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The cactus group J;

@ Let g be a finite dimensional, complex, semisimple Lie algebra and
> | its Dynkin diagram, A = {«;}iecs the simple roots:

Ans Bn, Coy Dn, G2, Fa, Eo, E7, Esg

> W, the Weyl group, wy € Wy the longest element.
> 6 :1 — | the Dynkin diagram automorphism of / defined by

Qg(j) = —Wo.0, iel

Example: For g = gl,, Cartan type A,_1: | = [n— 1], A = {a; = & — €i11}icin—1),

Wy =6,=<n,...,m-1:R1,R2,R3 >
R1: =1, 1<i<n,
R2: (rnn)? =1, li—j] > 1,

R3: (rnm)’=1, 1<i<n-2,

e L T

n=-5 As 1 2 3 4

a; =(1,-1,0,0,0) - as = (0,0,0,1, —1) = —wpaxy, O(i) =n— i
» 6, :J — J the Dynkin diagram automorphism of a connected subdiagram J C /, defined by
ag () = 7WOJ‘Oéj, Jj€J,
WOJ the long element of the parabolic subgroup WgJ C Wy.

Example: gls, J = [1,2], J = {2}, J = {3} : Ao, Ay, A,
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Example: For g = sp(2n), Cartan type C,

1 2 3 n—1 n
Cn o o — ——=—
1 2 3 n—1
An—l o o — —e

@ Cartan type G;: | = [n], A = {a; = & — €11 }icm—1) U {an = 2en},
W=B,=<n,...,fth—1,m: R1,R2, R3, R4 >

R1: r2=1, 1<i<n,
R2: (rir)? =1, [i—j]>1,
R3: (rir1)’=1, 1<i<n-2,
R4 : (r,,,lr,,)4 =1

ag(,-) = —Wy.¢xj = 7(70&,‘) = «j, 0(!) =1i.

e
o
o

JiAy AL AL, G 1203
Ops()=5—1i, Opg=1
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@ [Henriques-Kamnitzer 2006] The cactus group Jgi, = Jn

@ [Halacheva 2016]. The cactus group Jy corresponding to g is the group defined by:

> Generators: s;, J C | running over all connected subdiagrams of the Dynkin diagram [ of g, and

> Relations:

1lg. sﬁ:l,foralngl,

2g. sysy =sysy, forall J,J' C I such that JU J is not connected,

[ —

J=11,2], J = {4}, JuJ is not connected diagram 12 3 4

39. SySy :SQJ(J/)SJ, for all J/ C Jg I.
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The pure cactus and the (cousin) braid group

@ The cactus group Jy surjects into the Weyl group W,
7 dy = Wy, sy wg

/
WOJWOJIWOJ = WOOJ(J ), J C U W6/W0J, = delwoj, J U J disconnected; (wg)? = 1
o > Ker(m) contains the elements (s(;3s(;3)™7 such that (rjr;)™i = 1 in Wy as a Coxeter group.
> W, & Jg/Ker(m)
The pure cactus group is PJy := Ker(m).
The pure cactus group PJ, is the fundamental group of M(oy,,ﬂ)(R) real locus of the
Deligne-Mumford moduli space of rational curves with n 4+ 1 marked points.

@ The Braid group Bry also surjects into the Weyl group Wj:
g =gl,, oiojo; = ojojoj, fori, j connected in /

0j0j = 00, fori, jdisconnected in /

o:Bryg = W, oi— WO{’}

> Ker(o) contains the elements o7 and W, 2 Bry /Ker(o)
The pure braid group is PBrg := Ker(o).
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The cactus J, := Jy

n

1A, $2=1,JC [n—1],
2A. sys; = syusy, forall J,J C [n— 1] such that J U J' is disconnected.

3A. Slp,qlSlk, Nl = Slp+q—1,p+q—k|S[p,q] for [kv /] c [p1 q] - [" - 1]

@ Ji is a subgroup of J, , for1 < k < n.

Alternative n — 1 generators for J,,
@ sy, 1< k< n—1,
Slil = S5, —i+ 15[,
@ si,1,1<i<n-—1,

S[1,n—1]5[i,n—1]5[1,n—1] = S[1,n—i]*
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Example

OAl i
J2=<512512=1>=Zz, W:62,
Pl =<1>.

°A2 i—i

Js=<s1,%,51 5 =% = sﬁu] =1, s1,25151,2 = $2 >

2
J3 =< s1, 50 2= 5[21,2] =1>~<s,517 : ss = Sit2] = 1>.

J=[2, J={1},J={23, 1 2° w_g,

PJ; =< S[1,2]519251 = S2519281,2) >=< (515[12])3 >3 (5152)3, PJ; ~ 7.

5 C Jp, n>3.
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Example ( Bellingeri-Chemin-Lebed, 2022)

0A o o .
S =shq="5hy=11<i<3,
(sis3)” =1,
Ja= <51752753,5[1,21,511,3],5[2,3] | S2ysis 2 = sgsesp g = S2; >
S[1,31515[1,3] = S[2,3]525(2,3] = 3,

S[1,315(1,21911,3] = S[1,3192,315[1,3] = S2,3]

Je =< s s, 503 ¢ St = sh) = sy = 1 (s159)" = 1, (spaspasisp )’ = 1>
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The cacti J, :== Jy and Jgp,

@ The cactus group Jsy,,, is the group defined by

> Generators: s;, J connected subdiagrams of the C, Dynkin diagram,
> Relations:

1C. s2=1,JC[n],

2C. sysy =sypsy, J,J" C[n] such that JU J' is not connected,

3CO Spp,qIS(k, ] = Slp+a—1,p+a—KSlp,q» [k /1 C [P q] € [n—1].
(2] s[p,n]s[q,l] = s[q,l]s[p,n]' [q7 I] C [P, n] C [n]v

1 2 3 n—1 n
C, o o — — e——=—»
1 2 3 n—1
An_1 o o — —e

@ Jy=Jgi, C Jsp,, € Jsp,,,, m>n.
@ Alternative n — 1 generators for J,,
Sppy L<p<n-—1,o0r
Spn-1,1 <p<n-—1.

@ Alternative 2n — 1 generators for Jsp, : spp, 1< p<n—1, sp,, 1<p<n
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Example

o C1:A1, W:Blzez.
J5p2:J2 =<512512=1>222,

Pl =<1>.
1 2
o & ——=—p W =B, =< n,rn: r12 = I’22 = (r1r2)4 =1> w = (r1r2)2.

J5p4 =< 51,%,8[1,2] : 5% = 522 = 5[21,2] =1, (515[1,2])2 = (525[1,2])2 =1>
J=[1,2], y={1}, J={2}, 2

PJ5p4 > 5[172](5152)2, (5152)4.

J3 C J5p6
WA - Jy C J5p3

Further directions...
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Embedding of Jy,2s) into J2,

@ Dynkin diagram folding C, — Azn—1

1 2 P n—1
1 2 p n-1 n
C, o—o———o— —e—=—9 — Ay, folded n
2n—1 2n—-2 2n—p n+1
@ J, C Jsp,, =+ Jan [A-Tarighat-Torres, 22].
r: J5p2" — Jzn
Sp,ql = 8pq) = Spp,qlS2a—q.20—p] = Sen—g,20—pSlpqls [P a] € [1,n—1],
Slp,n] — S[p,2n—p]» p,n] C [1,n].

® J, C Jspzn = ]2n = Z(Jspzn) C Jn.

@ J, is the virtual symplectic cactus group (of Jspon)

> generators: §, o1, [P, q] € [1,n — 1], and s, 20— ). [P, 0] C [1, n],
> Jsp,, symplectic cactus relations:

2 2
Sipal = L Sppon—p = 1,
s[,p,q]s[/ky,] = s[/kyl]s[/pﬁq], [P, ql U [k, /] C [n — 1] disconnected,
S[Pgn,P]s[’k:,] = s['ky,]S[p,g,,,p], [p, n] U [k, /] C [1, n] disconnected,

’ ’ ’ ’
Sio,ql 5k, ) = Sora—1,p+q— K Sip,q [k 11 € [Py a] € [L,n = 1],

Stp.2n—p1 (k] = S{e 1o, 20—pl (K3 1] [P 1] S{p. 20— g1 Stk 20—) = S{k20—K1S(p. 2051, [Ks 1] € [’ﬁﬂé



Normal Crystals

@ A g-crystal is a finite set B along with maps
wt:B—= A, e,fi:B—BU{0},¢ci,pi:B—=Z,
obeying the following axioms for any b, b’ € B and i € /,
» b’ = ei(b) if and only if b= f;(b'),

» if fi(b) # 0 then wt(fi(b)) = wt(b) — a;
if ei(b) # 0, then wt(e;j(b)) = wt(b) + «i, and

> £i(b) = max{a € Z>o : €/ (b) # 0} and p;(b) = max{a € Z>o : f7(b) # 0}.
> @i(b) —ei(b) = (wt(b), o),

2 .
where o = %L

are the coroots.

@ Ay, I=[n—=1,and G, I =[n: A=Z"; o} =a;, 1 <i<n, af = e,

12/28



standard G, crystal B = KN((1,0), 2), Kashiwara-Nakashima tableaux

15222547 112 3 112 112 5 211
) B —(+-)

—_
= Nl
+
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Normal crystals: G, crystal B = KN(A, 2), A = (2, 1), Kashiwara-Nakashima tableaux
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{2}()\. 2) and KN“}(/\, 2)

Levi restrictions for J C [: KN
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Schitzenberger—Lusztig involution on crystals

@ B()\) g-normal crystal with h.w. X and u}&" and .

@ The Schiitzenberger-Lusztig involution & : B(\) — B(\) is the unique set
involution such that, for all b € B(X), and i € I,

> e&(b) = &fp(iy(b)
> FE(b) = Eep(iy(b)
> wt(£(b)) = wowt(b)

where wy is the long element of the Weyl group W.

o Let b="F, £, (u"®"), forj,,....,js€l. Then
Jr J1 A

> type An1, £(b) = enj, - enjr ("), and wt(&(b)) = wowt(b), wo € G,,.

On SSYT (A, n), € coincides with Schiitzenberger evacuation.

> type Co, £(b) = € -+ €, (u™), and w((b)) = —w(b).
On KN(A, n), € coincides with Santos symplectic evacuation, 2021.
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The Weyl group action on a normal g-crystal

@ The partial Schiitzenberger—Lusztig involution &, is the Schiitzenberger—Lusztig involution £ on the
normal crystal By, for J any sub-diagram of /.

@ When J = {i}, & is the Schiitzenberger-Lusztig involution on the i-strings By;} and coincides with the
Weyl group Wy action on the i-strings Byjy:

> &, i € I, satisfy the Weyl group relations.
Ap1: & =1,(6&)1 =1, |i—jl >1,(&&n)’ =1, 1<i<n—1

G € =1,(&&) =1, li—jl >1, (&€&’ =1, 1<i<n—1 (£&&-1)" =1

ei(b) »i(&i(b)) = €i(b)
=i(b) b i(b) = £2IOI==i®) %ib)
e (b) §i(b) =1 () £71% (b)
@ A;_; crystal SSYT((2,1,0), r 2, EN
¢ — ¢ -
: 2

@ G crystal KN((2,2, 27 1,0), 5):

1S

=¢&(T)

[clae]]
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The Weyl group and the J;-cactus action on a normal
g-crystal

Theorem

Halacheva, 2016 (Henriques—Kamnitzer g = gl,, 2006) The map s; — &, for all J C |
connected Dynkin sub-diagrams of |, defines an action of the cactus group Jy on the set

B()); that is, the involutions &, in B satisfy the Jy cactus relations, and the following is
a group homomorphism

dy: Jy — Gp
S;) = £J.

In addition, when J = {i}, the &; satisfy the Weyl group Wy relations.

@ On SSYT (A, n), &, is realized by J-partial Benkart-Sottile-Stroomer-reversal,1999.
@ On KN(X, n), &, J = [p, n], is realized by the colourful J-partial symplectic

reversal, a generalization of Santos’ symplectic evacuation for symplectic
skew-tableaux, A.-Tarighat-Torres, 2022.
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Baker, 2006, virtualization of KN tableau crystals

@ Dynkin diagram folding C, < Az,—1

1 2 P n—1
Ch oo o e gy Ay folded :>
n—1 2n—-2 2n-p n+1
@ Baker virtualization is an injective map
E : KN(X, n) — SSYT(A?, 2n)
1[1]1]1
ENE g 2[4
n=5, T= Z 2 o E(T) = [0« w(®(G)) « w@(Q) = [5
3

such that E(K(X, n)) has crystal structure with £ = fAfA ., i < n, and £f = (f*)?, isomorphic to
K(A, n) such that
Ef(T) = fFE(T), for T € KN(A, n),1 < i < n.

@ Robinson-Schensted-Knuth correspondence (RSK): (E(T), Qx) = RSK o ¢(T) = (P(wr), Qx) and
-1 _ -1 -1
B =v "BSKieaumxany

where RSK\iKt/\,n)x{Qk} denotes the inverse of RSK restricted to E(K(A, n)) X {Qx}.
19/28



KN((1),2) embedded in SSYT((2,1,1),4)

=]
SISIE

[ap)
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Bem—— Eem—=—Ekm
/
\ N
Erm—— B —=— k= BEm
AN \
\

Ebm—Em—Fkm

2
3

[] L[] = L[]
===l [=ll=] [ ]=]




Virtualization of the symplectic cactus action on KN

tableau crystals

1 2 P n—1 n
Aon—1 folded

Cn.—O—F—CjZO*)

2n—1 2n—2 2n—p

The virtualization map E behaves very nicely with respect to Levi restriction!
p<n,

SSYT1, pjuen—p,2n—1(A*, 20),
p<n

KN[LP]()"”) ‘E)
KN, (X, n) < SSYT(p2n—p (A%, 2n), <
E A
KN(X, n) ——— SSYT(A?, 2n)
C C An—1 Aop—1 Ao2n—1
S | Sulel 5[p,zn—p] el Spnmpi2n)

KN(A, n) T> SSYT(A4, 2n)

Aan—1gfon—1  E(TY T ¢ KN(A, n).

Cn _
O E&(T) =€ €pnpon1

n+1
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@ Virtualization of the symplectic cactus action of J;,(2n) on the crystal KN(A, n)

¢5)3(2n,(C)
Jsp(Zn) _— GKN()\,n)

il Zl DL i2n0)T = 1Pop(anc)
Jon —— GE(N(m)
q)g[(2n,(C)

° Eﬁ,p]iénfp,znfl]v 1< p<n and ff_pwz,,_p, 1 < p < n satisfy the Jy, relations.

o 56‘,]5{2,,_”], 1 < p < n, and &7 satisfy the the Weyl group B, relations

(& Emag) =1,
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The Berenstein—Kirillov group

The Berenstein—Kirillov group BK (Gelfand-Tsetlin group) [Berenstein, Kirillov, 1995], is the free group

generated by the Bender-Knuth involutions t;, for i > 0, modulo the relations they satisfy on straight
shaped semistandard Young tableaux.

2[2]2]2[3] 2[2[3]3]3]
T = [2[3]3] = [2]2]3]
3 3

oM -2 - A0 AR - 1B ., 12 _ I

Proposition

[Berenstein—Kirillov, 1995] Let BK, be the subgroup of BK generated by ti, ..., th—1.
@ The elements qy1 1, - - -, Q[1,n—1) are generators of BIC,, qp,ij = §u,i, i > 1.

@t =qpu,u, ti = qpu,i—19p,190,i—191,i—2], fori > 2, quo = 1.

@ The following are group epimorphisms from J, to BIC,.

(1] Siij] = qpi,j) [Chmutov—Glick—Pylyavskii 2016, 2020].
@ s — g,y [Halacheva 2016, 2020].

The group BIC, is isomorphic to a quotient of J,.

BK, = J,/Ker
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The known relations for the BK,, group

t2=1, for i >1,
titj = tjt;, for |i —j| > 1,
(tigng)* =1, fori>2,
(t1t2)6 =1,
(t;qu’k,1])2 =1, fori+1<j<k,

where

g, = &y = t(taty) -+ (titio1 -+ - t1), for i > 1,
qui.k—1] = qu,k—-119[1,k—j1 911, k—1]» for j < k.
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The type C, Berenstein—Kirillov group B

Definition (A-Tarighat—Torres 2022)

The symplectic Berenstein—Kirillov group BIC", n > 1, is the free group generated by the 2n — 1 symplectic
partial Schiitzenberger-Lusztig involutions

C G . C @ o
Gt = &gy L= A<y and qpp o =6y, L i<,

on straight shaped KN tableaux on the alphabet [£n] modulo the relations they satisfy on those tableaux.

(] [A—Tarighat—Torres 2022] The following is a group epimorphism from Jsy,, to BKSn:
Cn . c ,
S 7 Ay LS <o, Slj,n) = Ay LS J S0

BKC" is isomorphic to a quotient of Jspop-
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The symplectic Bender Knuth involutions

) [A Tarlghat—Torres 2022] For n > 1, the symplectic Bender—Knuth involutions t
1 < i< 2n—1, on straight shaped KN tableaux on the alphabet [+n], are defined as

Ch ._ Cn Ch G G E’ltAZ"*lf

1 .
= Ay 99— 9 i—2 = i E, 1<i<n-1,

o Adp—1 Aon—1 Ap—1 .
=y an—yl Aiony 1S7i<n—1,

G — oG Cn _ 1 _A2n—1 2n—1 .
= i isnn = £ GG e e B LS TS

The symplectic Bender-Knuth involutions tl.c", 1 <i<2n—1 also generate BKCn.

o _ G G Co _ 4G LG G
@ gy, y=t" (G E) - (bt - 1), Al = tan—1ton—o "t
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The virtual symplectic Bender Knuth involutions

Et A2n 1~Q:,,’1E 1<i<n-—1,

Zn 1

-1 _ eyac? t.

o
2n—i evac, 1 <i<n-—1,

n— Aop— .
Etn 1+i — q[n_(;_1)7n+(,-_1)]q[nz_(il_2),n+(i_2)]E, 1 S 1 S n.
Example
1]1]1]1 11171
1|1 2(2|416 2[2[4[6
35 316]7]8 . 316]719
n=5 T= == and E(T) = [5[7[9] ,and #E(T)= [5]7 i
43 618 6|8
4. 719 7]9
2] 8]
1]1]1]1
2(2[3]6
A5 416(7]9
t3tE(T) = [5]7[8
6/8
719
8]

EtS(T) = $5E(T) # EES(T) = &6/ E(T) = E(T)

o
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Relations satisfied by B¢

Proposition (A-Tarighat-Torres 2022)

The symplectic Bender-Knuth involutions t,.C" =1,i=1,...,

following relations:
Q (t)?=1i=1,...,2n—1.
o (tn+/ 1 ncij 1) =1,1<i,j<n.
° (tf"t-c") =1,]i-j|>1,1<ij<n.
Q (trty =1 i<n—j
Q (tq )’ =1 i+1<j<k<n
Q (tfgr)?=1i+1<j<n
o (tn+: 19y, n]) =1,1<ij<n

(tn+: 1q[,k 1]) =Ln—i+1<j<k<n

Q (tit5")¥=1,n>3.
@ (t7y -ttty -ty ) =1

n

2

n — 1, satisfy the
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