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Plan

© The algebra of symmetric functions and LR symmetries
© LR symmetries and combinatorial models

© The action of the group Z; x &3 on LR coefficients
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The algebra of symmetric functions

® Given x = (x1,x2,...), let A= A" @A @ ... be the Q-algebra of symmetric

functions on x. For all partitions A with |A| = n, the the Schur functions sy
are homogeneous symmetric functions of degree |A\| and form a linear basis

for A",

sa(x) = ZXT,

summed over all semistandard tableaux T of shape A with |A| = n on the
alphabet {1,2,...}. For all partitions A, the Schur functions s, form a

linear basis for A.
=

@ Given the skew diagram A/u, 1 C A,

\
the skew Schur function

Sy/u(x) = Z xT,

summed over all tableaux T of shape \/u is also a symmetric function in A.



The structure coefficients: Littlewood-Richardson
coefficients

@ For u C A,
A
S\ /u = E s vSus
v
_ Z A
S\/v = CluvSps
n
_ A
SuSy = E APOW
A
where c;}u are nonnegative integers, called Littlewood-Richardson
coefficients.
A
Cuv = Cop

@ The Schur basis is stable under the reduction of variables, that is, under the
specialization x; = 0 for i > n, {sx : £(\) < n} is a basis for
An = Qxa, .-, x0] "
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The algebra A: transformations on shapes: rotation e
transposition t, orthogonal transposition ¢

o] ﬁ

(M)
A =4210, p=2100, (A\/p)® =p’ /XY, (M) =)t =
A.

(M p)te
= 0124, A'=321100, \* = 001123



The algebra A: rotation e of skew shapes

O Sx/u = S(A/u)*

su =% =3 X =50 e
T Te

o T —-T*:.i—>N—-i+a

213]3 3[3]3]3
112]2 2|23
T= trfufaf, o 1[1]2

a(T*)=235=reva(T) =532
@ linear algebra argument

S\/p = E C vSv = S(A/p)* = SuV/AV = E C)\V Sl,:>C —C)\v
v

[
@ notation: Ciw = Cuvrv
CuvAY = C\Vyp-



The algebra A: transposition t and orthogonal
transposition of skew shapes ¢

@ Q-algebra involution w in A: w(sy) = sye.

© wisi/u) = st/ = Sve/ur

S)\/H E C UJSV E C L Sut —S)\t/ut— E Cz ptSut

@ Cuuav = Curptpve.
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The algebra A: transposition t and orthogonal
transposition of skew shapes ¢

@ Q-algebra involution w in A: w(sy) = sye.

© wisi/u) = st/ = Sve/ur

S)\/H E C UJSV E C L Sut —S)\t/ut— E Cz ptSut

@ Cuuav = Curptpve.

S /u)® = SO/ = SO m)t T CurAY = Ottt
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The Littlewood-Richardson (LR) rule

o SA/M Zy pz/

@ D.E. Littlewood and A. Richardson 34; M.-P. Schiitzenberger 77; G.P.
Thomas 74,

LR(p,v, ") := {ballot SSYT of shape A\/u and content v/}.
= Guav = #L(, v, ).
The ballot SSYT's are also known as Littlewood-Richardson tableaux.

@ LR tableau, ballot tableau The content of each initial segment of the
reading word, right to left across rows and bottom to top, is a partition.

2[3]3 2[3]3
122 1[1]2
T — 1]101]1] 1111221332 U = 11111121 2111211332

one has 3 candidates 1,2,3 each receiving 5,3,2 votes respectively. A particular ordering of

the votes is then a ballot sequence of length 10 where at any stage candidate 1 has at
least many votes as candidate 2, and candidate 2 has at least many votes as candidate 3.
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Rotation e on LR tableaux

o LR(u,v,\V) — LR(AY,v®, 1)

213]3 3[3[3]3
1(2(2 2123
T — T[1)1]1] s 7o = 1112

w = 1111221332 — w* = 2113223333

v =532 v*® =235

@ The map e involution on the union of LR tableaux with dual LR tableaux.

CuvAV = CaVyey



¢ orthogonal transposition on LR tableaux

¢ LR, v, \Y)(LR(p, %, 0)) — LR(OAVE v pf)(LR(AVE, vt ut)),

3
5
1[2
14
2[3]3 3
1[2]2 2
T= 11]1]1 1]_ 1o

U

w = 1111221332 Weol = 1234125123

@ Cuuav = Caviptyt.



Knutson-Tao puzzles

@ A puzzle of size n is a tiling of an equilateral triangle of side length n with puzzle pieces
each of unit side length:

(@) unit equilateral triangles with all edges labeled 1 (in blue colour);

(b) unit equilateral triangles with all edges labeled 0 (in pink colour); and

(¢) unit rhombi (two equilateral triangles joined together) with the two edges clockwise of
acute vertices labeled 0, and the other two labeled 1.

@ Puzzle pieces may be rotated in any orientation but rhombi can not be reflected, and
wherever two pieces share an edge, the numbers on the edge must agree.

@ (Knutson-Tao 04) ¢, is the number of puzzles with y, v and X\ appearing clockwise as
01-strings along the boundary.

= 01011 = (100), v = 01101 = (110) and X = 10101 = (210)

ZAZ@\&@
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The action of the group Z, x G3 on ¢\

@ ZnxG3= (17,70 TP =¢ =G =1, (t9)? = (10)? =1).

® The LR coefficients ¢, » are invariant under the action of the dihedral group

Zy x S3 on the triple (p, v, A):
Co(uw,)) = Cuva, S € Zp X Bg,
-the non—identity element 7 of Z,
(v, N) = (uf, 05, \)
-G3 = (<1, s2) shuffles freely the three partitions u, v and A,
(v, ) = W, 1 A)s (v, A) = (1A, v), crsasa(p, v, A) = (A, v, ).

The action of the index two subgroup H = (761, 76) = (761, 7616251 = #)
on puzzles and LR tableaux consists of symmetries exhibited by simple
bijections,

(Z2 x G3) /H = {H,qH = @H = qoaH = 7H}.



CMV)\V - S1S2S1( vAV) — C)\VVM
@ The reversal map e : LR(p, v, \Y) — LR(p,v*,\Y), T+~ T¢
21313 3133
1122 2122
T= 1/1(1(1 S Te = 1/113]3
w = 1111221332 — oow = 3311222333 = w*
w — 11(1(12)2)(12) 522112212 — 22112213327322(2(23)3)2
3322333 — 3311221333%3(1(12)2)1 — (1(12)2)2 — 3311222333 = gow




Cuv)\v =

Corgo61 (uvAY) =

C\Vuu

@ The reversal map e : LR(p, v, \Y) — LR(p,v*,\Y), T+~ T¢
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@ a bijective proof cyv ., = cuav = a bijective proof S\/u = S(\/p)*-
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T¢ as the lowest weight element of the crystal B, /,

The crystal basis B, of the irreducible representation V) of Ug(gl,) can be taken to be the set
of all SSYTs of shape A, in the alphabet [n], equipped with crystal operators.
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Knuth and Haiman dual Knuth equivalence

® Theorem (Haiman 92)

Let D be a dual Knuth equivalence class and K be a Knuth equivalence
class, both corresponding to the same normal shape. Then, there is a unique
tableau in DN K.

Tableau switching s allows to compute D N K.

@ Algorithm (Benkart-Sotille-Stroomer 96)

Computation of DN K: Let Q € D and let V € K be the only tableau with
normal shape in this class, and W any tableau that @ extends:

Step 1. Compute
WwuQ WwuX

ol ts
Q"UZ - VUZ
Step2. X2 Q, X =V, and DNK = [V]x N [Qlax = X.

o Let T € LR(, v, AY). Then T" = Y(v) and T¢ = [Y(v)E]x N [T]ak is the
only dual LR tableau in LR(u,v*,A\V) dual Knuth equivalent to T.



The crystals B(A/p) and B((A/p)®)

@ The crystal skew Littlewood-Richardson rule gives

B\/w~ P BT,
TeLR(l;,u,AV)

B(T) ~ B(v) has highest weight element T € LR(y1, v, \Y) and lowest
weight element T¢ € LR(u,v®, \Y).
°
B(Ww)= D BT
TeLR(I;\V,u,u)
B(T®*) ~ B(v*) has highest weight T € LR(AY,v, 1) and lowest weight

element T* € LR(AVr®u). It is obtained by applying e to every vertex of
B(T) and then flipping the resulting graph (the color edge i is replaced with

color i*). Hence
T.e — Teo

@ Then T = Y(v) and T¢ = [Y(v)E]x N [T]ak
@ T =YW)E p(T)=T =T =[Y{W)]|k N[T*]ak



TH = 1o H

@ LR(p,v, \Y) — LR(ut, vt \VE), T o(T) = #p(T) = Te*¢

2[3]3 11]3]3
1[2]2 2[2]2
T— Lafif1]e = 1]1]1

@ Cuuav = Cptptpve

@ Benkart-Sottille-Stroomer LR transposer
0% (T) = [Y(¥")k N [Tk = o(T)

® o= 4p=oH=pH

4 pee

¢ _

RIN [ |On

—
N
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LR tableaux split into Gelfand-Tsetlin patterns led to hives

@ .M. Gelfand, A.V. Zelevinsky (1986), A.D. Berenstein, A.V.Zelevinsky
(1989)

1[1
1122
T= 112 1 =75300 v=75200 \=99641
1[2[2[3
3]
N A 7
G - 909 c_ ~¢ _ 75
ey N " S Grx=9 ¢ 2
© o mnN R ) 98 41
AANGSN PYeooo 996 41
T[1[1[1[1[1]1]3]3
1[2]2[2[3]3]4] 1[1]2][2[3]3]4] 212[2[212[3[4]4]5
T, = [2[3]3]4]4 = [2[2]3]4]4 T = [3[3]4]4]5]5
415[5 4[5 4[5]55
15
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Interlock the three GT patterns
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GT patterns companions or LR companions

@ Lascoux's bicrystal graph on biwords [02]
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Let T be a LR tableau with shape A/ and companion tableau G. Then

@ Theorem
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piH = poH = pH = oH

O H=(0)=(54 =(0&) ={1L&& A &4 ¢ =54d = Ad4}
@ p1: LR(u,v,\) = LR(v, 1, A), p2 i LR(p, v, A) = LR(u, A, v)

o==08p1=4&p=p.
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