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0. Ulam’s problem: random permutations
@ Sy the symmetric group on permutations of {1,..., N}. Let 7 € Sy

N =20, m=7311710189 2061216 1328 19 415 11 14 5

> A longest increasing sequence is 168 11 14 or 36811 14

» {n(7) denotes the maximal length of all increasing subsequences of 7.

» Equip Sy with uniform probability measure (all outcomes are equally likely)

1
» How does ¢y behave statistically when N — co?
» Center and scale £y(7),

() = EN(W)N%MZ\W

» Baik-Deift-Johansson 99. For each N > 1, let m be a uniformly random
permutation of order N. Then, for each x € R

Nlim P(xn < x) = Feue(x) Widom-Tracy distribution function.
—00

Vershik—Kerov, Logan—Shepp, Okounkov.
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Connection to random matrix theory

@ Consider the Gaussian Unitary Ensemble (GUE) of Hermitian N x N matrices
endowed with a probability measure

An r.v. x has Gaussian distribution with mean p and variance o, if
P(a S X g b) — 1 /;b e (X /l) /,r"Q(TdX.

V2mo

> Let £&1(M) denote the largest eigenvalue of an N x N GUE matrix M. Then

. f1(M) — V2N
am PSSy s

Feue(x) is the Widom-Tracy distribution function.

< x) = Feue(x),

@ The length of the longest increasing subsequence of a random permutation
behaves statistically like the largest eigenvalue of a GUE matrix, as N — oc.
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Plancherel measure on the set of partitions: R-S correspondence

@ The sum of the squares of the dimensions of the irreducible representations S* of
Sy equals the order of the group Sy

NE=>(dimS*)’ =) &
AN AN

dimS* = fn, fn = #standard tableaux of shape A F N

@ Plancherel measure on the set of partitions of N,
by P
P7(\) = ik AN
@ Robinson-Schensted correspondence rescues {y()
RS :Sy — | | SYT(A, N) x SYT(A, N)
AFN
7= (P, Q)

o For m € Sy,
£n(m) = A1(7) = the common length of the first rows of P and Q.

N=7, m=4236517, (;(4236517)=4.
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Plancherel measure on the set of partitions: R-S correspondence

o N=7, = =4236517

4 +52—+3—-6—-5—-1-7=4—-5233—>6—-5— 1 7

1 7 1 5 7 1 3 5 7
=4—-52—-53— 5 =4—-52— 3 =4 2
6 6 6
1 35 7 1 256
=2 6 =P, Q= 3 7
4 4
o (7(4236517) = 4 = \q(m)
]
PP <n)=P(ly<n)= > Plo)= >R

tn(o)<n /\FN A<n
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l. Schur measure: a generalization of Plancherel measure on partitions.

@ Schur function associated to a partition A

S)\(X) = Z XT

TESSYT(2)
11 12 11 1 3
A=@DF3,  T=, ., .5 .5 0, :
s, (X) = xPxe + x5 + xPxs + x5 + SIREEE R fo,) =2
)\l—N, S}\(X):"+ X1X2XN+'

o Cauchy identity

S s = [[ e [] (0o s ).
A .

hjz1

X = (X17X2,...), y= (X1,X2,...).
@ Taking the coefficient of x1 - - - xyy1 - - - yn on both sides of the Cauchy

identity
> =N
AN 6/18



Schur measure

@ Okounkov 2001. Let 0 < x;,y; <1andlet 0 <[[; 5,1~ xy; <oo. Schur
measure (with parameters x;, y;) is the probability measure on the set of partitions
A (of arbitrary length) given by

PSchur()\) — H (]_ — x,-yj).SA(X)SA(Y).

ij=1

Schur polynomials are characters of irreducible representations of the general linear
group GLy and also encode characters of the symmetric group Spy.
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RSK and Directed Last Passage Percolation

@ Robinson-Schensted-Knuth correspondence

RSK: Mpms— Ll SSYT(A, m) x SSYT(X, n)
AEP,

min(m, n)

Ar— (P(A), Q(A))

2 2 0
1 0 1
A= o 1 1 | EMas
0 1 1
LA:[1[1[2[3[3] ®[1[1[3[4] ®[2[3[4]332114311432
1 1 1 1 2 3 3
2-+3—-54—-1—-»1—-3—-4—- 1 1 2 3 3 =2 3 3 4 =P
4
P_ 424
X—X1X2X3X4
11 1 1 1 2 2 .43 N .
Q_§ 5 3 3 yO = yiydy? () = H (xiy)%i = xTy?

1<i<4,1<j<3

I = 1 f(xr‘yf)a"’j= > I[I Gwi= > o)
1 — Xy,

1<i<m1<j<n 1<i<m1<j<na; ;=0 [aj J€Mim,n 1<i<m,1<j<n AEMm,n
P(A) QA P Q
= 3 LWy S« S5 %= 3 si0)s).
AEMm,n AEPrin(m,n) PESSYT(X,m) QESSYT(A,n) AEPrin(m,n)
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Last Passage Percolation (LPP)

e Let My, , be the collection of paths p in N? with steps «—, | starting in (1, n)
and ending in (m, 1). Assign a weight a; j to each coordinate (7, ),
1<i<m, 1< < n, arranged in the matrix convention, and define
Ae Mp,.

ON =N
== ON
Y el =)

Loy = m%x { Z a; j sum of the entries along a path p in M, ,}
p n m,n ..
(iJ)ep
= common maximal row lenght of P(A) and Q(A) = A\1(A)

= maximal length of a weakly decreasing sequence of the word read off La.

@ L, », last passage percolation time, is the largest time it takes to travel
from (1, n) to (m, 1) using an admissible path p.

@ Schur measure arises from directed last passage percolation models with an
appropriate choice of independent weights a; ;.
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Our ensemble of random integer matrices
o Let uy,...,um and vy,..., v, be two sets of real numbers in the interval

[0, 1], and consider a family w;; of independent r. v. with a geometric
distribution of parameter u;v;

P(w;; = k) = (1 — u;v;)(u;v;)* for any k € Z>o.

o W = [wj] € Mp,, is a random matrix and since the r. v. w;; are
independent, for any A € M, ,, we get

P(W = A) = H P(w;j = aj) = (1 - uwv) | (w)?

1<i<m,1<j<n 1<i<m,1<j<n

where (uv)? = H (ujv)?.
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@ For A € 'Pm,-n(m’n),

P(\) = Z POW =A) = H (1 — ujvj)sx(u)sa(v)
AEMy, nishape(P(A))=X 1<i<m,1<j<n
— ]P;Schur(A)'

e perc(W) := Ly isar.v.

P(perc(W) = Ay < k) = P5Mr(\; < k)

@ Johansson 2000. Directed Last Passage Percolation Model with iid
Geometric Weights.
Fix g € (0,1). Suppose m > n. Let u; = ,/q, i=1,...,m and
vi=4/q, i=1,...,n Then

P(aij = k) = (1 —q)q*, k=0,1,2,...

» The Schur measure in this case is closely related to the density function of the
eigenvalues in the Gaussian unitary ensemble (GUE).
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Il. Demazure measures and LPP models in Young shapes
@ Rectangle Cauchy kernel identity

[l = 3 sa0)

X Vi
i=1 j=1 1Y AEP,
LHS rewritten in the basis of Schur polynomials (irreducible characters of GL,). P, the set of partitions

with at most n parts.

]P)Schur()\) _ H (]_ — X,-yj).sA(X)SA(Y).

1<i,j<n
@ Non-symmetric staircase Cauchy kernel identity, Lascoux 2000

H ]__1. - = Z EM(X)"fu(}’)

b XiYj
1<j<i<n KELL,
LHS rewritten in the bases of Demazure and Demazure atom polynomials: ®*(xi, . . ., xn) opposite

Demazure atoms and k,,(y) Demazure characters.

o Let 0 < x;,yi <1, i=1,...,n Demazure measure (with parameters x;, y;) is the
probability measure on the set ZZ, of non negative vectors i given by

PDemazure(M) _ H (]_ — X,-yj).E‘u(X)li,u(y).
1<j<i<n
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The restriction of RSK correspondence to M3 , lower triangular matrices

M

L

RSK?: M2, — || B" xB, Lascoux, 2000, A-Emami,15, Choi-Kwon, 18
HEZL,

A (P, Q) Ku(@=K-(P=K(w)
B, C SSYT(A, n) such that p € S\ for some A € P, is the Demazure crystal consisting of all

tableaux @ € SSYT (), n) with right key K, (Q) < K(u). BY C SSYT (), m) opposite Demazure atom
crystal consisting of all tableaux P € SSYT (A, m) with left key K~ (P) = K(u).

@ The law of the random variable ¢=perc(w), W € M2,

PDemazure(G _ k) _ H (1 _ UiVj) Z E“(u)/k;‘u(v)7 k € Z;O

1<j<i<n REZT ol max() =k
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Non-symmetric truncated Cauchy kernel identity

g>p, ANp,q) = ¢

@ Non-symmetric Cauchy kernel for truncated shapes

1 —
H = Z R (Xn—pt1y - s Xn)K (V15 - -+ 5 Yq)-

1-— Xi Vi
(i./)eN(p,q) Yi HEZL

@ A.-Emami, 14, A.-Gobet-Lecouvey, 22. Restriction of RSK to A(p, q)
RSKNPD  ppPD || By x Bgs

uezgo
A = (P(A), Q(A)) K-(P) = K(n), K+(Q) < K(fi).
@ The law of the random variable G = perc(W), W € Ma®? For k € z%0,
pPemazure(G _ jo) —

H (1 — UiVj) Z R(Hmm“ul)(unp“,un,erl)/iﬁ(vl,“.,vq)A

(i, /))EN(P,q) (,ul,...,,up)EZPdeax(,u):k

14/18



Non symmetric Cauchy kernel in a Young shape
n=28, N=(7,4,2,2,2), m=4, on = (4,3,2,1)

4[4
m|3
A=W | W | a
N BE BN B
H m m [ E[4][5][6]
o(N, NW) = s4s3s4, (N, SE) = s3565554

=

(i.j)EN XiYj
Z Do(h nW) B,y pin) (X -+ 3 Xnemi1) Do(n,sEY (g o) V15 - -+ 5 Yim)
(115 em) EZM
where Dya nwy = Dy -+ - Di, and D, (p sey = Djy - - - Dj, are Demazure operators.

@ The restriction of RSK to M2,

RSK®N - MPY — L L (AU(A,NW)E(um,...,M ) X Agn,se) B,

(1505 1m) €2

where A, nse) = A - 4, A (ANW) = A,'l e A;a, ¢ Schiitzenberger involution.
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0000O0GO0O0O
0000O0GO0O0O
000 0O0GO0O0O
01 000000
Ara222=11 1 0 0 0 0 0 o] B77®4HRTRTEx0I®88R 0
000 0O0O0UO0O
20110000
000010 20
415[5[7]7] 4]4]afafa]
7]7]8 7]7]8
p—[8]8 K_(P)=18[8 = K(0%,5,0%,2,3)
1[1[1]2]2] 2[2[2[2]2]
7 414[7
Q=157 K(Q) =717 = K(0,5,0,2,0%,3,0)
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LA4A3A4§(M4~~M1 0T

B4 i3.02.0,0%) U B y141113.0,11.0%) U B(11g 13,02 11,03 F 12> 110

Bpugns.00.0% 1 r1=p2=0

Bpug iy ,09) U By nz,m2,0,01,09) u UB(1ig i3,0,u0 .11 ,03)if H1=12>0

0, if py>up>0

By, 08 LBy g g 0,00 LBy g 0,001,039 LU By g0, 100,08 U

U LB(/L4=;L3,0,;L1,/12,03) U LB(M,;;G,;LI,0,,4,2,03)a if up>pp>o0.

3 2
K7(P):K(0375,027273)©P€LB(3Y2102,5103):]3(0 ,5,0 ,2,3):>M:(07572,3)

K. (Q)=K(0,5,0,2,0%,3,0) <K (m3msmsma(1,0*))=K(0,5,0,2,0%,3,0).

(P,Q)€B 35,02 5,03) X By0,5,0,2,02,3,0)
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@ The law of the random variable G = per(W), W € Mb, . For k € Z0,

]P)Demazure(G _ k) — H (]_ — U,‘Vj)

(i.j)€DA

g Do (A NWYE (pupm, .. g ) (e stin—mt1) Do (A, SEY S (g .. ) (VIs++25Vim)-
(K15--esm) EZ™|max(p)=k
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