with t yields the following sequence:
0— Oc(6—A) — & L5 0c(24 — §) — 0.

If the dimension of H?(6—A) is > 0 thent € f-H%(&) ¢ H°(&(A)) where f € H(A),
which is false by assumption. Therefore the dimension of H(§ — A) is zero and

accordingly the map H°(&) AN HY(2A) is injective. O

Proof of (iv). Suppose that there exist a, 3,y € C and f, g € (x1, 22, x3) such that

We argue by contradiction. Without loss in generality we may assume that o = 1.

Consider the sections:

a=sy+B3s1, b=s3+vs3 € H&) and
C:tl—fsl, d:tQ—gSQ EHO(@@(A»

Then by the skew multilinearity of Pf,

aNb aNec aNd
Pf bAc bAd | =evT(Pf+5Pfy+vyPfs—fPfy —gPf5) = 0.
dNnd

By defining év" with respect to these new bases and A accordingly, we deduce that

it enough to treat the case A\(Pf;) = 0. Let us write

r3 q +Ars g3+ Cuxs
)\(Pfl) =Pf q2> + Bxs q4+ Dxj

b3

where ¢; € (y1,y2) @ S? (x1,x9,23) do not contain any multiples of z3 and ps is a
quasihomogeneous form of degree 3 in the variables 1, x9,x3,y1,y2. Consider the

change of basis:

t1 —t1 — Ass + Bsy tg+— ty — Cs3+ Dss.
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Define ev™ with respect to these ¢1,ts and A by setting
n21 > g1, M2 g3, 31— gz and  ngg — qa

Then evt = evo). Therefore we can assume that A = B = C = D = 0. But then
A(Pf1) = 0 implies that p3 = 0. In particular t; Aty = 0. This implies that u; Aug =0
for every two distinct points ui,ug on the line P[(t1,t2)].

Consider the exact sequence:
0—-24—-¢ —&A) —-A+& —0

obtained by twisting (3.2) with O¢(A). Let A be a divisor on C consisting of two
general points. By RR and Serre duality, h°(A + p) = 3, hence h%(4 — A +p) < 1.
On the other hand h%(A + &, — A) = h%(A — &, + A) + 4 < 5 since C is not trig-
onal. We deduce that h%(&(A — A)) < 6. This implies that the subvariety V of
P[HY(&(A))] consisting of sections which vanish at least at two points has dimension
< 6—1+2 = 7. This variety contains P[H’(A) ® H°(&)] which by Proposition IV.19
is 7-dimensional. We conclude that for every choice of sections (t1,t2) C HO(&(A))
spanning a complementary set to HY(A) @ H°(&) C HY(&(A)), the line P[{t1,t2)]
is not contained in V. Let u € P[(t1,t2)] be such that u ¢ V. Consider the exact
sequence:
0 — Oc(8) = E(A) 2% O¢(3A —5) — 0

where we have denoted by d the divisor of zeros of u. (Notice that &(A) is spanned by
its global sections). By assumption deg(d) < 1 and thus h%(§) = 1. But if t; Aty =0
as above then h%(§) > 2. This is a contradiction. [

IV.3.3. Proof of Theorem IV.13.

PropoSITION 1V.22. Let C be a nonsingular curve of genus 8 with a free half-
canonical net, A. Let & be the unique stable bundle of rank 2 and determinant A
with h°(A) = 3. Let (s1,52,83) be a choice of basis of H*(&) and (t1,t2) a choice of
a complementary space to the image of H°(A) ® H°(&) in H°(&(A)). Let X denote

13 32

denote the weighted Grassmannian G(5°,57). Define a map

n:C—X

by setting p — (s; A sj(p), st Atg(p),t1 Ata(p)). Then
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(i) m is an embedding
(ii) n(C) € X is cut out by a quasihomogeneous form of degree 3 and four

quasithomogeneous forms of degree 2.

Proof. The map 7 fits in a commutative diagram:

n
C X

x| |

Plx1, x2, T2, Y2, — Pimyj, nwg, 2
[122y2y3}1w) [mij, nkt, 2]

where P()\) is the projectivised of the surjective homomorphism
At Clmij, i, 2] — Clz, 22, 23, Y1, Y2)-
Since P()) is an embedding and so is ¢4+ we deduce that
n=Plevt) = P(A) o s

is also an embedding. We have shown in the proof of Proposition IV.15 that the
curve C is not trigonal. Clearly C is not isomorphic to a plane quintic. We deduce
from Theorem III.14 that the image of C under the embedding of ¢ 4+ is cut out set-
theoretically by forms of degree < 4. Therefore the image of C under P(A) o 44 is cut
out by Ker A + )\_I(IAB @ I4.4). By Proposition IV.20, /\_I(IA;, @ I4.4) is generated
(Pfy, Pf5) @ (Pfy, Pfy, Pf3) which cut out X C P{my;;, nk, z]. Hence we conclude that
the image of C under the embedding 7 is cut out by Ker A, which is generated by a

cubic quasihomogeneous form and four quadric quasihomogeneous forms. [

Proof of Theorem IV.13. The intersection of a cubic quasihomogeneous form and
four quadric quasihomogeneous forms on X has degree 7 (see Proposition IV.5), which
is equal to the degree of 4+ (C) C P[x1, z2, 3, Y1, y2]. Therefore by Proposition IV.2,

C is a complete intersection of these forms in X. [

COROLLARY 1V.23. Let C be a nonsingular curve of genus 8 with a free halfcanon-

ical net. Then the ring R(C, A) has codimension 3 and is given as

(C[l'lg x2,23,Y1, y?]/IA
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where the ideal 14 is generated by 2 cubic and 3 quartic quasihomogeneous forms in

the variables x1, x2, T3, Y1, Y2, that are the 5 submaximal Pfaffians of a skew matriz

1 T2 41 g2

M — T2 43 da
45 g6
b3

where q; € (y1,y2) ® S?(x1, T2, x3) and p3 is a quasihomogeneous form of degree 3 in

the variables x1, 9, x3,y1,y2. U

IV.4. Genus 14 and h°(A) =5

What is special about this case when compared against the previous case is that
the ideal 14 is generated in degree 3. Theorem III.14 says that the image of C by the
0a: C — P*is cut out by forms of degree < 4 and for our purposes we need to know
that it is, in fact, cut out by forms of degree < 3. Below we prove that p4(C) is a
component of the intersection of all cubics through ¢ 4(C) and use for the first time
to its full strength Proposition IV.2. The aim of this section is to prove the following

theorem.

THEOREM IV.24. Let C be a nonsingular curve of genus 14. Assume that C has
no gg. Then C has a halfcanonical divisor A such that h°(A) = 5 if and only if C is a
complete intersection of two quasihomogeneous forms of degree 1 and four quasihomo-

geneous forms of degree 2 in the generalised weighted Grassmannian IP)(I)IXG(%{ %)

Proof. Denote by X the generalised weighted Grassmannian P(I)KG(%4, 3). Re-
call from Section IV.1 that X is the projectively Gorenstein subscheme of P[v, m;;, n;]
defined by the ideal generated by the five submaximal Pfaffians of the skew matrix:

miz2 M1z M4 N1
ma23 MM24 T2
m3q4 N3

Uz

Let C be the 1-dimensional subscheme of X given by the complete intersection of
two general quasihomogeneous forms of degree 1 and four general quasihomogeneous
forms of degree 2:

4 2
C=Xn(F5n()F.
i=1 j=1
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The singularities of X lie on the set defined by m;; = 0 which includes the vertex of
the cone, P(1). Let us denote this locus by S. The affine cone of S is of dimension
5. Therefore, choosing the forms FQJ and F} general, aC, the affine cone of C will
not meet aS, the affine cone of S. Thus by Bertini’s theorem C is nonsingular. By
Proposition IV.9, the dualising sheaf of X is given by Ox(—8) and therefore, by
Gorenstein adjunction,

Ke = Ox(10 - 8)c.

Hence A = Ox(1)|¢ is a halfcanonical divisor on C. Additionally the vanishing of
cohomology H*(Ox(j)) for 0 < i < 7 gives dim H°(A) = 5. By Proposition IV.9
the degree of X is ;—i’. Therefore C is a curve of genus 14. Moreover, the map
sym? is surjective. We will see below in Proposition IV.25 that this implies that

wgec)=0. O

The assumption that Wg(C) = ) is convenient from the point of view of moduli
of curves and Brill-Noether theory. However, especially when considering C € |Kg|,
a curve in the canonical linear system of a surface of general type with p, = 6 and
K? =13, or, as above, when working with quasilinear sections, it is better to have on

C equivalent assumptions on sym? and/or on the linear system |A|.

IV.4.1. The linear system |A|.

PROPOSITION IV.25. Let C be a nonsingular curve of genus 14. Let A be a half-
canonical divisor on C with dim H°(A) = 5. Then C has no g3 if and only if sym? is

surjective. If either is true then |A| is very ample.

Proof. Suppose that C has no g3. We deduce that gon(C) > 4. In fact we can show
that gon(C) > 6. If £ is a pencil of degree 5 then £ is free and by Proposition I111.2,
the dimension of HY(A — &) is > 3. Therefore |A — ¢| would yield a g2.

Let |B| C |A| denote the free part of |A|. The morphism ¢p has degree < 3. If
this degree is 3 then pp maps C onto a rational curve and this would imply that C
is trigonal. If the degree of ¢p is 2 and consequently the degree of pp(C) is < 6;
the projection off a secant line to ¢p(C) composed with ¢p yields a g2 where d < 8.
This is impossible. Hence deg(¢p) = 1. To show that |A| is free and that sym? is

surjective we must divide the proof into two cases.
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Firstly observe that by Proposition II1.2 the gonality of C cannot be 7. Hence
either gon(C) = 6 or gon(C) = 8. If gon(C) = 8 the proof that sym? is surjective
follows easily from Proposition II1.9. Let us show that in this case we also have |A|
free. Let n be a free gi on C and let p be any point on C. By Castelnuovo’s free-pencil

trick we have
0— Oc(A—p—n)—20c(A—p)— Oc(A-p+mn) —0.

Therefore 2h°(A — p) < h%(A —p —n) + h°(A — p+n). The degree of A —p —n is 4
hence h’(A—p—n) < 1. By RR and Serre duality, h°(A—p+n) = h°(A+p—n)+7.
Since the degree of A+ p — 7 is 6 we have h°(4 +p —n) < 1. Adding up we have
h%(A — p) < § which means that h%(A — p) < 4. In other words |A] is free.

Let us show that if C has no g3 and gon(C) = 6 then sym? is surjective. The proof
of this case is quite lengthy and will involve a case-by-case analysis of the intersection
of quadrics through ¢4(C). First off, let us show that |A| is very ample. Let £ be
any gonality divisor and let p,q be any two points of C. By Castelnuovo’s free-pencil

trick, we have
0—0c(A—p—q—&) —-20c(A—p—q) = Oc(A—p—q+§) —0.
Taking global sections we get
2h0(A—p—q) < (A—p—q—&+h(A—p—q+9).

The divisor A — p — ¢ — & has degree 5, hence h°(A — p — ¢ — &) < 1. On the other
hand, by RR and Serre duality, h°(A —p — g+ &) = h%(A + p + ¢ — &) + deg(¢) — 2.
Hence 2h%(A —p —q) < h%(A+p+q— &) +5. The divisor A+ p+ ¢ — £ has degree 9
and since by assumption there are no gg we have h%(A +p + q — &) < 2. Altogether
this implies that h%(4 —p — q) < % which is to say h%(A —p — q) < h%(A) — 2 and
thus |A| is very ample.

Denote the image of C under the embedding ¢4 by Ci3. To show that sym? is
surjective we argue by contradiction. Assume that Kersym? contains two linearly

independent quadrics, QJ1, Q2. The proof now breaks into two cases.
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Suppose that Q; N Q2 = S is irreducible.

LEMMA IV.26. The surface S has at most du Val singularities.

Proof of the lemma. Suppose that S is a cone with vertex p over some curve of
degree 4 in a hyperplane of P4, (This happens, for example, if Q; and Qs are two
quadrics of rank 4 with common singular locus). Let us denote this space curve by
Cy. The genus of Cy is either 0 or 1. The projection off p restricts to a map of degree
< 3 on the curve C13. In particular C13 must go through the vertex. If the genus
of Cy is 0 then we deduce that Ci3 is trigonal or hyperelliptic. This however, is not
true if we assume that there are no gg. If C4 is a nonsingular elliptic curve then the
isomorphism Cy ~ F3 C P? composed with the projection from p yields a gg on Cqs.
Again this is a contradiction. Hence we can assume that S is not a cone.

Suppose now that S has a positive dimensional singular locus. By reasoning on
the degree of S the positive dimensional part of the singular locus is either a line or
a conic. Let ¢ be a point on S\ SingS. Then the projection maps S to a surface
of degree 3 in P3. (Recall that we know that S is not a cone). Let us denote the
cubic surface by ¥3. This cubic must have a positive dimensional singular locus and
it has to be a line of double points. In particular away from the plane section of S
determined by this line and g, the projection is an embedding. By choosing ¢ not on
C13 the projection of S onto X3 restricts to C13 has a birational morphism which is
an embedding away from where C}3 meets the plane section determined by Sing X3
and ¢. Denote the birational transform of Ci3 on Y3 by Di3. Finally the projection
from a point on Sing 33\ D;3 determines a birational morphism onto the projective
plane which is an embedding away from Sing X3. We deduce that Ci3 has a plane
birational transform of degree 13 and geometric genus 14. The composite birational
map is an embedding of C'3 away from a finite set of points that get mapped to
a single point of the plane (where the plane meets the line Sing ¥3). Let u be the
multiplicity of the birational transform of C3 at this point. By the genus formula we
have 14 = £12- 11 — $(u — 1) which has no integer solution.

We have shown that S has only isolated singularities. All that remains to be seen

is that these are ordinary double points. The surface S is a complete intersection of
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a pencil £ of quadrics in P4. Let p € S be a singular point. Suppose that

pe () SingQ.

QeL
Then any secant line to S passing through p must be contained in @) for every Q) € L
and hence is contained in S. But we have shown that S is not a cone. Thus we can
assume that the general quadric @ € £ is nonsingular at p. Let @1 and Q)2 be two

nonsingular quadrics at p in £. Write their equations locally as:

Ql = (.%' +QI(x7y)va) = 0) and QQ = (l‘ + QQ($,y,Z,w) = 0)

where ¢; are quadratic forms. By the implicit function theorem on an analytic nei-
bourhood of p in @) the variable x is a implicit function of y, z and w. Let us denote
this function by ¢. Using ¢ and Q2 we deduce that, locally analytically at p, .S is
given by

Oy, 2, w) + q2(d(y, 2, w), y, 2, w) = 0. (4.1)
Since p is not a smooth point, the power series ¢ has no linear terms. Additionally
since g2 is not divisible by z there is a nontrivial term of order 2 in (4.1). Since
p is an isolated singularity this must be a nondegenerate quadratic form in y, z, w.
This shows that p is analytically isomorphic to an isolated hypersurface singularity
of multiplicity 2 in C3. In other words p is an ordinary double point. This finishes
the proof of the lemma. O

LEMMA IV.27. S s the birational transform of the projective plane by a linear

system of plane cubics through 5 (including possibly infinitely near) points.

Proof. If S is nonsingular this is well-known. See for example [Beau, p. 52].
In this case we know that S is isomorphic to P? blown up at 5 general points and
embedded in P* via the linear system of plane cubics through these points.

If S is singular, there exists a birational map 7: S — P? given by projecting from

L. P2 - S c P is given by a

a secant line to S at a singular point. Its inverse 7~
linear system H C |nL| where L is the class of a line in P2. We resolve this linear
system by blowing up the plane at a set of (possibly including infinitely near) points.
Let E; with ¢ = 1,...,t, be the birational transforms of the exceptional divisors of

these blow-ups and denote the resulting blown-up plane and composite morphism by
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—

o1: P2 _ P2, Furthermore, let us denote by o9: P2 — S the morphism yielded by ﬁ,
the resolved linear system. Since S has only du Val singularities, by adjunction we

know that Kg = —Hg and thus,
R t
H=03(Hs) = 03(-Kg) = ~Kg + »_a;E; =301(L) = > Ei+ > a;E;
=1

where E; are curves on P2 contracted by og. This shows that n = 3. Additionally
notice that if we blow up more than 6 points in the plane the degree of H is <3
which if false. However it possible that that H consists of cubics through 4 points of

the projective plane with a fixed tangent direction at one of them. [

Since C13 C S is nonsingular, its birational transform in P2 is also nonsingular.

We use the same notation for the transform. Let us write
5
Clg =mL — Z mlEZ
i=1
with m and m; positive integers. The curve C13 is not rational so we can assume that

m # 0. The linear system |2L — Z?Zl E;| is at least 0-dimensional and its members

are lines in I@E since
5 5 5 2
<3L— ZE) <2L— ZE) =6— (ZE) =6—5=1.
i=1 i=1 i=1

~ 2
(Notice that from degH we can deduce that (Z?Zl EZ) = 5). By the nonexistence

of 4-secant lines,
5 5 5
Cis <2L — Z Ez) =2m+ <Z m,EZ> (Z Ez) < 3.

i=1 i=1 i=1

Combining this with the formula for the degree
5 5
132 3m+ (Z mE> <Z E)
i=1 j

we get m > 10. From the genus formula,

2

5 2 5
26 = (mL — Z sz1> — deg(C13) = m? + (Z miE¢> — 13
i=1 =1
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which implies that

5 2 5 2
m2 -39 =— (Z mlE,> - — (Z mZEZ> > 61.

i=1 i=1
For each j the line F/; cannot meet C13 more than 3 times, thus

5

5 2 5 5
<—ZmE> Ej<3 = 61<— (ZmE) <3) mp = Y m;>21
i=1 i=1 i=1

i=1
and this implies that m;, = max {m;} > 4. Since the curve Ej; is not contracted by
3L — °°_| E;| we must have
5 5 5
(-ZE;) Ejo >0 = (—Zmﬁ%) Ejo > m; (—ZE1> Ejo > m; >4
i=1 i=1 i=1
which is a contradiction. Hence we have shown that S cannot be a complete intersec-

tion of the two quadrics @1, Q.
Suppose ()1 N Q2 = S is reducible.

Then the component of S containing C13 is an irreducible non degenerate surface
of degree < 3. Therefore Cy3 is contained in either F(3,0) or F(1,2), the cone over
a rational normal curve of degree 3, or the cubic surface scroll, respectively. In the
first case, by projecting off the vertex we obtain a pencil of degree < 4 and this is not
possible.

Assume that Ci3 C F(1,2). Write H for the hyperplane section of F(1,2) and L
for the class of the ruling of F(1,2). We have C13 = aH + bL. By adjunction we get

3a* + 2ab — 5a — 2b = 26; (4.2)

and since C13H = 13, b = 13 — 3a. Substituting we see that (4.2) has no integer

solutions. We have proved
C has no gg — sym? is surjective.

Conversely, suppose that sym? is surjective. Let us start by showing that this
implies that gon(C) > 6. We will make use of Lemma II1.41 on page 70. Suppose
there exists a divisor on C with h°(D) = 2 and deg(D) < 5. Since

dim H°(A) — dim H(A— (A - D)) -1 =2,
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applying Lemma I11.41, we deduce that h%(A — D) > 8 — deg(D). Hence
dim H°(A) — dim H°(A — D) — 1 < deg(D) — 4.

In particular deg(D) = 4 or 5. By the same lemma, we deduce that deg(D) — 2 < 2,
if deg(D) = 5, or that deg(D) — 2 < 0, if deg(D) = 4. A contradiction in both cases.
We have shown that gon(C) > 6.

Assume that for some d < 9, there exists a free gg on C and let us denote it by 7.
Since gon(C) > 6 we have 8 < d < 9. By Proposition I11.2 we have dim H°(A—n) > 0.
In fact since deg(A —n) < 5 we actually have dim H°(A —7) = 1. On the other hand,
let D be a divisor of degree d such that  C H°(D). Then dim H°(D) > 3 and

therefore,
dim H(A) — dim H°(A — (A - D)) —1 < 1,
thus, from Lemma II1.41, we deduce that

deg(A — D) —dim HY(A — D) < 2 <= dim H°(A — D) > 2

which is a contradiction. We have proved

sym? surjective = there exists no gg

and so finished the proof of Proposition IV.25. [

IV.4.2. The ring R(C, A).

ProPOSITION IV.28. Let C be nonsingular curve of genus 14 with a halfcanonical
divisor A such that h°(A) = 5. Assume that sym? is surjective. Then R(C,A) is
a codimension 3 ring generated in degree 1. The ideal I4 has a single generator in

degree 2 and the quotient 143/ 5 has dimension 4.

Proof. Since sym? is surjective, by Proposition IV.25 and its proof, the linear
system | A| is free and the gonality of C is > 6. From Proposition II1.5 we deduce that
R(C, A) is generated in degree < 3. Let us show that the map

HY(A) @ H°(2A4) — HY(3A) (4.3)
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is surjective. According to Lemma III.7 to an element of the cokernel of (4.3) corre-

sponds an extension

0—0c—F — Oc(A) —0 (4.4)

with h?(.#) = 1+5 = 6. In particular for any two p, ¢ € C there exists a section of .7
vanishing on p + ¢. Denote the divisor of zeros of such a section by é D p + g. Then
saturating the embedding O¢ () — .# we obtain

0= Oc(€) = F — Oc(A—€) -0

where & D 9§ is an effective divisor. Since p, ¢ can be chosen general enough we have
hO(A—¢) < h%(A)—2 and accordingly h%(&) > 3. Since C has no g3 (Proposition IV.25)
we deduce that deg(¢) > 10. But then h%(A — &) < 1 since gon(C) > 6. Therefore
hO(€) > h°(A) and we must have £ C O¢(A). By the fact that A is free we conclude
that £ = A. In other words, an element of the cokernel of (4.4) corresponds to the
split extension, i.e. the cokernel is null. We conclude that R(C, A) is generated in
degree 1.

By our assumptions it is clear that there is exactly one generator of I4 in degree
2. In degree 3 the space S*(xy,...,z5) must surject onto H°(3A4). The former has
dimension (?7)) = 35 and to this we have to subtract the 5 multiples of the quadratic
generator of I4. We still get an excess of 4 generators, since by RR, the dimension of

HY(3A) is 26. Thus there will be 4 new cubic forms in I43. O

IV.4.3. Remark. This proposition fails to conclude the description of R(C, A) in
degree < 4. This means we will not be able to use Theorem III.14 on page 40 as
we have been doing so far. One way to deal with this problem would be to try to
run a Petri-style analysis on the generators of R(C, A). All attempts in this direction
were unfruitful. Notice that such analysis would have to be specific to the genus 14
case. (Although the assumption that W92 (C) = 0 may point us to the right direction).
This is supported by the fact that there are nontrigonal curves whose ring R(C, A) is
generated in degree 1 and yet whose ideal I4 needs generators in degree 4. Consider
the case of curves of genus 9 with a halfcanonical divisor A with dim H°(A) = 4. (See
page 59). On the other hand, that the ideal I, is indeed generated by 42 + 143 is

true by an application of Buchsbaum—Eisenbud’s theorem.
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IV.4.4. The bundle.

PROPOSITION IV.29. Let C be a nonsingular curve curve of genus 14 with a half-
canonical divisor such that h°(A) = 5. Assume that WZ(C) = (. Then there exists a
bundle & on C of rank 2 and determinant A with the following properties.

(i) dim H(&) = 4.
(i) The map H°(A) ® H°(&) — HY(&(A)) has a cokernel of dimension 1. Let
t € H(&(A)) span a complementary space to the image of this map.
(iii) The image of the map H°(&) AR H(2A) is 4-dimensional.
(iv) The kernel of the map \* H°(&) — HO(A) is at most 2-dimensional.

Proof. The first part of this proof works out quite differently for gon(C) = 6 than
it does for gon(C) = 8 and we will have to break it into two cases. (Recall from the

proof of Proposition V.25 that if C has no g3 either gon(C) = 6 or gon(C) = 8).

IV.4.5. Existence for gon(C) = 8. Suppose that C has gon(C) = 8. Then the map
@4 is an embedding onto a curve of P* contained in a quadric of rank 5 (Proposi-

tion II1.9). In other words,
@4 C— Ci3 C G(2,4)NH CP°NH.

View C as a subvariety of G(2,4). Consider the universal bundles of G(2,4).
0 — Fae4) — 40a@4) — ba@a) — 0.

The bundle F 2 4) is the tautological subbundle of G(2,4). Its fibre over a point
[L] € G(2,4) is the vector space L. The quotient of 40q 4y by Fq(2,4) is a bundle
of rank 2 for which dim H%(&g(2.4)) = 4. Let & be its restriction to C. Consider the

restriction sequence:
0 — éa(24) @ Le — éga) — & — 0

If ho(@@g(m) ® Z¢) > 0 then there exists a section of &g(9 4y vanishing on C. This
implies that C C G(2,4) is contained in the corresponding Schubert cycle, which is
a 3-dimensional linear space. This is impossible since p4(C) C P* is nondegenerate.

Hence h"(&) > 4 and we also have det(&) = O(1),c = A. Consider

NH (&) — HO(A).
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If h9(&) > 4 then by Castelnuovo’s linear-bilinear principle there exist two sections
51,82 € H(&) spanning a line bundle £, subsheaf of &. Saturating this line bundle
we get a sequence
0— Oc¢(0) = & — Oc(A—0) — 0.

Since h%(§) > 2 and gon(C) = 8 we deduce that deg(5) > 8 and thus deg(A4 — ) <5
which implies that h%(A4 —d) < 1. But then h°%(§) > 4. Since O¢(8) C det & = Oc(A)
there are two cases to consider. Either h%(§) = 4 or h°(§) = 5. Suppose that
hY(8) = 4, then |A — §| = |p| and the map

H°(2A —6) @ HY(A —6) — H(3A — 20)

is surjective, which means that the only extension of O¢(A — §) by O¢(d) with 5
global section splits. But then /\2 H°(&) only spans a linear space of dimension 4 in
HO(A). This is a contradiction since ¢ 4(C) is nondegenerate and H%(&) contains the
restriction of the global sections of &g(24). In the other case, when RO(A —96) =5
and consequently § = A we argue exactly in the same way. We have shown that
hY(&) = 4. Which settles (i) in the case of gon(C) = 8. Additionally, notice that in

this case & is generated by its global sections.

Existence for gon(C) = 6. From now on, let ¢ denote a fixed g on C.
LEMMA TV.30. The map
H°(2A - &) @ HY(A —¢) — H°(3A — 2¢) (4.5)
has a 1-dimensional cokernel.

Proof of the lemma. Denote A — & by n. Since deg(n) = 7, the dimension of
H°(n) is < 2. Furthermore, by Proposition II1.2 indeed h°(A — ¢) > 2. We have
two possibilities. Either n is free, in which case the kernel of the map (4.5) is, by
Castelnuovo’s free-pencil trick, isomorphic to HY(A), or n has a (single) base point
that we denote by p and the kernel of (4.5) is then isomorphic to H(A + p). But as
A is free h°(A — p) = 4, so that by RR and Serre duality, h°(A + p) = 5. Since

dim H°(3A — 2¢) = 2(deg(A) — deg(¢)) = 14,

dim H°(2A — €)@ HY(A—¢) = 18, we deduce that the cokernel of (4.5) has dimension
14-18+5=1. O
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From this and Lemma II1.7, it follows that there exists a single nonsplit extension
0—=¢&—=&—-n—0 (4.6)

with maximum number of global sections, that is, h°(&) = 4. The vector bundle & is
of rank 2 and determinant A. Notice that & is generated by its global sections if and

only if 7 is free.

Proof of (ii) for gon(C) = 8. Since in this case the bundle & is spanned by its global

section we have

0—F —40c — & — 0 (4.7)

where % is a rank 2 vector bundle of determinant —A. In particular .%#(A), whose

global sections give the kernel of
H(A) @ HY (&) — H°(&(A)),

has determinant A. As such, by repeating the argument played on & when proving
that h°(&) < 4 we show that h9(.%#(A)) < 4. Hence to show (i) we need to find
4 linearly independent tensors in the kernel of (4.7). For each set of 3 elements of

(51, 82, 83,54) = HY(A), say for example s1, s, s3, the tensor
(52 As3) @51 — (51 A 83) @52+ (51N 52) @3
maps to zero.

Proof of (ii) for gon(C) = 6. By (4.6) it is enough to analyse the maps:

o1: HO(E) & HO(A) — HO(A+§)
oy: H(n) ® HY(A) — H°(A + ).

Recall that ¢ is a free pencil, hence dim(Ker o) = h°(A — €) = 2. Since
(A +€) = () + deg() =8

(by RR and Serre duality) it follows that o; has no cokernel. So the cokernel must
come from o3. The kernel of this map is isomorphic to H(A — n), in the case when
7 is free, and is isomorphic to H°(A — 1+ p) in the case when 7 has a base point. In
the free case it is 2-dimensional, but it is 2-dimensional as well in the non free case

since A — 1+ p has degree 7 and by assumption there are no gg on C. Finally, as the
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dimension of H°(A + ) equals to 9 we deduce that the cokernel of o2 has dimension

9 — 10+ 2 = 1. This shows item (ii). Notice that by Serre duality and RR,
PG (A)) = BM(&) = 4+ deg(A) = 17,

and on the other hand the dimension of H(A) ® H%(&) is 20. Thus there are 4
linearly independent tensors in the kernel of the map of item (ii). As before we can

write them explicitly.

Proof of (iii). If gon(C) = 6 then from (4.6) we see that
0—-A+(—EA) —-A+n—0

and since, by RR, both A+¢ and A+ are free we deduce that &(A) is spanned by its
global sections. If gon(C) = 8 the vector bundle & is globally spanned and therefore
so is &(A). Let us denote the divisor of zeros of t € H°(&(A)) by 6. Wedging sections

of & with t produces the following surjective morphism:
& L5 024 —5) = 0

The kernel is a sheaf of rank 1 and therefore, as we are working on a nonsingular curve,
must be invertible. Taking determinants we deduce that the kernel of the morphism
above is Oc(§ — A). If h9(§ — A) > 0, then t € H°(A) ® H°(&) and this is not true.
Hence h%(§ — A) = 0. We conclude that the space H°(&) At C H?(2A) has dimension
4.

Proof of (iv). Let us denote the kernel of the map
2
NH'(&) — HO(4)

by W. If gon(C) = 8 then we know that dimW = 1 and we are done. Thus we
can assume that gon(C) = 6. P[W], the projectivised of W is a linear subspace of

P(A\? H°(&)), which also contains G(2, HO(&£)), the variety of skew tensors of rank 2.
LEMMA IV.31. There exists a injective map

PW]NG(2,H(&)) — WL(C).
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Proof of the lemma. Let a A b represent an element of P[W] N G(2, HY(&)). By
definition a,b € H°(&) span a subsheaf of & which after saturated yields a line
subbundle:

0— O¢(0) = & — Oc(A—0) — 0.
Since gon(C) = 6 we deduce that deg(8§) > 6. But if h°(&(—d)) > 0 (as we see from
above) then from (4.6) we deduce that deg(d) < 7. Suppose that deg(d) = 7. Then

A — ¢ is a free pencil and since
RU(E(—0)) >0 = dCn = £CA—4,

if follows that A — § = £ and thus & would be split. As this is not the case ¢ has

degree 6 and is therefore a gé. This establishes a map
PW]NG(2,H(&)) — WL(C). (4.9)

Let us show now that this map is injective. Take a A b and ¢ A d, two distinct
elements of P[W] N G(2, H°(&)) giving rise to the same g§, which we denote by &;.
This means that there are two distinct embeddings of £; into &. In other other words
&(—&1) > 2. But then, from (4.6) we deduce that £ = & (the g§ we have fixed from

the beginning) and furthermore, £ C . Summing up, we have
0— Oc — &(=§) — Oc(p) — 0.

To see this cannot happen, notice that
HY(2A4) @ H°(p) — H°(2A4 + p)

is surjective, and hence any extension like &(—¢) having 2 global sections must split.

Therefore the map (4.9) is injective. [

We use this lemma to proof (iv). Suppose that dimP[W] > 2. Then, the in-
tersection P[W] N G(2, H°(&)) is positive dimensional and so W¢(C) is also positive
dimensional. It follows from Proposition II1.9 that P[Ker sym?] must as well, be pos-
itive dimensional (one quadric yields at most two distinct g§). However, by Propo-
sition IV.25 the map sym? is surjective and consequently P[Kersym?] is a point.

Therefore, P[IW] has dimension strictly less that 2, that is to say

N\H(&) — HO(4)
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has a kernel of dimension at most 2. [

PROPOSITION 1V.32. Let C be a nonsingular curve of genus 14 with a halfcanonical
divisor such that h%(A) = 5. Assume that WZ(C) = 0. Let & be a bundle on C given

as in Proposition 1V.29. Consider a polynomial ring Clv, m;, n;] with

mi2 Mi13 M4 N1 1 1 1 2
— ma3 M24 N2 | _ 1 1 2

wt(M) = wt mas ms | = 1 9 (4.10)
ny 2

and wt(v) = 1. Let {s1,52,53,54) be a choice of basis of H*(&) and t € H°(&(A))
be an element spanning a complementary space to the image of the map of (ii) of
Proposition 1V.29. Choose {(u) C H°(A) a complementary space to the image of the
map in (iv) of Proposition IV.29. Let ev’™ be the map ev': Clv,m;j,n;] — R(C, A)
defined by

v u,  mi— 8 Asjoand  ng = s At
Denote by Pfy,..., Pfs the 5 submaximal Pfaffians of M. Then,
(i) ev't is surjective.
Let ev be a minimal surjection Clx1,...,x5] — R(C, A). Then, there exists a surjec-
tion, X\: Clv, mj;,n;] = Clx1,...,x5], such that evt =evo) and
(ii) M{Pfy, -+ ,Pfs} C I4.
(i) A" a3 C (Pfy,...,Pf5).

Proof. Ttem (i) is straightforward. Likewise item (ii) is a consequence of the fact
that & is a rank 2 bundle on C and therefore the matrix in (4.10) has rank 2 on C.
Finally the crucial point of this Proposition is item (iii).

Let us start with a few remarks. Notice that the map A is not unique. Since
by Proposition IV.28, R(C, A) has a quadric relation, a minimal surjection like ev is
uniquely determined (up to linear isomorphism) only in degree 1, simply by setting
Ac) = evloevt(c) for any element ¢ € Clv,m;;,n;] of degree 1. However, A
is unique only up to Kerevs. Nevertheless let us make the following observation.
Since by item (iii) of Proposition IV.29 the space (s1, s2,s3,54) At C H°(2A4) is 4-

dimensional, we have, in particular that evt(n;) # 0 and therefore A(n;) # 0 for any
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choice of A\. We should bear this mind as we will use it in the end of this proof. To

show (iii), by Proposition IV.28, it will be enough to prove the following lemma.

LEMMA IV.33. Given a surjective homomorphism A: Clv, my;,n;] — Clzq,..., 5],

+

such that evol = ev™, we have

(i) A(Pf5) #0.
(ii) The set A {Pfy, Pfo, Pf3, Pfs} is linearly independent modulo

Iz = (x1,...,25) - \(Pf5).

Proof of the lemma. The form Pf5 is a quadric of rank 6 in the variables m;;. By
item (iv) of Proposition IV.29, the restriction of the map A to the linear space (m;;)
has at most a 2-dimensional kernel but since Pfs is a quadric of rank 6 this implies
that A(Pf5) # 0. In fact, as quadric in the variables z1, ..., x5 the quadric A(Pf5) has
rank > 3. From this we deduce that A\(Pf5) can be taken as a generator of the space
I42. In particular the assertion of item (ii) is independent of the ambiguity of the
definition of A in degree 2. Suppose that there exist a; € C and L € (z1,...,x5) such

that
4
> ai(Pf;) + LA(Pf5) = 0.
=1

In particular
4 4
ev <Z a; A\(Pf;) + L)\(Pfg,)) = Z a;ev’ (Pf;) +ev(L)evt(Pfs) =0
i=1 i=1
By (i) of this lemma, we can assume that a; # 0. And indeed to ease notation we set
it to 1. Consider the following set of sections of & and &(A):

a; =8; +a;s1 and b=t+ev(L)s;

where ¢ = 2,3 or 4. Let us also rename the section s; by a;. Define a new surjection
év', using the same procedure as for ev* but using (a1, as, a3, as) and b € HO(&(A)),

and maintaining the choice of u € H°(A). Also choose a surjection X defined by

c—ev i (&vT(c)) for ce (v,my) and A(ng) = A(ng).
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Then, X(mij) = A(mij) — a;A(m1;) — ajA(ma;) where myq is interpreted as 0. There-

fore, we have that
4
A(Pf1) = > iA(Pt;) + LA(Pf5) = 0.
=1

Hence we have reduced the question to assuming that A(Pf;) = 0. We argue by

contradiction. Suppose that
)\(Pfl) = )\(m23))\(n4) — )\(m24))\(n3) + )\(m34))\(n2) =0.

Since by item (iv) of Proposition IV.29, ev’ restricted to (mag3, may, ms4) has at most
a 2-dimensional kernel, and therefore A\ restricted to (mas, mey4, ms4) has at most a
2-dimensional kernel, we can assume that A(ma3) # 0. Furthermore, proceeding as we
did before in the proof of this lemma, we can change the basis (s, s3,54), the section
t modulo HY(A) ® H(&) and the map A to assume, without loss of generality, that
on the right hand side of

A(mas)A(ng) = A(mag)A(ng) — A(msgq) A(ng)

we have polynomial of zero degree in the linear form A(m23). But then necessarily

A(n4) = 0, which is not true. 0O

IV.4.6. Proof of Theorem IV.24.

ProprosITION IV.34. Let C be a nonsingular curve of genus 14 with a halfcanon-
ical divisor A such that h%(A) = 5. Assume that WZ(C) = 0. Let & be any
bundle of rank 2 and determinant A as in this Proposition IV.29. Choose a basis
(51, 89,83,84) C HY(&), a section t € H*(&(A)) spanning a complementary space to
HY(A)® HY(&) € HY(&(A)) and a section uw € H°(A), spanning a complementary

space to the image of N> HO(&) — HO°(A). Denote by X the generalised weighted

14 3

Grassmannian P(1)xG(5 ', 5). Define a map n, from C into X by

C2p— (u(p),si Asj(p),si At(p)) € X C P(1,19,2%).

Then

(i) m is an embedding.
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(ii) Let A: Clv,m;j,n;] — Clz1,...,x5] be the as in Proposition IV.32. The
forms generating the ideal Ker A cut out in X a 1-dimensional scheme con-

taining n(C).

Proof. We have the following commutative diagram.

c i X (4.11)

s l
P(X)

P[HY(A)] — P(1,15,2%)

where P()\) is the projectivised of the homomorphism A. By Proposition IV.28,
R(C,A) is generated in degree 1 hence the map ¢4 is an embedding. The homo-
morphism A is surjective, thus P(\) is an embedding. Since 7 = ¢4 o P(\) this map

must also be an embedding.

Since A(Pf1),...,A(Pfs) C I4 and the forms of I4 vanish on pA(C) C P* we

deduce that the intersection of
APfy)=---=XAPf5) =0 (4.12)

contains ¢4 (C). The subscheme of P[H%(A)] defined by (4.12) is the preimage of the
subscheme of X cut out by the forms of Ker A. Therefore to prove (ii) is equivalent
to showing that the equations of (4.12) define a subscheme of P[H?(A)] of dimension
1. Let us the denote by S the irreducible component of (4.12) containing ¢4(C). We
write A(n;) = ¢; € S?(z1,...,x5). Recall from Lemma IV.33 that A(Pfs) is a nonzero
quadratic polynomial in the variables z1,... 25 and that A(Pf;),... \(Pfy) are cubic
forms in the same variables such that no linear combination of A\(Pf),... A\(Pfy) is a
multiple of A(Pf5).

To make the argument clear we split the proof in two cases.
Suppose that map A\? H°(&) — H°(A) is surjective.

In this case Ker A has a single generator in degree 1, in other words we do not
need to take a cone; the variety X is the weighted Grassmannian G({l, 3). This can

be made consistent with our notation for v € Clv, m;;,n;] and u € H°(A) by setting
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u =0 and ev'(v) = 0. Let us write (4.12) in a matrix format.

A(ma2)  A(maz) Amas) @

A(ma3) A(maa) ¢
Pf =0 4.13
A(msa) g3 (4.13)
q4

where (A(my;)) = (21,...,25). We deduce that the locus of P[z1,...,x5] defined by

(4.13) is isomorphic to a hyperplane section of

21 %2 23 q1

Pf Mo 2 (4.14)
26 43
q4
(All we did was to change variables (z1,...,25) C (z1,...,26), in particular notice

that we are not saying that zg = 0 is the hyperplane section). Let us denote the
linear form defining the hyperplane section by L = L(z1,...,2s) so that P[H"(A)] is
given by L = 0. Let S denote the intersection of the five Pfaffians of (4.14). Hence
S c SNP[H(A)]. We want to show that dim S = 2 and that S is not contained in
P[H°(A)] for this will show that dim S = 1.

CLAIM. If the dimension of S is 2 then S is not contained in P[HO(A)).

Proof of the claim. Since S inside G({l, %) is given as the intersection of 4 hyper-

surfaces of degree 2, the dimension of G({l, %) is 6 and this variety is arithmetically
Cohen—Macaulay, if the dimension of S is 2 we deduce that these 4 quasihomoge-
neous forms form a regular sequence in the weighted Grassmannian’s homogeneous
ring. (Proposition I1.15). Since H(Og(j)) = 0 for 0 < i < 6, (see Proposition IV.5)

and we are taking a regular sequence of quadratic forms, we deduce that
H°(Og(1)) — H"(Op(1)).

From the definition of G( %4, 3) we know that
H(Op(1)) - H(Og(1)),

where P = IP[m;;, n;]. Hence S is not contained in any hyperplane. In particular it is

not contained in P[HY(A4)]. O
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To show dim S = 2 we argue by contradiction. From now on we assume that the
component of S containing ¢4 (C) has dimension > 3. Let us denote this component
by S C S.

CrAM. There is only one quadric through S, namely the quadratic Pfaffian of

(4.14); and the cubic Pfaffians of (4.14) are linearly independent modulo the quadratic
Pfaffian. In particular dim S < 3.

Proof of the claim. Suppose that there is a second quadric through S. Denote its
equation by Q. Also, denote by Qg the quadratic Pfaffian:

2126 — 29225 + 2423.

Recall that we are assuming in the main statement of this proposition that W(C) = 0.
As a consequence, by Proposition IV.25, there is only one quadric of P[H"(A)] through
©a(C). Since p4(C) € SNP[HY(A)] this implies that there is only one quadric of
P[H°(A)] through S NP[H(A)]. Thus we have

Qs — Q=LA

with A another linear form in the variables z1,..., 2. In particular this means that
S C P[H(A)]. Since we are assuming that dim S > 3 and P[H?(A)] is 4-dimensional,
this implies that S NP[HY(A)] = Qs NP[H’(A)]. In particular all the cubic Pfaffians
of (4.13) are multiples of the quadratic Pfaffian. This is a contradiction. Furthermore
if there exists a linear combination of the cubic Pfaffians of (4.14) then its restriction
to P[H?(A)] givens a linear combination between the cubic Pfaffians of (4.13), which
has to be trivial. O

Let us summarise our argument up to now. We are assuming that S, the compo-
nent of § C P[zy,. .., %] containing ¢ 4(C) C P[H°(A)] C P[z1,..., 2] has dimension
> 3, that there is only one quadric though it, Q¢ and that the cubic Pfaffians of (4.14)
are linearly independent modulo Q.

The variety Syeq is a Weil divisor in the smooth quadric 4-fold, V, given by Qg = 0.
By Lefschetz’s hyperplane theorem Pic(V) = ZHy. Hence S = nHy. In particular
S is the complete intersection of V with some hypersurface of degree n. Since S

is also contained in a cubic hypersurface whose defining equation is not a multiple
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of Qg we deduce that n < 3. If n = 3 then S is the complete intersection of V
and the hypersurface cut out by one of the cubic Pfaffians. But then, there cannot
be 4 of them linearly independent through S. If n = 2 then there are two linearly
independent quadrics through S, which again is not true. If n = 1 then S is contained
in a hyperplane section, since ¢4(C) C S and p4(C) is nondegenerate in P[H"(A)]
this hyperplane can only be P[H°(A)]. But then repeating the argument of above on

dimension, we see that this leads to a contradiction.

We have shown that the variety S, the component of S containing ¢ 4(C), has
dimension < 2. This finishes the proof of (ii) in the case when A? H%(&) — HO(A) is

surjective.
Suppose that \? H(&) — H°(A) is not surjective.

Let us start by writing A(Pf;) in the form:

21 %2 23 q1

Z4 25 Q2
Pf =0 1 Li=1Ly=0 4.15
26 43 pHs ! 2 ( )

q4

where the forms ¢; are quasihomogeneous polynomials of degree 2 in the variables
21,...,26,v and Ly, Ly are linear forms in z1,...,2. Notice that P[H?(A)] is the
linear section L1 = Ly = 0.

Recall from the proof of item (iv) in Proposition IV.29 on page 110 that there
are at most two elements of the kernel of A? HY(&) — HO(A) meeting G(2, HO(&)),
the variety of skew tensors of rank 2. This means that there exists an element of
the kernel of this map that is a skew tensor of rank 4. In other words in the pencil
(L1, Lo) there exists a linear form defining a hyperplane that is not tangent to Qg,

the quadratic Pfaffian of (4.15). Say L; = 0 is not tangent. Let us show that

21 %2 23 q1

Z4 25 (2
Pf =0 plus Li=0 4.16
Z6 q3 P ! (4.16)

q4

defines a variety of dimension < 2 not contained in any hyperplane other than L; = 0.
This will be enough to prove item (ii). Denote the component of the intersection (4.16)

containing ¢ 4(C) by S.
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Cram. If dim S = 2 then S is not contained in any hyperplane other than the
given by Ly = 0.

Proof. We repeat the argument already used before. If dim S = 2 then S is the
intersection of a regular sequence in X made of one quasihomogeneous form of degree
1 and 4 quasihomogeneous forms of degree 2. By the vanishing of cohomology of X
(see Proposition IV.9) we deduce that S is contained in no hyperplane other than

that given by L1 =0. O
To show that dim S = 2 we argue by contradiction. Suppose that dim S > 3.

CLAIM. The variety S is contained in a single quadric, namely that given by that
quadratic Pfaffian of (4.16); and the cubic Pfaffians of (4.16) are linearly independent
modulo the quadratic Pfaffian. In particular dim S < 3.

Proof of the claim. We repeat a previous argument. If there is another quadric
through S then S C P[H°(A)] and this means that the cubic Pfaffians of (4.15) are
linearly dependent modulo the quadric Pfaffian. Likewise any linear combination of
the cubic Pfaffians of (4.16) as a multiple of the quadratic Pfaffian of (4.16) restricts
to P[H(A)]. O

Set v = L(z1,...,26) a general linear form. Denote by
S=8n(w=L)C(v—L=L =0)~P*

the intersection S N (v = L). By generality we can assume that S is of dimension
2, is contained in a single quadric @5 (the smooth quadric of rank 5, restriction to
P* ~ (v — L = L1 = 0) of the quadratic Pfaffian, Q) and that the cubic Pfaffians
when restricted to v = L are linearly independent modulo @s5.

If dim S = 3 then S,cq is a Weil divisor in Q5. By Lefschetz’s hyperplane theorem
the Picard group of Q)5 is generated by the hyperplane section. As in the previous
case we deduce that S is cut out by a single hypersurface in Q5. From here the proof
follows exactly in the same way as before.

We have finished the proof of (ii) of Proposition IV.34. O

Proof of Theorem IV.2j. Consider the ideal Ker A C Clzy,...,z5]. Proposi-
tion IV.34 says that the image of C under the embedding 7 is contained in Z (1) N X.
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It also says that the dimension of Z(/) N X is 1. Moreover, since the degree of X is
13 (see Proposition IV.9) we deduce that deg(n(C)) = deg(X) - 2*. Applying Propo-
sition IV.2 we conclude that I(n(C)) = I + (Pfy,...,Pf5). Which implies that 7(C) is

a complete intersection in X. [

Since 14 = M (n(C)) = (A(Pfy1),..., A(Pf5)) we also have the following character-
isation of R(C, A).

COROLLARY IV.35. Let C be a nonsingular curve of genus 14 having a halfcanon-
ical divisor A such that h°(A) = 5. Assume that WZ(C) = (). Then, the ring R(C, A)
is a codimension 3 ring, generated in degree one. Moreover the ideal 14 is generated

by the 5 submaximal Pfaffians of a skew matrix

mi2 M1z M4 Q1
ma3 M24 Q2
m34 g3
44
where m;j € (x1,...x5) ~ H°(A), span a subspace of H°(A) of dimension > 4 (not

necessarily the whole of HY(A)) and ¢; are general quadrics in the variables 1, . . . 5.



CHAPTER V

Applications to surfaces of general type

In this chapter we give two applications of the results of Chapter IV. We construct
the canonical model of a surface of general type in a family of each of the following
birational classes:

q=0, p;,=4 and K2:7,
q=0, p,=6 and K?=13.

In both examples the basic idea is to explore the canonical linear system |Kg| and
derive our results from the previous chapters. Using a general member of | Kg| and the
hyperplane principle we obtain an initial description of the canonical ring R(S, Kg).
Next, we construct a vector bundle & on S which yields and embedding of the canon-

ical model of the surface into a generalised weighted Grassmannian.

THEOREM V.1. Let S be a nonsingular reqular surface of general type with pg = 4
and K% = 7. Assume that |Kg| yields a birational morphism onto a surface with at
most ordinary singularitites. Then the canonical model Proj R(S, Kg) is a complete

intersection of four quasihomogeneous forms of degree 2 and one quasihomogeneous

13 32)

form of degree 3 in the generalised weighted Grassmannian P(1)xG(5", 5

THEOREM V.2. Let S be a nonsingular reqular surface of general type with py = 6
and K? = 13. Assume that the map sym? is surjective. Then the canonical model
Proj R(S, Kg) is a complete intersection of four quasihomogeneous forms of degree 2
and one quasithomogeneous form of degree 1 in the generalised weighted Grassmannian

P(1)xG(3*,3).

Conventions. Let S be a smooth surface. Following Kodaira’s classification, the
surface S is of general type if and only if for some n > 0 the map ¢, i is birational.
In the modern terminology we say that Kg is big. Following the philosophy of the

Minimal Model Programme, the assumption that Kg is nef implies that S is minimal:

121



V.1 The hyperplane principle 122

if C'is a —1-curve on S then by adjunction KgC < 0. In this work we adopt the

following definition.

DEFINITION V.3. A surface S is of general type if and only if the canonical divisor

Ky is nef and big.

For a nef divisor L on a projective reduced variety, L is big if and only if L™ > 0.
Hence an equivalent definition of surface of general type is given by Kg nef and
KL% > 0. Accordingly, in the theorems above we can replace “of general type” by

“with Kg nef.”

V.1. The hyperplane principle

In this section we describe an important result that makes it possible to reduce
the analysis of a graded ring R to a lower dimensional ring R. This idea comes from
geometry and corresponds to the basic operation of taking a hyperplane section of an

embedded variety X C P".

THEOREM V.4. Let R be a graded ring and o € Ry a nonzero-divisor. There

exists an exact sequence:

~

0— R(—d) ™ RS R=R/(x) — 0;

and we have:

(i) If x1,...,2,, € R generate the ring R then choosing preimages x1,...,%y
under ® of T1,..., T, the elements g, ...,x, € R generate R.
(i1) If f1,..., fm are relations between Ty, ..., Ty, i.e. if

EZC[ﬁ,aﬁ]/(fl’7fm)

then there exist Fi,. .., Fy, between xg,...,x, such that 7(F;) = f; and F;

generate the ideal Ker ev, where

ev: Clzg,...,z,) — R.
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Proof. Consider the following diagram

0 0
J I
0 ($0> C[xo,:rn] HC[@,,@] — 0
I
|
v o ™
0 — R(—d) R R 0
0

where the two horizontal sequences are exact and the dashed morphism is unique
morphism making the diagram commute. Let fzg € (xg). Then under the dashed
morphism fxo maps to f € Ryeg(s) = R(—d)deg(fz,)- This morphism is well defined
since xq is a nonzero-divisor (in other words (z¢) C R is a free R-module). Moreover,

it is an isomorphism. Hence, by the snake lemma, we deduce that
Clzo,...,zn] = R

is surjective. In other words R is generated by xp and any choice of preimages of
Z1,...,T, under m. At the same time we deduce that J ~ Z as modules over
Clzo,...xn). Suppose that fi,...,fn are generators of Z over C[Zy,...,Z,] then
fi,..., fm are generators of Z over C[xg,...,z,|. Therefore there exist Fi,...F,,
that generate J over C[zo,...,x,]. Finally notice that the isomorphism J ~ 7 is
simply the restriction of C[zo,...,z,] — C[z1,...,Z,], which is uniquely defined by

x;— T; fori>1and zg— 0. O

If S is a surface of general type and |Kg| is not empty then we can take a “hyper-
plane section” corresponding to a nonzero-divisor, f € H(Kg) of degree 1 in the ring
R(S, Kg). If the corresponding section (f = 0) = C € |Kg| is a nonsingular curve, we
have automatically on C a halfcanonical divisor A given by adjunction as Kgc. The
point is that under some assumptions, the ring R(S, Kg)/(f) is the halfcanonical ring
R(C,A).
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PROPOSITION V.5. Let S be a nonsingular reqular surface of general type. If
C € |Kg| is a nonsingular curve cut out by f € |Kg|, then R(C,A) = R(S, Kg)/(f).

Proof. By regularity and Kodaira vanishing the cohomology space H'(nKg) is

null for any integer n. Hence from the restriction exact sequence we deduce that
0 — H(n—1)Kg) & HO(nKs) — HO(C,nA) — 0;
and hence taking the direct sum of these sequences:
0— R(S,Ks)(—1) = R(S,Ks) — R(C,A) — 0
in other words, R(C,A) ~ R(S,Kg)/(f). O

This illustrates the role of the regularity of S in this work. There will be one more
place where regularity of S is important. This is when we apply the vector bundle

method to S.

V.2. Indecomposability

The notion of indecomposable linear system will be used for the first birational
class of surfaces we study in this chapter, and will appear again for the surfaces
with p, = 6 and K? = 13. However indecomposability of |Kg| for surfaces with
pg = 4 is almost automatic. Indeed it follows from the assumption that |Kg| is
base-point free. The latter is a classical case assumption in the study of a particular
birational class of surfaces of general type. The point we wish to make is that the
assumption of an indecomposable canonical linear system in the study of a birational
class of surfaces of general type, when not itself a case assumption (distinguishing, for
example, canonical rings of different codimension) is a generality assumption. This is
not clear in the p, = 4 and K? = 7 case but it is in the case pg = 6 and K? =13, where
indecomposability translates to a condition on the rank of the quadric containing the
canonical image of S. The motivation to introduce this notion comes from the vector
bundle method. This is, off course, already clear in Mukai’s work [M95a] and has
appeared recently in Takagi’s work of classification of Q-Fano 3-folds [T03].
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DEerINITION V.6. Let X be a variety and D a divisor on X. We say that a
complete linear system |D|, or simply D, is decomposable if there exist A and B Weil

divisors on X such that A and B are mobile, i.e. h%(A), h°(B) > 2 and
D=A+B.

We refer to A, B as a mobile decomposition of D. The linear system |D| or simply D

is called indecomposable if it has no mobile decompositions.

Even by requiring that |Kg| be free we can still have |Kg| decomposable. This
can be checked against the case of regular surfaces of general type with p, = 6 and

K2 = 13 below.

ProposiTioN V.7. Let X be a variety and D an effective divisor on X. Then D
is decomposable if and only if there exists a symmetric tensor on rank 3 or 4 in the

kernel of the map
S?H°(D) — H°(2D). (2.1)

Proof. The main idea has already showed up in the proof of Proposition I11.9 on
page 36. Suppose D is decomposable. Then there exist A and B Weil divisors such
that

D=A+B

and h°(A), h°(B) > 2. Let V3 C HY(A) and Vo C HY(B) be two subspaces of
dimension 2. There is map

Vi ® Ve — H(D) (2.2)
defined by sending (u,v) € Vi x V3 to vu € H(D). If the kernel of this map is of
dimension > 2 its projectivised kernel in P[V; ® V3], being at least one dimensional,
must meet the hypersurface P[V;] x P[V3] and therefore® there exists 0 # u € V; and
0 # v € V4 such that uv = 0, which is false. Thus the kernel has dimension < 1. In

other words, denoting by {u1,us} and {v1,v2} bases for V; and V4, respectively, there

is a single linear relation holding between
0
U1v1, ULV2, UV, UV, € H (D)

*This idea is Castelnuovo’s linear-bilinear principle.
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There is a relation holding between these generators:
(ulvl)(ugvg) — (UQ’Ul)(Ul’UQ) =0

and by what we have showed, this tensor corresponds to an element of the kernel of
(2.1) of rank 4 if the kernel of (2.2) is trivial, or of rank 3 in case that kernel is one
dimensional.

Conversely if the image of the map ¢ p|: X — X C P" is contained in a quadric of
rank 3 or 4 then the hyperplane section has a mobile decomposition (this is still true if

n =2 and X maps to a plane conic) and therefore D = ¢ !(H) is decomposable. [

V.3. Surfaces with p, =4 and Kg =7

Regular surfaces of general type with p, = 4 and birational canonical map were
systematically studied by Enriques in [En]. In the article [C81] Ciliberto constructs a
family of regular surfaces of general type with p, = 4, birational canonical morphism
and K2 in the set {5,6,7,8,9,10}. See our introductory discussion on page 2 for

general background.

If the canonical linear system |Kg| is free then the canonical map i, maps S
to a surface ¥ of degree 7 in P3. In particular, there are no quadrics through the
image of S and consequently |Kg| is indecomposable. By Bertini’s theorem, a general
member C € |Kgl, is a nonsingular irreducible curve. By adjunction, it comes with a
halfcanonical divisor A = Kg|¢. By the regularity of S the dimension of [A| is 2. The

canonical map @, restricts to C as the birational morphism
©PA: C—C;C P2,

mapping C to a septic plane curve. Since the genus of C is 8, and by the genus formula
pa(C7) = 15, the septic C7 must be singular. A general curve C € |Kg| like above,
moves in a positive dimensional family. We conclude that X, the image of S by ¢k,
has a singular locus of positive dimension. In particular there exists a curve v C X
on which ¥ is singular. We add to this the assumption that 3 has at most ordinary
singularities. This means that only a finite number of points of v are not ordinary
double points of ¥ and those that are not double points are triple points of 3 and are

the origins of three linear branches of v with non coplanar tangent lines. (See [C81]).
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The following proposition gives a lower bound for the gonality of a nonsingular
curve in |Kg|. It is clear that for most surfaces of general type a curve C in the
canonical linear system cannot be Brill-Noether general. In fact if p, > 2 then C
has a halfcanonical linear system of positive dimension and then by Gieseker’s result
(see [Gie]) C cannot be Petri general. However, in the case of regular surfaces, the
hyperplane principle imposes on the halfcanonical ring the same codimension as the
canonical ring. Therefore we expect to get a lower bound for, say, the gonality of a

nonsingular member of the canonical linear system.

ProrosiTiON V.8. Let S be a nonsingular reqular surface of general type with
pg = 4 and K% = 7. Assume that |Kg| yields a birational morphism onto a surface
with at most ordinary singularities. Then a nonsingular curve C in the canonical

linear system |Kg| is nontrigonal.

Proof. A nonsingular member of |Kg| is a curve of genus 8. The canonical divisor
of S restricts to C as a halfcanonical divisor A. Since Kg is free so is A. Suppose
that C has a g%. Denote it by £&. Then by Proposition II1.2 on page 31 the space
HOY(A — 2¢) is positive dimensional. Since h?(2¢) > 3 and h°(A) = 3, we deduce that

A cannot be free. This is a contradiction. Hence C is nontrigonal. [

ProprosiTiON V.9. Let S be a regular nonsingular surface of general type with
py =4 and K* = 7. Assume that |Kg| yields a birational morphism onto a surface
with at most ordinary singularities. Then there exists a nonsingular curve C € |Kg|

with gon(C) = 4.

Proof. Let X denote the image of the canonical morphism. Since by assumption
> has at most ordinary singularities, it follows that the number of triple points of
~ (which will be triple points of ¥) equals (7g4) = 1. (The general formula for the
number of triple points of the double curve of a surface in P? with only ordinary
singularities is (dg4); where d is the degree of the surface. This is classical result by
Enriques. Proofs are given in the original text by Enriques [En, p 174] and in Griffith
and Harris’ textbook [GH]). We deduce that a generic plane section of ¥ through

the triple point of v is an irreducible curve with a triple point and double points at
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every other point of intersection with . Therefore, the inverse image under ¢, is a

nonsingular curve in |Kg| with a free g}. [

V.3.1. The ring R(S, Kg). For a general curve C € |Kg|, C is a nonsingular curve
of genus 8 with a free halfcanonical linear system A of dimension 2. Therefore by
Corollary IV.23 the ring R(C, A) is a codimension 3 ring generated by elements of
degree 1 and 2 and the ideal 74 is generated by two cubics and three quartics. Thus
the following proposition is a straightforward application of the hyperplane principle,

Theorem V.4.

ProprosITION V.10. Let S be a nonsingular reqular surface of general type with
pg = 4 and K? = 7. Assume that |Kg| yields a birational morphism onto a surface
with at most ordinary singularities. Then the ring R(S, Kg) is a codimension 3 ring
generated by elements of degree 1 and 2. Furthermore, the canonical ideal Ly is

generated by two cubics and three quartics. [

What we show in the next paragraphs is that the Pfaffian format of R(C, A) can,
as well, be pulled back to R(S, Kg).

V.3.2. The bundle.

ProposiTiON V.11. Let S be a nonsingular reqular surface of general type with
pg = 4 and K? = 7. Assume that |Kg| yields a birational morphism onto a surface
with at most ordinary singularities. Then there exists a vector bundle & on S of rank
2 and determinant Kg with the following properties:

(i) dim H°(&) = 3.
(ii) The map \*> HY(&) — HO(Kys) is injective.
(iii) The map H°(Kgs) ® HY(&) — H°(&(Ks)) has a 2-dimensional cokernel.

Proof. Let C be as given by Proposition V.9 and let ¢ be a free g; on C. The bundle

Oc(&) is globally generated and accordingly there exists a surjective morphism
205 — 20¢ — O¢(£).
Let us denote the kernel of the map 20g — O¢(§) by #. We have

0—.% —205 — O0¢(&) =0 (3.1)
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The rank 2 sheaf .# is locally free and is called an elementary modification of 20g
along O¢(&). See [HL, pag. 129]. Denote the restriction of Kg to C by A and by &
the dual of .Z.

LEMMA V.12, The dual sequence to (5.1) is
0—-205—& — Oc(A—-&) — 0. (3.2)

In other words, &xts(Oc(§), Os) = Oc(A —§).

Proof of the lemma. From the exact sequence
0— O0s(—C)— O0g — O — 0

applying the functor s#om(-,Og) we obtain &rts(Oc, Os) = O¢(A). Let & € [¢] be

an effective divisor. From the exact sequence of sheaves on S
0— Oc — Oc(6) — Os — 0,
applying the functor Jom(-, Og) we obtain
0 — &xt5(0c(6),05) — Oc(A) — Ext%(05,05) — Ext%(Oc(8),0g) — 0. (3.3)
Applying s#om(-, Og) to the exact sequence
0—.F — 205 — Oc(0) =0
we see that

0—20g — & — Ents(Oc(£),05) — 0

and additionally we deduce that &xt%(Oc¢(8), Og) = 0. In the exact sequence of (3.3)
the sheaf &xtL(O¢(d), Oc) is supported on C (see [HL, pag. 5]) and as a sheaf on C
is torsion free, therefore, since C is nonsingular, it is a locally free sheaf on C. Since
&nt%(0c(8),0s) = 0 and &t%(05, Og) is supported on §, by taking determinants on
C we deduce that

Ert5(0c(9),05) = Oc(A—0). O

From the sequence (3.2) we get det & = Kg. By invoking the regularity of S, item
(i) is likewise straightforward. (Recall that £ corresponds to the projection from a

singular point of multiplicity 3 on the plane septic C7 = p4(C) C 7 ~ P?).
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Proof of (ii). To show (ii) we argue by contradiction. Suppose that there exists a

nontrivial skew tensor in the kernel of
2
N E’(&) - H(Ks).

Since H%(&) is 3-dimensional, such tensor is necessarily of rank 2. Which is to say
that there exist two sections s1, so € H(&) such that Og - s1 + Og - 52 span a (torsion
free) subsheaf of & of rank 1. Denote the saturation of Og - s1 + Og - s9 — & by Ly

and the torsion free quotient &/L; by Ly. In virtue of
0—-L —-&—Ly—0

we deduce that Kg = ¢1(L£1) + ca(L2). The sheaf £; is locally free, whereas for some
subscheme Z of codimension 2, the sheaf £y equals %7 ® £YV. Since s1,s2 € H°(L1)
the system | c1(£1)] is mobile. The existence of a nonzero morphism & — Lo implies
that h9(&Y ® L3) > 0. As a consequence of &Y = .% C 205 we get &Y @ Lo C 2Ls.
Therefore we deduce that h°(Ls2) > 0. Suppose that £ ~ Og. Then & is an extension
of Og by Og(Ks). The group Ext!'(Og, Os(Ks)) classifies all such extensions and
is easily seen to be trivial, by the regularity of S. Hence Lo ~ Og implies that
& ~ Og @ Og(Kg) which is not true. (Incidentally the case of Lo ~ Og is also ruled
out by the fact that £; being invertible has no second Chern class, whereas & has
nonzero Chern class coming from the degree of & on the curve). If h%(L3) > 0 and
Lo # Og then either ¢q(L2) moves or the linear system it spans consists of a (fixed)
effective divisor. But from (3.2) we see that & is spanned by its global sections outside
the support of the divisor |A — £| on C. Therefore c¢1(£2) must be a mobile linear

system. This is a contradiction since |Kg| is not decomposable.

Proof of (iii). As we mention above, by (3.2) the bundle & is globally generated
everywhere except at the support of | A—¢|. Thus, the evaluation morphism associated

to a choice of basis of H(&) yields
0— Os(—Ks)® Iz — 305 — & —0 (3.4)

where .# is the ideal sheaf of a subscheme Z of codimension 2 and & C & is the image

of 305 — &. Even though the sections H(&) do not generate & at § = supp(A — &)



V.3 Surfaces with p, = 4 and Kg =7 131

they still span a a vector space of dimension 1, hence & is a little larger than & ® %5,

in fact it fits in the exact sequence

O—><;@V—>éa—>(95—>0

and consequently ¢, & = 1+ Kg+ 0[pt]. This implies that co(Og(—Kg) ®Zz) =0, by
taking total Chern classes of (3.4). Consequently, Z = (). The map

H'(Kg) @ H(&) — H'(&(Ks)) C H(&(Ks)) (3.5)

can now be obtained by tensoring (3.4) with Og(Kg) and taking global sections. We
see that it has a kernel isomorphic to H°(Og). The fact that H°(&(Kg)) = 13, which
we require to finish this proof, can be deduced from (3.2) using the regularity of S

and Riemann—Roch on C

RO(C,24 — &) = h0(C,€) + deg(A) — deg(¢) =5. O

Notice that we can easily find a generator of the kernel of the map of (iii). It

corresponds to the tautology:
(82/\83)'81—(81/\83)-82+(81/\82)'83:0.

As we shall see, & is the restriction of the tautological orbi-bundle of a generalised
weighted Grassmannian. The above relation is one of the ten relations between the

five generators of the Serre module of &. (See our introduction on page 9).

V.3.3. R(S,Kgs) and the bundle &.

PROPOSITION V.13. Let S be a regular nonsingular surface of general type with
pg = 4 and K? = 7. Assume that |Kg| yields a birational morphism onto a surface
with at most ordinary singularities. Let & be a vector bundle on S of rank 2 and
canonical determinant satisfying items (i), (ii) and (iii) of Proposition V.11. Fix
(s1,89,83), a choice of basis of H(&) and (t1,t2) C H°(&(Kg)) an orthogonal to
HY(Kg)® HY(&). Let u € H°(Kgs) span a complementary space to the image of the
map N* HY(&) — HO(Kg). Consider the polynomial ring Clz, mij, ng, 2| where

mia M1z M1 M2 112 2
me3 N21 N22 1 2

2
wt(M) = wt e e | = 5 9
3

z
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and wt(z) = 1. Define a map ev*t: Clz, mi;, ng, 2] — R(S, Kg) by settingev't(z) = u,
evh(m;j) = s; Nsj, ev(ng) = sy Aty and evt(z) =t1 Ata. Then

(i) ev' is surjective.
Let ev: Clzy, xa, x3, 24, y1,y2] — R(S, Kg) be a minimal surjective morphism. Denote
by Pfy,...,Pfs the 5 submazimal Pfaffians of the matriz M above. Then, for any

choice of basis (s1, S2,83), (t1,t2), u and of a surjection
A C[x7mij7 Nk, 2] - C[$17$2’x3,x47ylay2]

such that ev™ = X o ev, we have:
(ii) A{Pfy,Pty, Py, Py, Pfs} € Ixcy;
(iii) A(Pfa), \(Pf5) are a basis of Iy 3;
(iv) A(Pf1), A(Pf2), A(Pf3) are a basis of Irga/If, 4-

Proof. We reduce the proof of this result to an earlier result. (Proposition IV.20).

LeEMMA V.14. There erists nonsingular curve C € |Kg| such that A = Kgc is

base-point free and &¢ is a stable bundle on C of rank 2 and determinant A with

dim HO (&) = 3.

Proof of the lemma. Since |Kg| is free, by Bertini’s theorem we know that a
general member C of |Kg|, is a nonsingular curve with a free halfcanonical net. The

restriction of & to C is such that
0—-&(-Ksg) — & — & —0

From (3.2) we deduce that h%(&(—Kg)) = 0. Since &(—Kg) = .%, by (3.1) we also
have h'(&(—Kg)) = 0. Thus h°(&z) = 3. We are left with showing that & is a stable

bundle. We will show that & is isomorphic to the unique indecomposable extension
0— Oc(A— §p) — &p — OC(fp) —0

having h°(&,) = 3 (where p is a general point of C and &, = |A — p| is a free g) since,
as we saw in the proof of Proposition IV.20, &, is a stable bundle. We proceed in a
similar way to the proof of that proposition. From h°(&z) = 3 we deduce that there

exist a section vanishing at p. We saturate the embedding O¢(p) < &¢ to obtain

0— Oc(d) = & — Oc(A—6) — 0.
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This argument was used in the proof of Proposition IV.20 to prove uniqueness. There
we assumed stability of & to show that hY(§) < 1. Here we cannot use stability but

we can use what we know of & on S. Suppose that h%(§) > 1. Then the map

2
NEH (&) — HO(A) (3.6)

has a nontrivial kernel. Let V be the image of the map A\* H(&) — H°(Ks) as in
(ii) of Proposition V.11. Then (3.6) above implies that C € P[V] C P[H°(Kg)] which
is not true for a general C € |Kg| since P[V] has codimension 1 in P[Kg]. Hence
h%(5) < 1. We draw together with the proof of Proposition IV.20 once more. If
degd > 1 then surely h%(A —6) < h%(&,) < 2 and this means that h%(&¢) < 3, which

is a contradiction. Therefore § = p. [

Consider the following commutative diagram:

A ev
Clz, mij, ngy, 2] —— Clz1,...,24,91,y2] — R(S, Kg)
A T
Clmij, nk, 2] — Clzy, ..., x3,y1,92] — R(C, A)

given by restriction to C € |Kg| whose equation, by the lemma, we may take to
be ev '(u) = x4 = 0, without any loss in generality. The proof follows from an

application of Proposition IV.20 on page 93 [

V.3.4. Proof of Theorem V.1.

PROPOSITION V.15. Let S be a reqular nonsingular surface of general type with
pg = 4 and K? = 7. Assume that |Kg| yields a birational morphism onto a surface
with at most ordinary singularities. Let & be a wvector bundle on S of rank 2 and
canonical determinant satisfying items (i), (ii) and (iii) of Proposition V.11. Fix
(s1,89,53), a choice of basis of H*(&) and (t1,t2) C H°(&(Ks)) a complementary
space to H'(Kg) @ HY(&). Let u € H°(Kg) span a complementary space to the
image of the map N> HY(&) — H°(Kg). Let X denote the generalised weighted

Grassmannian P(I)MG(%?’, %2) Define a map

n:S—X (3.7)

by setting p — (u(p), si A sj(p), si Atr(p),t1 Ata(p)). Then
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(i) n factors through the pluricanonical map S — Proj R(S, Kg).
(ii) The canonical model is cut out on X by 4 quasihomogeneous forms of degree

2 and one quasihomogeneous form of degree 3 in X.

Proof. The map 7 fits into the commutative diagram:

S X (3.8)

S

Pla;, yp] — Plz, myj, n, 2]

where ¢: S — Proj R(S, Kg) C P[z1,...,%4,Y1,y4] is the projectivised of the map
ev: Clzi,...,z4,y1,y2] = R(S,Kg) and the map P(\): R — Plx, myj, ni, 2] is the

projectivised of the surjection:
/\I (C[x, mij, Nk, Z] — (C[l'l, cees T4, Y1, yg}

as in Proposition V.13. The vertical arrow is the embedding of X into weighted
projective space. Since n = P()) o ¢ item (i) is proved.

The image of S under ¢ is cut out by the generators of Zx, which we denote by
Ay, By, Cy, and F3, G3 (three quartics and two cubics) and consequently the image of S
under 7 = P(\) o ¢ is cut out by A=! { A4, By, C4, F3, G3} plus four quasihomogeneous
forms of degree 2 and one quasihomogeneous form of degree 3 that span Kerev. But

from Proposition V.13 and Proposition V.10 it follows that
)\_I(A47 B47 047 F37 G3) = (Pflv e 7Pf5)

Where (Pfy,...,Pf5) is the homogeneous ideal of X in P[x, m;;, n, 2|, Therefore
Proj(9) is set-theoretically cut out in X by four quasihomogeneous forms of degree 2

and one quasihomogeneous form of degree 3. [J

Proof of Theorem V.1. This is straightforward from Proposition V.15. We use the

7

513 " 24 .3 and apply

computation of the degree of X, which by Proposition IV.9 is
Proposition IV.2. [



V.4 Surfaces with pg = 6 and K% =13 135

V.4. Surfaces with p, = 6 and Kg =13

Assume that S is a nonsingular regular surface of general type with p, = 6 and
K?% =13. If |Kg| is free then, since 13 is prime, the canonical morphism is automati-
cally birational. Suppose additionally that sym? is surjective. A general member C of
the canonical linear system |Kg| is a nonsingular curve of genus 14 with a halfcanon-
ical divisor A = Kg|¢ such that dim H°(A) = 5. By Corollary IV.35 on page 120, the
halfcanonical ring R(C, A) is a codimension 3 ring. We deduce that R(S, Kg) is a codi-
mension 3 ring. Evidently, if sym? is not surjective then R(S, Kg) has codimension

> 4, since it requires generators in degree 2.

PRrOPOSITION V.16. Let S be a nonsingular reqular surface of general type with

pg = 6 and K? =13. Then if sym? is surjective the linear system |Kg| is free.

Proof. Suppose that sym? is surjective and that |Kg| is not spanned by its global
sections. Then |2Kg| is not spanned by its global sections. However, by a Theorem of

Bombieri (see [Bom)]) the linear system |2Kg| is spanned by its global sections. O

COROLLARY V.17. Let S be a nonsingular reqular surface of general type with
pg = 6 and K? =13. Then

sym? is surjective < R(S, Ks) has codimension 3. O

We want to show that the canonical model Proj R(S, Kg) is a complete intersection
in a generalised weighted Grassmannian. We will use the vector bundle method.
Before we need some preliminary results concerning the elements of the canonical

linear system.

PROPOSITION V.18. Let S be a nonsingular reqular surface of general type with
pg = 6 and Kg = 13. Assume that sym? is surjective. Then a nonsingular curve of
the canonical linear system has no g%. Additionally, there exists a monsingular curve

in |Kg| with a (free) gi.

Proof. Let C € |Kg| be a nonsingular curve. Then C has genus 14 and has a
halfcanonical divisor A = Kg¢ such that dim H 9(A) = 5, by the regularity of S.



V.4 Surfaces with pg = 6 and K% =13 136

Additionally
dim Ker {S?H°(C, A) — H"(C,24)} = dimKer {S*H"(Kg) — H°(2Kg)} =1

and accordingly, S2H(C, A) — S?H(C,2A) is surjective. Thus, as in the proof of
Proposition V.25, we deduce from Lemma I11.41 that C has no gi. Notice that since
R(S, Kg) is generated in degree 1 the map

L,OKS:S—>ECIP)5

is an embedding away from —2-cycles. The image of S is the canonical model of S
and therefore it has at most Du Val singularities. By a numerical argument ¥ is
contained in a quadric of rank @ of rank > 3. To show that a smooth C € |Kg| has a

pencil of degree 6, in view of Proposition II1.9 on page 36 it is enough to show that
sym?: S2HY(C, A) — H°(C,2A)

contains in its kernel a symmetric tensor of rank < 4. In other words, it is enough
to show that the hyperplane section of 3 determining C is contained in a quadric of
rank < 4. If rank ) < 4 then this is obvious: all hyperplane sections satisfy this
requirement. In the remaining cases we must show that there exists a hyperplane H
such that @ N H is a quadric of rank < 4 and ¥ N H is a nonsingular curve, that
is to say, H is not tangent to S at any point of ¥ N H. Suppose that rank @ > 5.
One way to make rank Q N H < 4 is to take a tangent hyperplane to ). The variety
parametrising tangent hyperplanes to @ (the dual of @) is a quadric in dual projective
space. Therefore its dimension is 4. The dual variety of ¥ (containing an open
subset parametrising hyperplanes containing tangent planes at nonsingular points)
has dimension < 242 = 4. These two varieties cannot be equal. Hence there exists a
hyperplane tangent to () and not containing any tangent plane to a point of 3. The
curve C € |Kg| determined in this way is a nonsingular curve whose image by ¢ is

contained in quadric of rank < 4. [

ProprosITION V.19. Let S be a nonsingular reqular surface of general type with
pg = 6 and K? = 13. Assume that sym? is surjective. Then the canonical ideal is

generated by a quadric and four cubic forms.



V.4 Surfaces with pg = 6 and K% =13 137

Proof. Let C € |Kg| be general nonsingular curve in the canonical linear system.

Then as we have shown in the proof of the previous proposition, the map
S?HO(A) — H°(24)

is surjective. Therefore by Corollary 1V.35, the ideal I, is generated by 4 cubics
and one quadric. Hence, this result follows from the hyperplane principle, Theo-

rem V.4. [

V.4.1. The bundle.

ProprosiTION V.20. Let S be a nonsingular reqular surface of general type with
py =6 and K* = 13. Assume that sym? is surjective. Then there ezists a bundle &
of rank 2 such that:

(i) ¢t & =1+ Kg + 7[pt];
(ii) dim HY(&) = 4;
) the map \? H(&) — HO(Kg) has a kernel of dimension < 1.
(iv) the map H°(Kg) ® HY(&) — H°(&(Ks)) has a 1-dimensional cokernel.

(iii

Proof. Let C € |Kg| be a nonsingular curve in the canonical linear system having

a gg. (See Proposition V.18).

Proof of existence. Denote by € a g§ on C. Since C has no g} the linear system ¢ is
base-point free. Hence the evaluation morphism 20 — £ given by (f, g) — fs1+gs2
for a choice of basis (s, s2) of H?(£), is surjective. Let us denote by &V the kernel of

205 — O¢(&). We have
0— & — 205 — Oc(€) — 0. (4.1)

The sheaf &V is an elementary modification of 20g and therefore it is locally free.

Applying the functor #om(-, Og) to (4.1)
0—-205— & — <§’xt}95(§, Og)—0

Since &xtt (¢, Og) = Oc(A—¢€) (see Lemma V.12) and denoting A — & by 1, we deduce

that there exists a vector bundle & of rank 2 fitting into the exact sequence

0—-205 —& — Oc(n) —0 (4.2)
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Proof of (i). Taking total Chern class in (4.2)
¢ & = (¢:205)(ct Oc(n)) = ¢: Oc(n) = 1+ Ks + c20¢c(n)

From the sequence

0— O0s(—Kg) — O — O¢ — 0

we have 1 = ¢; Og = (1 — Kg) ¢; O¢ so that ¢; Oc =1+ Kg. From
0— Oc— Oc(n) — O, —0

we have ¢;Oc¢(n) = (1 + Kg)(1 + deg(n)[pt]) = 1 + Kg + 7[pt].

Proof of (ii). By regularity of S, dim H!(20g) = 0. Therefore after taking global

sections of the exact sequence (4.2)
0— H'(20s) — H(&) — H"(Oc(n)) — 0.

By Proposition II1.2 we have dim H°(O¢(n)) > 2. Since sym? is surjective, by Propo-
sition IV.25, C has no g3. We deduce that dim H%(O¢(n)) = 2. Thus dim H°(&) = 4.

Restriction of & to C. In the proof of the following item it will be convenient to

know the restriction of the bundle & to the curve C.

LEMMA V.21. The restriction of & to C is the unique nonsplit extension
0— Oc(§) — e — Oc(n) — 0
with dim H°(&) = 2.

Proof of the lemma. Consider the following diagram:

0 &Y 205 Oc(§) —=0
A

0 & & 0
L
éc Oc(n)

and apply the snake lemma. [
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Proof of (iii). We use the restriction of & to C to prove this item. However, there

exists a different proof when | K| is slightly more general then we are assuming here.

LEMMA V.22. In addition to the assumptions of this proposition, suppose that |Kg|

is indecomposable. Then the kernel of the map in item (iii) is at most 1-dimensional.

Proof of the lemma. We refer the reader to the proof of item (ii) of Proposition V.11

for a more detailed proof of a similar result. Suppose that the kernel of the map
2
N\ H (&) — H(Ks)

has dimension > 2. Then its projectivised contains a line and thus must intersect
G(2, H°(&)), the variety of skew tensors of rank 2. A point of this intersection yields
a splitting of &

0—-L—-&—-M—=0 (4.3)

where L is a reflexive sheaf of rank 1 (thus locally free) and M is a torsion free sheaf

of rank 1. Moreover dim H%(L) > 2. Taking first Chern classes,
Kg = Cl(ﬁ) -+ C1(M).

We want to show that dim H°(M) > 2 and this way obtaining a contradiction to
indecomposability. From the sequence (4.2) we see that & fails to be spanned by its
global sections eventually at the base points of the linear system 7. Therefore M
is spanned by global sections except at a finite set of (base) points. From (4.3) and
(4.2) since dim H(&Y @ M) > 0 we deduce that dim H°(M) > 0. Therefore, either
M = Og or dim H’(M) > 2. Notice that

M torsion free = M ~ Og(ci M) ® Oz
from some subscheme Z C S of codimension 2. If M ~ Og then
dim Hom(&, Og) = dim H°(&Y) > 0

and this is false as one checks from (4.1). O
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Remark. If the linear system is indecomposable then the kernel of sym? contains
no quadrics of rank < 4 (Proposition V.7). In other words the rank of the quadric
through ¥ C P° (the image of S be the canonical map) is > 5. By the argument of
the proof of the previous lemma, when nonempty, the projectivised kernel of the map

N\’ H(&) — HY(Kg) does not lie in G(2, HO(&£)).

In the general case, the argument relies on item (iv) of Proposition IV.29. Recall

that we showed that the kernel of the map
2
N HO(E) — HO(A)

had dimension < 2. Suppose that A* H*(&) — H(Kg) has a kernel of dimension
> 2. Then, composing with the restriction map H°(Kg) — HY(A) we deduce that

2
NEH'(&) — H(4)

has a kernel of dimension > 3, since we can see from (4.2) that there exist two sections

s1, 82 such that s1 A sg #£ 0 on S but s; A sy =0 on C. This is a contradiction.

Proof of (iv). Tensoring (4.2) with Og(Kg) we have
0—20g(Kg) — &(Kg) — Oc(A+1n) — 0.
So that, by RR and Serre duality on C, and by regularity of S,
dim H°(&(Ks)) = 2 - dim H*(Kg) + dim H*(O¢(A + 1)) = 21.
Since dim H°(Kg) ® H°(&) = 24 we are left to prove that the kernel of the map:
H°(Ks) ® H%(&) — H%(&(Ks)) (4.4)

is 4-dimensional. To see this, we identify this map with the map on global sections of

a map of sheaves. We choose a 2-dimensional subspace of HY(&) projecting down to
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H°(n) and write evaluation maps in the following diagram:

0 20g 20g

T

0 — A —=205sP20s —— &

L

20g n

Tensoring the middle sequence with Og(Kg), we see that the global sections map of
205(Ks) @20g(Kg) — &(Kg)

is exactly that of (4.4). Thus its kernel is isomorphic to H°(.#(Kg)). Notice that
none of the evaluation maps needs to be surjective, as  and consequently & might

have base points. The snake lemma applies to the first two rows, giving
0— A —20g —n.
LEMMA V.23. dim HO(A (Kg)) = 4.
Proof. By Castelnuovo’s free-pencil trick, the map
H(C,Oc(n)) @ H"(C,A) — H°(C,Oc(A +1))

has a kernel isomorphic to H°(C, O¢ (£ + B)), where B denotes the base locus of 7. As
the curve C has no gé, the base locus of 1 can consist of at most one point. However,
since by Proposition IV.25 the curve C has no gg and in particular no g2, whether B
consists of a point or is empty is irrelevant for always h%(¢ + B) = 2. Finally, since

the restriction map

2H(Kg) — 2H’(C, A)
has a 2-dimensional kernel and is surjective, we deduce that

dim H°(A (Kg)) = 4. O
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Remark. As we have pointed out earlier in this work one can easily write 4 linearly

independent tensors in the kernel of H(Kg) ® H(&) — H°(&(Kg)):

(s2 A 's3)s1 — (s1 A s3)sa+ (s1 A s2)s3
(s2 Asqg)s1 — (81 A sq)s2+ (s1 A s2)s4
(s3 N sq)s1 — (81 A sq)s3+ (s1 A S3)s4
(s3 A\ sq4)82 — (82 A s4)s3 + (s2 A 83)s4

which, gives a straightforward proof that the kernel has dimension > 4. Looking ahead
for the next proposition, take each of these tensors and wedge it with t € H°(&(Kg)),
a generator of the cokernel of H(Kg) ® H°(&) — HY(&). In this way we obtain four
cubic Pfaffians that together with the quadric tensor in the kernel of sym? generate

the canonical ideal Ig.

PROPOSITION V.24. Let S be a nonsingular reqular surface of general type with
pg = 6 and K? = 13. Assume that sym? is surjective. Let & be a bundle on S given

as in Proposition V.20. Consider a polynomial ring Clv, m;;,n;) with

miz ™13 Mmi4 M 1 11 2
ma23 M24 N2 | _ 1 1 2

wt mas ns | = 1 9 (4.5)
n 2

and wt(v) = 1. Let (s1, s2,53,54) be a choice of basis of H*(&) and t € HY(&(Ks))
be an element spanning a complement to the image of the map in (iv) of Proposi-
tion V.20. Choose u € H°(Kg) such that (u) is a complement to the image of the
map in (iii) of Proposition V.20. Let ev'™ be the map ev*t: Clv,m;;,n;] — R(S, Kg)
defined by
v u,  mi— 8 Asjoand ng = s; At

Denote by Pfy, ..., Pfs the 5 submazimal Pfaffians of the skew matriz in (4.5). Then,

(i) ev’ is surjective.
Let ev be a minimal surjection Clzy,...,x6] — R(S,Kg). Then, there exists a sur-
jection, X: Clvy,v2, mij,ni] = Clx1,. .., x|, such that evt =evo) and

(ii) M{Pfy,...,Pfs} C Ik,.

(iii) A g3 C (Pf1,...,Pf5) thus, since the ideal Ik is generated in degree 3,

we have N~ = (Pfy,...,Pfs).
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Proof. Consider a commutative diagram:

Clv, mij, ni] 2 Clay, ..., z6] —= R(S, Ks)
\L Ac l eve \L
Clv, m;j,ni] — Clx1,...,25] —— R(C,A)

given by restriction to the curve C, whose equation we can take to be given by xg = 0.

Thus, we can reduce the reduce the proof of this proposition to Proposition IV.32. O

V.4.2. Proof of Theorem V.2.

PROPOSITION V.25. Let S be a nonsingular reqular surface of general type with
pg =6 and K? = 13. Assume that sym? is surjective. Let &, (s1, s2,83,54) C H(&),
t € H°(&(Ks)) and uw € H°(Kg) be as in Proposition V.24. Let X denote the

generalised Grassmannian P(I)KG({L, 3). Define a map from S to X by

S p (), s Asi(p),si At(p)] € X.
Then,

(i) m factors through the pluricanonical morphism S — Proj R(S, Kg) and
(ii) the canonical model Proj R(S,Kg) is cut out by four quasihomogeneous

forms of degree 2 and one quasihomogeneous forms of degree 1 in X.

Proof. Consider the commutative diagram:
X

PKg \L l
P(\)

Plzy, ..., x5 — P(1,15,2%)

n

where P()\) is the projectivised of the homomorphism
A C[Uvmij7ni] - (C[l’l, s IEG]

and where the unlabeled vertical morphism is the embedding X  P(1,1%,2%). From
this and the fact that R(S, Kg) is generated in degree 1, item (i) is clear. Addition-

ally, as the image of S by ¢k is cut out by Ix, we deduce that the transform of
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Proj R(S, Ks) by A is cut out in P(1,16,2%) by
Ker A + A\ ', = Ker A + (Pfy,..., Pf5).

The ideal (Pfy,...,Pf5) C Clv,m;j,n;] is the homogeneous ideal of X in P(1%,16,2%).
Therefore we deduce that 1(.S) is cut out in X by Ker A. Since this ideal is generated
by four quasihomogeneous forms of degree 2 and one quasihomogeneous forms of

degree 1 we have proved item (ii). O

Proof of Theorem V.2. We apply Proposition IV.2 using the result of the pre-

13

vious proposition and the computation of the degree of X, which is 37 (Proposi-

tion IV.9). [
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