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The cactus group J;

[Henriques-Kamnitzer, 2006; Halacheva, 2016]
@ Let g be a finite dimensional, complex, semisimple Lie algebra and

I its Dynkin diagram, A = {«;}ie/ the simple roots.

>
> Wy the Weyl group, wy € Wy the longest element.
6 : | — | the Dynkin diagram automorphism of | defined by

>
Qg(j) = —Wo., iel

Example: For g = gl,,, Cartan type A,_1: I =[n—1], A = {oi = & — e;Al}iE[n,ll, Wy = S,

0(i)=n—1i,
— e
3 4

1 2

n=5 Ay
a1 =(1,-1,0,0,0) = as = (0,0,0,1, —1) = —wpy

6, : J — J the Dynkin diagram automorphism of a connected subdiagram J C [, defined by

J .
Qg () = —Wo %y, J e J,
WOJ the long element of the parabolic subgroup W; C Wy.

Example: gls, J =[1,2], J = {2}, J={3}: A, A1, Ay,
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g = sp,,: Dynkin diagram automorphism and restrictions

Cn

An—l —

@ Cartan type Cp: | =[n], A = {c; = & — eix1}tien—1) U {on = 2en},
W=B,=<n,...,fh—1,m: R1,R2, R3, R4 >

R1: =1, 1<i<n,
R2:  (nn) =1, li—jl>1,
R3: (rr)®=1, 1<i<n-2,
R4 : (r,,_lr,,)4 =1

agiy = —wo.aj = —(—ay) = aj,  0(i) =i.

G 1 2 3 4 5 6

J: As

N
w
e
[&]
o

Jihg, A AL G L
9[1,5](I') =5—1, 6[5‘6] =1
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@ [Henriques-Kamnitzer 2006] The cactus group Jgi, = Jn

@ [Halacheva 2016]. The cactus group Jgy corresponding to g is the group defined by:

> Generators: s;, J C | running over all connected subdiagrams of the Dynkin diagram [ of g, and

> Relations:

1g. sf:l,foraIIng,

2g. sysy =sysy, forall J,J' C I such that JU J' is not connected,

J=1[1,2], ' = {4}, JU J is not connected diagram 1 2

we
e

39 sysy =s5g,yss forall S CJCI

@ Related groups: Like the braid group, the cactus group Jg surjects onto the Weyl group W,
Sy — W(')j

The kernel of the latter contains the elements (sg;}isg;})™7 such that (rir;)”i =1 in Wy as a Coxeter
group.
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The cacti J, :== Jy and Jgp,

@ The cactus group Jsp,, is the group defined by

> Generators: s;, J connected subdiagrams of the C, Dynkin diagram,
> Relations:

1C. s2=1,JC[n],
2C. sysy =sypsy, J,J" C[n] such that JU J' is not connected,
3CO Spp,qI5(k,) = S[p+a—1.p+a—KkSlp.al [k 1] C [Py g] € [n—1].

© S(p,nS(q,1] = S{q.15p,nl [9:1] C [P, ] € [n],

1 2 3 n—1 n
C, o o — —e—<—»

1 2 3 n—1
Al &—o——— o —— —e

® Jo = Jgi, © Jopy,-

@ Alternative n — 1 generators for J,,
Spp, 1< p<n-—1,
Spon—1,1 < p<n—1,

@ Alternative 2n — 1 generators for Jsp, @ spp, 1< p<n—1, sp,, 1< p<n
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Embedding of J;,, into U,

@ Dynkin diagram folding C, — Azn—1

1 2 p n—1
1 2 P n—1 n
G, . - . —  Aop_1 folded
21—1 272 2n—p 4l
@ Jy C Jsp,, = Jon [A-Tarighat—Torres, 22].
r: Jﬁpzn — J2,,
Sp,q] = $p,quizn—g.2n—p] = Slp,qlS2n—g.2n—p]; 1 <P < g <,
Slp,n] = S[p,2n—p]» 1<p<n

® Uy C Japy, & Jy = i(Jspy,) C Jon.

@ J, is the virtual symplectic cactus group

> generators: 3, qlu2n—q.2n—p» 1 S P < g < n and sp0,p, 1 < p <,
> Jsp,, symplectic cactus relations
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Normal crystals: G, crystal KN(, 2), Kashiwara-Nakashima tableaux

[1]1]
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{2}()\. 2) and KN“}(/\, 2)

Levi restrictions for J C [: KN
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Schitzenberger—Lusztig involution on crystals

@ B()\) g-normal crystal with h.w. X and u}&" and .

@ The Schiitzenberger-Lusztig involution & : B(\) — B(\) is the unique set
involution such that, for all b € B(X), and i € I,

> e&(b) = &fp(iy(b)
> FE(b) = Eep(iy(b)
> wt(£(b)) = wowt(b)

where wy is the long element of the Weyl group W.

o Let b="F, £, (u"®"), forj,,....,js€l. Then
Jr J1 A

> type An1, £(b) = enj, - enjr ("), and wt(&(b)) = wowt(b), wo € G,,.

On SSYT (A, n), € coincides with Schiitzenberger evacuation.

> type Co, £(b) = € -+ €, (u™), and w((b)) = —w(b).
On KN(A, n), € coincides with Santos symplectic evacuation, 2021.
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Jg-cactus action on a normal g-crystal

@ The partial Schiitzenberger—Lusztig involution & is the Schiitzenberger—Lusztig involution £ on the
normal crystal By, for J any sub-diagram of /.

@ When J = {i}, & is the Schiitzenberger—Lusztig involution on the i-strings Byiy and coincides the Weyl
group W, action on the i-strings By;y: §;, i € I, satisfy the Weyl group relations.

&i(b) #i(&i(b)) = ei(b)

&0 (b) b) b f(b)  g(b) = £ ) £ (b)

i

Theorem

Halacheva, 2016 (Henriques—Kamnitzer g = gl,, 2006) The map s; — &, for all J C |
connected Dynkin sub-diagrams of |, defines an action of the cactus group Jy on the set
B(X); that is, the &, satisfy the Jy cactus relations, and the following is a group
homomorphism
b0 Jg — Gp
s; — &

@ On SSYT (A, n), & is realized by J-partial Benkart-Sottile-Stroomer-reversal.

@ On KN(X, n), &, J = [p, n], is realized by the colourful J-partial symplectic
reversal, A.-Tarighat-Torres, 2022.
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Colourful partial symplectic reversal

2

]

P=

MIESIINY
—i|wl

lw| IR

€ KN((4,3,3,1),4). wt(P) = (—=1,1, —2,1). How to compute £ 47

1. Symplectic rectification of P[4y, 4: apply symplectic jeu de taquin SJDT.

gl1212 glpP|2 g12(3 243
4143 sioT |4(4]3 sIDT |4 |4|P ST |4|&|P
(Uos Pi42,4) = =15 — = =17 —T
z|3 Z|p Zlp ilp
3] 3] 13] 13]
r[4]3 2]4]3] |
spT |2 P sioT |3 P 2[4]3]
o = (rectPpyp 41, V) = rectPias 4y = (= s
3 P/ P p/ [+2,4] [+2,4] 13]
r’ r
zp
V= — r<r <g<p<p.
rp
L]
2. Santos evac®3 rectPi2 41 g 4|3] — 37 ; SBT ; 3|2l :evaCC3FeCtP[i2,4]-
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3. Reversal of Pj45 4. Replace rectP4 4 with evac®3 rectPly» 4

in (rectPi45 41, V) and apply RSJDT.
[£2,4]

3[3]2 13]2] ] 2[3]2] |
G _ la|e|P RSIDT |3|&|P RSIDT [3|&|P
(evac™ (rectPi1241), V) = AP = APy = il
I L 2]
g12|2 g(P|3 g12(3
=4 3 3, P RRT E 3, 3 R3OT E :j 3 :(Ug,reversaIC3P[i2’4])
ilp Zlp 7|2
12] 12] 2]
2|3
c 3|33
= reversal 3 P, = ==
[£2,4] A
12]
4. Replace P45 4 with reversal3 Pli2,4) in P
11231
G o [3]13]3
reversal[2y4]P— ARE
12]
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Baker, 2006, virtualization of KN tableau crystals

@ Dynkin diagram folding C, < Az,—1

1 2 P n—1
G oo o et g s Ay, folded :>
2n—1 2n—2 2n—p n+1
@ Baker virtualization is an injective map
E : KN(X, n) < SSYT(A?, n, A1)
1[1]1]1
AR A
T= 25 E(T) = [0  w(b(C) + w(b(C)] = [5
3

such that E(K(\, n)) has crystal structure with ££ = £A£} ., i < n, and f£ = ()2, isomorphic to
KN(A, n) such that
Ef(T) = £FE(T), for T € KN(A, n),1 < i < n.

@ (E(T), @) = RSK o W(T) = (P(wr), Qx) and
1 1 1
E™7 = VTRSK giknia,mx {0y }

1 . .
where RSK\KN(A,n)x{QA} denotes the inverse of RSK restricted to E(KN(X, n)) X {Qx}.
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Virtualization of the symplectic cactus action on KN tableau crystals

(]
1 2 P n—1
1 2 p n-1n ———eo—9o—
C, o—o—0o——o=<2 — As,_1 folded n
o o —
2n—1 2n—-2 2n—p n+1

The virtualization map E behaves very nicely with respect to Levi restriction!

KN, 5 (X, n) s SSYT pjupen—p,2n—1y(A\, 0, ), p < n,
KN, g(A,n) 2 SSYT(p 2n—p (X", 1, ), p<n

E
KN(X, n) ——— SSYT(A, n, /i)

C C Aop—1 Aon—1 ,A2n—1
5[!”3"1 5[P,:‘ﬂ glp,2nfp] 5[p,q] 5[2,,,%2,,,,,]

KN(X, n) —F SSYT(AA, n, )

@ Virtualization of the symplectic cactus action of J;p(2n,c) on the crystal KN(, n)

<I:'5p(2n,<C)
Jspn,c) — > SkN(x.n)

il Zi G 12n.0)T = 1®op(an)
Jon ——— SEKN(A,n)
¢E
al(2n,C) 14/18



The Berenstein—Kirillov group

The Berenstein—Kirillov group BK (Gelfand-Tsetlin group) [Berenstein, Kirillov, 1995], is the free group

generated by the Bender-Knuth involutions t;, for i > 0, modulo the relations they satisfy on straight
shaped semistandard Young tableaux.

iy

N =

1[1]2]2]3]
t1 2‘ =

1[1]1]2]3]
2]

lwl\)i—‘

1
2[2
13]

Proposition

[Berenstein—Kirillov, 1995] Let BKC, be the subgroup of BIC generated by t1, . .
@ The elements qp 1, - -

.y th—1.
-5 Q[1,n—1) are generators of BIC, qu i) = &, 1 > 1.

@ t=gqpu, ti = q1,i—1)9[1,19(1,i—1]9[1,i—2], fori > 2, quq =L

@ The following are group epimorphisms from J, to BIC,.

© s — ai,j [Chmutov—Glick—Pylyavskii 2016,2020].
S[i1.j] +* aq,j) [Halacheva 2016, 2020].

The group BIC, is isomorphic to a quotient of J,.
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The known relations for the BK,, group

=1, fori>1
titj = tjt;, for [i —j| > 1,
(tigp,)* =1, for i > 2,
(1t2)’ =1,

(tigys—n)’ =1, for i+1<j<Kk,
where

qu,i = tl(t2t1) cee (t,'t,‘,l cee tl), fori > 1,

Qi k—1] = Qu,k—19[1,k—j 90, k—1], Tor j < k.
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The type C, Berenstein—Kirillov group B
Definition (A-Tarighat—Torres 2022)

The symplectic Berenstein—Kirillov group BKS, n>1, is the free group generated by the 2n — 1 symplectic
partial Schiitzenberger-Lusztig involutions

9 =t &l LS <m,

and qf = &5, 1<i<n

on straight shaped KN tableaux on the alphabet [+n] modulo the relations they satisfy on those tableaux

@ [A-Tarighat—Torres 2022] The following is a group epimorphism from Jsy,  to BKn

s = A LSi<n o spaap,, 1<i<n

BKC is isomorphic to a quotient of Jspop

@ [A-Tarighat—Torres 2022] For n > 1, the symplectic Bender—Knuth involutions tl.c", 1<i<2n-—1,0n
straight shaped KN tableaux on the alphabet [£n], are defined as

G G G G —1, A1 A
"= A I i Il = B

A2n—1 An—1_An— "2n :
b= q[l,;n—l]ti n lq[l,;n—ll] = evact, Yevac, 1<i<n—1
¢ _ G C _ =1 A1 A
i = A Y is2,n = € G o0 T2y o B L

"YE, 1<i<n-—1,

IN
IN
3

The symplectic Bender-Knuth involutions tn 1 < i <2n—1 also generate BKSn.
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Proposition (A-Tarighat-Torres 2022)

The symplectic Bender—-Knuth involutions tI.C" =1,i=1,...,2n— 1, satisfy the following relations:

Q@ (t)?=1i=1,...,2n— 1.

:
Q (t7,_,to )P=1,1<ij<n

Q (2 =1,]i—j|>1,1<ij<n

Q (ttrn P =1i<n—]

Q (t7q5, =1 i+1<j<k<n

Q (t7q" ) =1i+1<j<n

Q@ (t7 a7 =11<ij<n

Q (7 1q )’ =Ln—i+1<j<k<n
Q (") =1,n>3

@ (t5, - tonetnen . gSn Cnyt — 1,

n—1"
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