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THE SETTING
THE CATEGORY OF QUASI-UNIFORM FRAMES[J. P., 1995℄EntouragesE 2 L� L E � (L� L;�)(x; y) � (z; w) 2 E ) (x; y) 2 Efxg � S � E ) (x;_S) 2 ES � fxg � E ) (_S; x) 2 E

su
h that _(x;x)2E x = 1:
x� y :=# (x; y) [ f(0; a); (a;0) j a 2 LgE Æ F := _fx� y j 9z 6= 0 : x� z � E; z� y � Fg1



Obje
ts (L; E) E 6= ; �lter of (Ent(L);�)(Q1) 8 E 2 E 9F 2 E : F Æ F � E(Q2) 8 x 2 L x = _fy 2 L j y E/1 x| {z }g9 E 2 E = E [ E�1 : E Æ (y � y) � x� x
y E/2 x � 9 E 2 E : (y � y) Æ E � x� x

(L; E) 2 QUFrmLi(E) := fx 2 L j x =Wfy 2 L j y E/i xgg(L;L1(E);L2(E))is a biframe
Morphisms h : (L; E1) �! (M; E2)Lh L� Lh�h LhM M �M M

E 2 E1h�h(h� h)(E) 2 E22



THE SUBOBJECT LATTICE Lo
ale X
S(X)�= is a CO-FRAME
(CL)op dual of the 
ongruen
e latti
e of L = OX

ra := f(x; y) j x _ a = y _ ag CLOSED�a := f(x; y) j x ^ a = y ^ ag OPEN
9>=>; 
omplem.

rL := fra j a 2 Lg subframe of CLL!rL : a 7! ra isomorphism�L :=< f�a j a 2 Lg > subframe of CLL!�L : a 7!�a dual poset embedding
(CL;rL;�L) is a biframe SKULA BIFRAME of L3



MOTIVATING EXAMPLE[W. Hunsaker, J.P., 2002℄Frame L(CL;rL;�L)Ea := (ra � 1) _ (1��a) (a 2 L)
The Ea (a 2 L) generate a quasi-uniformity Fon CL

(CL;F)
L1(F) = rL �= L 
ompatible

The Frith quasi-uniformity F 4



FLETCHER CONSTRUCTION IN FRM[Kyungpook Math. J. (to appear)℄
Ea := (ra � 1) _ (1��a)A : family of \ni
e" 
overs of LRA := \a2AEa 2 Ent(CL)? A 2 A_A1[A2=A(Â1ra ^ Â2�a) = 1 Flet
her 
overs
EA := the �lter generated by all RA

PROP. If SA generates L then L1(EA) = rL, andwe get a transitive quasi-unif. 
ompatible with L.5



\NICE" COVERS
TOP dual FRMfAi j i 2 Ig open 
over Î �ai = 0, _I ai = 1

int(\J Ai) = \J Ai int.-pres. int(_J �ai) = _J �ai� Ĵ ai

l([J (XnAi)) = [J (XnAi) 
l.-pres. 
l( Ĵ rai) = Ĵ rai

6 non-s
atteredlo
ales
r Ĵ ai

fXnAi j i 2 Ig 
l. 
o-
over _I rai = 1, _I ai = 1
CLOSURE-PRESERVING COVERS6



EXAMPLES OF CLOSURE-PRES. COVERSLo
ally �nite 
overs A � L� 9 
over C � L s.t., for every 
 2 C,A
 := fa 2 A j a ^ 
 6= 0g 2 Pfin(A).Point-�nite 
overs [Dowker, Strauss, 1973℄A � L� 8x 2 L; x= ^F2Pfin(A)(x __(A n F)):Well-monotone 
overs A � L,� well-ordered by the partial order � of L.Spe
trum 
overs A= fan j n 2 Zg � L� an � an+1� _n2Z�an = 1 (in parti
ular, n̂2Z an = 0). 7



_(Â1ra ^ Â2�a) = 1
Ĵ rai = r Ĵ ai 
l.-pres. Flet
her
_J �ai =� Ĵ ai int.-pres.
point-�nite

lo
. �nite well-mon. spe
tra
�nite
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EXAMPLES OF COMPATIBLE QUASI-UNIF.
Subbase Quasi-unif.fRA j A �nite 
overg FfRA j A lo
ally �nite 
overg LFfRA j A point-�nite Flet
her 
overg PFfRA j A 
losure-pres. Flet
her 
overg FTfRA j A well-monotone 
overg WfRA j A spe
trum 
overg SC

9



THE QUASI-UNIFORMITY Q OF THE REALS
FRAME OF REALS L(R ) [B. Banas
hewski℄L(R ) = Frmh(p; q)(p; q 2 Q ) j(1) (p; q) ^ (r; s) = (p _ r; q ^ s)(2) p � r < q � s) (p; q)_(r; s) = (p; s)(3) Wf(r; s) j p < r < s < qg = (p; q)(4) Wf(p; q) j p; q 2 Q g = 1i.(�; q) := _p2Q (p; q) (p;�) := _q2Q (p; q)Lu(R ) = h(�; q) j q 2 Q i.Ll(R ) = h(p;�) j p 2 Q i.
(L(R ); Lu(R ); Ll(R )) BIFRAME OF REALS10



Qn := _0<q�p<1n(�; q)� (p;�) (n 2 N )
� Qn 2 Ent(L(R ))
� Qn+1 � Qn
� Q2n ÆQ2n � Qn

Let Q be the �lter generated by fQn j n 2 N g
PROPOSITION. (L(R );Q) is a quasi-unif. framewhose underlying biframe is the biframe of reals.
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SEMICONTINUOUS REAL FUNCTIONS
upper semi
ontinuous real fun
tion on L:homomorphism h : Lu(R ) ! L.
For any spa
e X, there is a bije
tion

Frm(Lu(R );OX) �! Top(X; R u)h 7�! ~h(~h(x) < p i� x 2 h(�; p), 8 p 2 Q )
lower semi
ontinuous real fun
tion on L:homomorphism h : Ll(R ) ! L.
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THE SEMICONTINUOUS QUASI-UNIFORMITYS = all u.s.
. h : Lu(R ) ! L �= rL s.t. _p2Q :h(�; p) = 1
ea
h h extends to a biframe morphismh : L(R ) �! CL(�; p) 7�! h(�; p)(p;�) 7�! Wq>p:h(�; q)Eh;n := h� h(Qn) = _0<q�p<1n h(�; q)� h(p;�)(h 2 S, n 2 N )This is a subbase for a 
ompatible quasi-uniformityES on CL. Notation: SC
SC is the 
oarsest quasi-uniformity on CL forwhi
h ea
h biframe map h : L(R ) ! CL is auniform hom. h : (L(R );Q)! (CL;SC). 13



For ea
h a 2 L,hua : Lu(R ) ! L(�; p) 7! 8><>: 1 if 1 < pa if 0 < p � 10 if p � 0Let S be a 
olle
tion of u.s.
. h : Lu(R ) !rLs.t. Wp2Q :h(�; p) = 1, 
ontaining all hua.Ehua;n Æ (ra �ra) � ra �ra;(�a ��a) Æ Ehua;n ��a ��a
PROPOSITION. fEh;n j h 2 S; n 2 N g is a subbasefor a 
ompatible quasi-uniformity on CL.

EXAMPLE. S = fhua j a 2 LgEhua;n = (ra � 1) _ (1��a)Hen
e ES = F 14



THEOREM. Let A be the 
olle
tion of all spe
trum
overs of L. Then EA = SC.
fRA j A 2 Ag fEh;m j h 2 S;m 2 N gA= fan j n 2 Zg � L hA : Lu(R ) �! L(�; p) 7�! a[p℄EhA;1 � RAAh;m = fh(�; n2m) j n 2 Zg h 2 S;m 2 NRAh;m � Eh;m

COROLLARY. SC is a transitive quasi-uniformity.15



BOUNDEDNESSu.s.
. h : Lu(R ) ! L is bounded if h(�; p) = 1,some p 2 Q .
THEOREM. For every totally bounded quasi-unif.E on CL, there exists a family S of bounded u.s.
.h : Lu(R ) ! L su
h that E = ES.
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h : (L(R ); Lu(R ); Ll(R )) �! (L0; L1; L2) 2 BiFRm
TRAIL PAIR (t1; t2) in (L0; L1; L2)trail in L0 [B. B.℄ des
ending tr. in L0 [B.B.℄t1 : Q ! L0 t2 : Q ! L0p < q ) t1(p) � t1(q) p < q ) t2(q) � t2(p)_p2Q t1(p) = 1 = _p2Q t1(p)� _p2Q t2(p) = 1 = _p2Q t2(p)�
ontinuous 
ontinuous_p<q t1(p) = t1(q) _p>q t2(p) = t2(q)

t1(Q ) � L1, t2(Q ) � L2p < q ) t1(q) _ t2(p) = 18 p 2 Q ; t1(p) ^ t2(p) = 0


