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0. Ulam’s problem: random permutations
SN the symmetric group on permutations of {1, . . . ,N}. Let π ∈ SN

N = 20, π = 7 3 1 17 10 18 9 20 6 12 16 13 2 8 19 4 15 11 14 5

▶ A longest increasing sequence is 1 6 8 11 14 or 3 6 8 11 14

▶ ℓN(π) denotes the maximal length of all increasing subsequences of π.

▶ Equip SN with uniform probability measure (all outcomes are equally likely)

P(π) = 1

N!
.

▶ How does ℓN behave statistically when N −→ ∞?

▶ Center and scale ℓN(π),

χN(π) =
ℓN(π)− 2

√
N

N1/6
.

▶ Baik-Deift-Johansson 99. For each N ≥ 1, let π be a uniformly random
permutation of order N. Then, for each x ∈ R

lim
N→∞

P(χN ≤ x) = FGUE (x) Widom-Tracy distribution function.

Vershik–Kerov, Logan–Shepp, Okounkov.
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Connection to random matrix theory

Consider the Gaussian Unitary Ensemble (GUE) of Hermitian N ×N matrices
endowed with a probability measure

An r.v. x has Gaussian distribution with mean µ and variance σ, if

P(a ≤ x ≤ b) = 1√
2πσ

∫ b

a
e−(x−µ)2/2σdx .

▶ Let ξ1(M) denote the largest eigenvalue of an N × N GUE matrix M. Then

lim
N→∞

P(ξ1(M)−
√
2N

2−1/2N−1/6
≤ x) = FGUE (x),

FGUE (x) is the Widom-Tracy distribution function.

The length of the longest increasing subsequence of a random permutation
behaves statistically like the largest eigenvalue of a GUE matrix, as N →∞.
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Plancherel measure on the set of partitions: R-S correspondence

The sum of the squares of the dimensions of the irreducible representations Sλ of
SN equals the order of the group SN

N! =
∑
λ⊢N

(dim Sλ)2 =
∑
λ⊢N

f 2λ

dim Sλ = fλ, fλ = #standard tableaux of shape λ ⊢ N

.

Plancherel measure on the set of partitions of N,

PP(λ) =
f 2λ
N!

, λ ⊢ N.

Robinson-Schensted correspondence rescues ℓN(π)

RS :SN →
⊔
λ⊢N

SYT (λ,N)× SYT (λ,N)

π 7→ (P,Q)

For π ∈ SN ,
ℓN(π) = λ1(π) = the common length of the first rows of P and Q.

N = 7, π = 4236517, ℓ7(4236517) = 4.

4 / 18



Plancherel measure on the set of partitions: R-S correspondence

N = 7, π = 4236517

4→ 2→ 3→ 6→ 5→ 1→ 7 = 4→ 2→ 3→ 6→ 5→ 1 7

= 4→ 2→ 3→
1 7
5
6

= 4→ 2→
1 5 7
3
6

= 4→
1 3 5 7
2
6

=
1 3 5 7
2 6
4

= P, Q =
1 2 5 6
3 7
4

ℓ7(4236517) = 4 = λ1(π)

PP(λ1 ≤ n) = P(ℓN ≤ n) =
∑

ℓN (σ)≤n

P(σ) =
1

N!

∑
λ⊢N,λ1≤n

f 2λ
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I. Schur measure: a generalization of Plancherel measure on partitions.

Schur function associated to a partition λ

sλ(x) =
∑

T∈SSYT (λ)

xT

λ = (2, 1) ⊢ 3, T =
1 1
2

,
1 2
2

,
1 1
3

,
1 3
3

,
1 2
3

,
1 3
2

. . .

s(2,1)(x) = x21 x2 + x1x
2
2 + x21 x3 + x1x

2
3 + 2x1x2x3 + · · ·+ · · · f(2,1) = 2

λ ⊢ N, sλ(x) = · · ·+ fλx1x2 · · · xN + · · ·

Cauchy identity∑
λ

sλ(x)sλ(y) =
∏
i,j≥1

1

1− xiyj
=

∏
i,j≥1

(1 + xiyj + x2i y
2
j + · · · ).

x = (x1, x2, . . . ), y = (x1, x2, . . . ).

Taking the coefficient of x1 · · · xNy1 · · · yN on both sides of the Cauchy
identity ∑

λ⊢N

f 2λ = N!
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Schur measure

Okounkov 2001. Let 0 ≤ xi , yi < 1 and let 0 <
∏

i,j≥1 1− xiyj < ∞. Schur
measure (with parameters xi , yi ) is the probability measure on the set of partitions
λ (of arbitrary length) given by

PSchur (λ) =
∏
i,j≥1

(1− xiyj).sλ(x)sλ(y).

Schur polynomials are characters of irreducible representations of the general linear
group GLN and also encode characters of the symmetric group SN .
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RSK and Directed Last Passage Percolation

Robinson-Schensted-Knuth correspondence

RSK : Mm,n →
⊔

λ∈Pmin(m,n)

SSYT (λ,m) × SSYT (λ, n)

A 7−→ (P(A),Q(A))

A =

 2 2 0
1 0 1
2 1 1
0 1 1

 ∈ M4,3.

LA = 1 1 2 3 3 ⊗ 1 1 3 4 ⊗ 2 3 4 332114311432

2 → 3 → 4 → 1 → 1 → 3 → 4 → 1 1 2 3 3 =
1 1 1 1 2 3 3
2 3 3 4
4

= P

xP = x4
1 x

2
2 x

4
3 x

2
4

Q =
1 1 1 1 1 2 2
2 2 3 3
3

yQ = y4
1 y

4
2 y

3
3 (xy)A =

∏
1≤i≤4,1≤j≤3

(xiyj )
aij = xPyQ

∏
1≤i≤m,1≤j≤n

1

1 − xiyj
=

∏
1≤i≤m,1≤j≤n

+∞∑
ai,j=0

(xiyj )
ai,j =

∑
[ai,j ]∈Mm,n

∏
1≤i≤m,1≤j≤n

(xiyj )
aij =

∑
A∈Mm,n

(xy)A

=
∑

A∈Mm,n

xP(A)yQ(A) =
∑

λ∈Pmin(m,n)

∑
P∈SSYT (λ,m)

xP
∑

Q∈SSYT (λ,n)

yQ =
∑

λ∈Pmin(m,n)

sλ(x)sλ(y).
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Last Passage Percolation (LPP)
Let Πm,n be the collection of paths p in N2 with steps ←, ↓ starting in (1, n)
and ending in (m, 1). Assign a weight ai,j to each coordinate (i , j),
1 ≤ i ≤ m, 1 ≤ j ≤ n, arranged in the matrix convention, and define
A ∈Mm,n.

A =


2 2 0
1 0 1
2 1 1
0 1 1


Lm,n = max

p in Πm,n

{
∑

(i,j)∈p

ai,j sum of the entries along a path p in Πm,n}

= common maximal row lenght of P(A) and Q(A) = λ1(A)

= maximal length of a weakly decreasing sequence of the word read off LA.

Lm,n, last passage percolation time, is the largest time it takes to travel
from (1, n) to (m, 1) using an admissible path p.

Schur measure arises from directed last passage percolation models with an
appropriate choice of independent weights ai,j .
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Our ensemble of random integer matrices

Let u1, . . . , um and v1, . . . , vn be two sets of real numbers in the interval
[0, 1[, and consider a family wi,j of independent r. v. with a geometric
distribution of parameter uivj

P(wi,j = k) = (1− uivj)(uivj)
k for any k ∈ Z≥0.

W = [wij ] ∈Mm,n is a random matrix and since the r. v. wi,j are
independent, for any A ∈Mm,n, we get

P(W = A) =
∏

1≤i≤m,1≤j≤n

P(wi,j = aij) =

 ∏
1≤i≤m,1≤j≤n

(1− uivj)

 (uv)A

=

 ∏
1≤i≤m,1≤j≤n

(1− uivj)

 uP(A)vQ(A)

where (uv)A =
∏

1≤i≤m,1≤j≤n

(uivj)
ai,j .
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For λ ∈ Pmin(m,n),

P(λ) =
∑

A∈Mm,n:shape(P(A))=λ

P(W = A) =
∏

1≤i≤m,1≤j≤n

(1− uivj)sλ(u)sλ(v)

= PSchur (λ).

perc(W) := Lm,n is a r.v.

P(perc(W) = λ1 ≤ k) = PSchur (λ1 ≤ k)

Johansson 2000. Directed Last Passage Percolation Model with iid
Geometric Weights.
Fix q ∈ (0, 1). Suppose m ≥ n. Let ui =

√
q, i = 1, . . . ,m and

vi =
√
q, i = 1, . . . , n. Then

P(ai,j = k) = (1− q)qk , k = 0, 1, 2, . . .

▶ The Schur measure in this case is closely related to the density function of the
eigenvalues in the Gaussian unitary ensemble (GUE).
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II. Demazure measures and LPP models in Young shapes
Rectangle Cauchy kernel identity

n∏
i=1

n∏
j=1

1

1− xiyj
=

∑
λ∈Pn

sλ(x)sλ(y)

LHS rewritten in the basis of Schur polynomials (irreducible characters of GLn). Pn the set of partitions

with at most n parts.

PSchur (λ) =
∏

1≤i,j≤n

(1− xiyj).sλ(x)sλ(y).

Non-symmetric staircase Cauchy kernel identity, Lascoux 2000∏
1≤j≤i≤n

1

1− xiyj
=

∑
µ∈Zn

≥0

κµ(x)κµ(y)

LHS rewritten in the bases of Demazure and Demazure atom polynomials: κµ(x1, . . . , xn) opposite

Demazure atoms and κµ(y) Demazure characters.

Let 0 ≤ xi , yi < 1, i = 1, . . . , n. Demazure measure (with parameters xi , yi ) is the
probability measure on the set Zn

≥0 of non negative vectors µ given by

PDemazure(µ) =
∏

1≤j≤i≤n

(1− xiyj).κ
µ(x)κµ(y).
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The restriction of RSK correspondence to Mϱ
n,n lower triangular matrices

ϱ =

RSKϱ : Mϱ
n,n →

⊔
µ∈Zn

≥0

B
µ × Bµ Lascoux, 2000, A.-Emami,15, Choi-Kwon, 18

A 7→ (P,Q), K+(Q)≤K−(P)=K(µ)

Bµ ⊂ SSYT (λ, n) such that µ ∈ Snλ for some λ ∈ Pn is the Demazure crystal consisting of all

tableaux Q ∈ SSYT (λ, n) with right key K+(Q) ≤ K(µ). B
µ ⊂ SSYT (λ,m) opposite Demazure atom

crystal consisting of all tableaux P ∈ SSYT (λ,m) with left key K−(P) = K(µ).

The law of the random variable G=perc(W), W ∈ Mϱ
n,n,

PDemazure(G = k) =
∏

1≤j≤i≤n

(1− uivj)
∑

µ∈Zn
≥0

|max(µ)=k

κµ(u)κµ(v), k ∈ Z+
≥0.
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Non-symmetric truncated Cauchy kernel identity

q ≥ p, Λ(p, q) =

p
n

q

Non-symmetric Cauchy kernel for truncated shapes∏
(i,j)∈Λ(p,q)

1

1− xiyj
=

∑
µ∈Zp

≥0

κµ(xn−p+1, . . . , xn)κµ̃(y1, . . . , yq).

A.-Emami, 14, A.-Gobet-Lecouvey, 22. Restriction of RSK to Λ(p, q)

RSKΛ(p,q) :MΛ(p,q)
n,n →

⊔
µ∈Zp

≥0

B
µ
p × Bq,µ̃

A 7→(P(A),Q(A)) K−(P) = K(µ), K+(Q) ≤ K(µ̃).

The law of the random variable G = perc(W), W ∈ MΛ(p,q)
m,n . For k ∈ Z+

≥0,

PDemazure(G = k) =∏
(i,j)∈Λ(p,q)

(1− uivj)
∑

(µ1,...,µp)∈Zp
≥0

|max(µ)=k

κ(µp ,...,µ1)(un,...,un−p+1)κµ̃(v1,...,vq).
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Non symmetric Cauchy kernel in a Young shape

n = 8, Λ = (7, 4, 2, 2, 2), m = 4, ϱΛ = (4, 3, 2, 1)

Λ =

4 4
■ 3
■ ■ ▲
■ ■ ■ 3

■ ■ ■ ■ 4 5 6

σ(Λ,NW ) = s4s3s4, σ(Λ,SE) = s3s6s5s4

∏
(i,j)∈Λ

1

1− xiyj
=

∑
(µ1,...,µm)∈Zm

Dσ(Λ,NW )κ(µm,...,µ1)(xn, . . . , xn−m+1)Dσ(Λ,SE)κ(µ1,...,µm)(y1, . . . , ym)

where Dσ(Λ,NW ) = Di1 · · ·Dia and Dσ(Λ,SE) = Dj1 · · ·Djb are Demazure operators.

The restriction of RSK to MDΛ
n,n

RSKDΛ : MDΛ
n,n →

⊔
(µ1,...,µm)∈Zm

≥0

ι
(
∆̇σ(Λ,NW )B(µm,...,µ1)

)
×∆σ(Λ,SE)B(µ1,...,µm)

where ∆σ(Λ,SE) = ∆j1 · · ·∆jb , ∆̇σ(Λ,NW ) = ∆̇i1 · · · ∆̇ia , ι Schützenberger involution.
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A(7,4,2,2,2) =



0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
1 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0
2 0 1 1 0 0 0 0
0 0 0 0 1 0 2 0


577⊗ 45⊗ 7⊗ 7⊗ 8⊗ ∅ ⊗ 88⊗ ∅

P =

4 5 5 7 7
7 7 8
8 8 K−(P) =

4 4 4 4 4
7 7 8
8 8 = K(03, 5, 02, 2, 3)

Q =

1 1 1 2 2
3 4 7
5 7 K+(Q) =

2 2 2 2 2
4 4 7
7 7 = K(0, 5, 0, 2, 02, 3, 0)
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ι∆̇4∆̇3∆̇4B(µ4,...,µ1,0
4)=

=



ιB(µ4,µ3,µ2,0,0
4)

⊔
ιB(µ4,µ3,0,µ2,0

4)

⊔
ιB(µ4,µ3,0

2,µ2,0
3) if µ2>µ1=0

ιB(µ4,µ3,0,0,0
4) if µ1=µ2=0

ιB(µ4,µ3,µ2,µ1,0
4)

⊔
ιB(µ4,µ3,µ2,0,µ1,0

3)

⊔
ιB(µ4,µ3,0,µ2,µ1,0

3)if µ1=µ2>0

∅, if µ1>µ2≥0

ιB(µ4,...,µ1,0
4)

⊔
ιB(µ4,µ3,µ1,µ2,0

4)

⊔
ιB(µ4,µ3,µ2,0,µ1,0

3)

⊔
ιB(µ4,µ3,0,µ2,µ1,0

3)

⊔
⊔

ιB(µ4,µ3,0,µ1,µ2,0
3)

⊔
ιB(µ4,µ3,µ1,0,µ2,0

3), if µ2>µ1>0.

K−(P)=K(03,5,02,2,3)⇔P∈ιB(3,2,02,5,03)=B(03,5,02,2,3)⇒µ=(0,5,2,3)

K+(Q)=K(0,5,0,2,02,3,0)≤K(π3π6π5π4(µ,0
4))=K(0,5,0,2,02,3,0).

(P,Q)∈ιB(3,2,02,5,03)×B(0,5,0,2,02,3,0).
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The law of the random variable G = per(W), W ∈ MΛ
m,n. For k ∈ Z+

≥0,

PDemazure(G = k) =
∏

(i,j)∈DΛ

(1− uivj)

∑
(µ1,...,µm)∈Zm|max(µ)=k

Dσ(Λ,NW )κ(µm,...,µ1)
(un,...,un−m+1)Dσ(Λ,SE)κ(µ1,...,µm)(v1,...,vm).
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