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point-finite covers

[Dowker and Strauss, Paracompact frames and closed maps, 1975]

upper semicontinuous real functions: f : Lu(R) → L

[Li and Wang, Localic Katětov-Tong insertion theorem, 1997]
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FUNCTORIAL QUASI-UNIFORMITIES IN POINTFREE TOPOLOGY

[M.J. Ferreira, J. P., On the construction of quasi-uniform structures in
pointfree topology, 2004]

December 2005 Aspects of Contemporary Topology II – 2



FUNCTORIAL QUASI-UNIFORMITIES IN POINTFREE TOPOLOGY

any family of







(1) int.-pres. covers
(2) Fletcher’s condition
(3) preserved by frame hom.
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(3) preserved by frame hom.

induces functorial transitive
quasi-unif. on FRM

Examples all covers FT

Finite covers F

Locally finite covers LF

Well-monotone covers W

Spectrum covers SC ×
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∨

A = 1
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POINT-FINITE COVERS [Dowker and Strauss, 1975] A ⊆ L,
∨

A = 1

point-finite: ∀x ∈ L x =
∧

F∈Pf (A)

(x ∨ aF ) aF :=
∨

(A \ F )

locally-finite: ∃C ∈ CovL : Ac:= {a ∈ A | a ∧ c 6= 0} < ∞ ∀c ∈ C

finite locally-finite point-finite

(also useful: characterizations of normality, paracompactness ...)

December 2005 Aspects of Contemporary Topology II – 3



COVERS IN FRM

int.-pres. Fletcher

loc. finite well-mon. spectra
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COVERS IN FRM

int.-pres. Fletcher

loc. finite well-mon. spectra

finite

∨

J

∆ai
= ∆∧

J

ai

∨

A1

·
∪A2=A

(
∧

A1

∇a ∧
∧

A2

∆a) = 1
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int.-pres. Fletcher

loc. finite well-mon. spectra
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∆ai
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J

ai

∨

A1

·
∪A2=A
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∧

A1

∇a ∧
∧

A2

∆a) = 1

point-finite [DS]
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(2)
⋂

F∈Pf (A)

AF = ∅.

x ∈
⋂

F

AF iff |Ix| = ∞

(3) ∀S ⊆ X, S =
⋂

F∈Pf (A)

(S ∪ AF ).

⋂

F

(S ∪ AF ) = S ∪
⋂

F

AF

December 2005 Aspects of Contemporary Topology II – 5



MOTIVATION TOP [Lefschetz, 1942]

December 2005 Aspects of Contemporary Topology II – 6



MOTIVATION TOP [Lefschetz, 1942]

X ∈ TOP, A := {Ai}I ⊆ OX point-finite open cover

December 2005 Aspects of Contemporary Topology II – 6



MOTIVATION TOP [Lefschetz, 1942]

X ∈ TOP, A := {Ai}I ⊆ OX point-finite open cover

finite locally-finite point-finite interior-preserving

∀J ⊆ I, int(
⋂

J

Ai) =
⋂

J

Ai

December 2005 Aspects of Contemporary Topology II – 6



MOTIVATION TOP [Lefschetz, 1942]

X ∈ TOP, A := {Ai}I ⊆ OX point-finite open cover

finite locally-finite point-finite interior-preserving

∀J ⊆ I, int(
⋂

J

Ai) =
⋂

J

Ai

X is normal ≡ ∀ open cover {A, B} ∃ open cover {C, D} :

C ⊆ C ⊆ A, D ⊆ D ⊆ B

December 2005 Aspects of Contemporary Topology II – 6



MOTIVATION TOP [Lefschetz, 1942]

X ∈ TOP, A := {Ai}I ⊆ OX point-finite open cover

finite locally-finite point-finite interior-preserving

∀J ⊆ I, int(
⋂

J

Ai) =
⋂

J

Ai

X is normal ≡ ∀ open cover {A, B} ∃ open cover {C, D} :

C ⊆ C ⊆ A, D ⊆ D ⊆ B

⇔
∀ p.-f. open cover {Ai}I ∃ open cover {Ci}I :

∀i Ci ⊆ Ci ⊆ Ai

December 2005 Aspects of Contemporary Topology II – 6



MOTIVATION TOP [Lefschetz, 1942]

X ∈ TOP, A := {Ai}I ⊆ OX point-finite open cover

finite locally-finite point-finite interior-preserving

∀J ⊆ I, int(
⋂

J

Ai) =
⋂

J

Ai

X is normal ≡ ∀ open cover {A, B} ∃ open cover {C, D} :

C ⊆ C ⊆ A, D ⊆ D ⊆ B

⇔
∀ p.-f. open cover {Ai}I ∃ open cover {Ci}I :

∀i Ci ⊆ Ci ⊆ Ai

every point-finite cover is shrinkable [Lefschetz]
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sublocale lattice SX co-frame

A := {Ai | i ∈ I} ⊆ SX cover:
∨

A = X

point-finite: ∀S ∈ SX S =
∧

F∈Pf (A)

(S ∨ AF ) AF :=
∨

(A \ F )

⇔
∧

F∈Pf (A)

AF = 0

locally-finite: ∃ open cover C of X :

∀C ∈ C AC := {A ∈ A | A ∧ C 6= 0} < ∞

⇔ ∀C ∈ C ∃ finite IC : C ∧
∨

J

Aj = C ∧
∨

J∩IC

Aj for all J ⊆ I.
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POINT-FINITE FAMILIES OF SUBLOCALES

Now we have

finite locally-finite point-finite interior-preserving

int(
∧

J

Ai) =
∧

J

intAi

∀J ⊆ I
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POINT-FINITE FAMILIES OF SUBLOCALES

locally-finite point-finite
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POINT-FINITE FAMILIES OF SUBLOCALES

locally-finite point-finite

Proof:
∧

F∈Pf (A)

AF
?
=0

∧

F∈Pf (A)

AF =
∨

C∈C

C ∧
∧

F∈Pf (A)

AF =
∨

C∈C

(C ∧
∧

F∈Pf (A)

AF )

(open families are distributive)

and, for every C ∈ C, C ∧
∧

F∈Pf (A)

AF ≤ C ∧ AIC
= 0.
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Locale X frame L = OX

SX CL

open cover
A := {Sa | a ∈ A} {∆a | a ∈ A}, A ⊆ L

0 =
∧

F∈Pf (A)

AF =
∧

F∈Pf (A)

(
∨

Sa∈A\F

Sa)
∨

F∈Pf (A)

(
∧

a∈A\F

∆a) = 1

W
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Locale X frame L = OX

SX CL

open cover
A := {Sa | a ∈ A} {∆a | a ∈ A}, A ⊆ L

0 =
∧

F∈Pf (A)

AF =
∧

F∈Pf (A)

(
∨

Sa∈A\F

Sa)
∨

F∈Pf (A)

(
∧

a∈A\F

∆a) = 1
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∆W(A\F )
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POINT-FINITE COVERS OF FRAMES

Locale X frame L = OX

SX CL

open cover
A := {Sa | a ∈ A} {∆a | a ∈ A}, A ⊆ L

0 =
∧

F∈Pf (A)

AF =
∧

F∈Pf (A)

(
∨

Sa∈A\F

Sa)
∨

F∈Pf (A)

(
∧

a∈A\F

∆a) = 1

︸ ︷︷ ︸

∆W(A\F )

A ⊆ L is point-finite ≡
∨

F∈Pf (A)

∆aF
= 1
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POINT-FINITE COVERS OF FRAMES

int.-pres. Fletcher

point-finite [DS]

point-finite

loc. finite well-mon. spectra

finite
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POINT-FINITE COVERS OF FRAMES

PROPOSITION. Let h : L → M be a frame homomorphism. If A

is a point-finite cover of A then h[A] is a point-finite cover of M .

COROLLARY. The collection of all point-finite covers induces a
functorial quasi-uniformity PF on frames.

PROPOSITION [Lefschetz’s Theorem]. A frame L is normal iff for
every p.-f. cover {ai}I of L there exists a cover {bi}I of L such that
ai ∨ b∗i = 1 for all i. (i.e. iff each point-finite cover is shrinkable.)
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SEMICONTINUITY

[Li and Wang, Localic Katětov-Tong insertion theorem, 1997]

upper semicontinuous real function on L: f : Lu(R) → L

Lu(R) = Frm
〈

(−, p)(p ∈ Q) | (1),(2),(3)
〉

upper frame of reals

(1) p ≤ q ⇒ (−, p) ≤ (−, q)

(2)
∨

q<p

(−, q) = (−, p)

(3)
∨

p∈Q

(−, p) = 1.
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SEMICONTINUITY

[Li and Wang, Localic Katětov-Tong insertion theorem, 1997]

upper semicontinuous real function on L: f : Lu(R) → L

but FRM(Lu(R),OX) ∼= TOP(X, ΣLu(R))

(R ∪ {−∞}, Tu)

ξ−∞: Lu(R) → 2

(−, α) 7→ 1

Ru := (R, Tu) is not sober: ΣL ≇ Ru
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EXAMPLES
FRM(Lu(R),OX) ∼= TOP(X, ΣLu(R))
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EXAMPLES
FRM(Lu(R),OX) ∼= TOP(X, ΣLu(R))

h : Lu(R) → OX

(−, α) 7→ X

f : X → R ∪ {−∞}

x 7→ −∞
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HOW TO DESCRIBE UPPER SEMICONTINUITY ALGEBRAICALLY?

f : X → R is u.s.c ⇔ f : (X,OX, CX)
︸ ︷︷ ︸

Sk(X)

→ (R, Tu, Tl) ∈ BiTOP
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Thus TOP(X, Ru) ∼= BiTOP(Sk(X), (R, Tu, Tl))

sober bispace

Σ(L(R),Lu(R),Ll(R))

O⊣Σ
∼= BiFRM((L(R),Lu(R),Ll(R)),O(Sk(X)))

(C(OX),∇(OX),∆(OX))
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HOW TO DESCRIBE UPPER SEMICONTINUITY ALGEBRAICALLY?

BiFRM(L(R),CL) ∼=
{

f : Lu(R) → L ∈ FRM |
∨

p∈Q

∆f(−,p) = 1

}
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HOW TO DESCRIBE UPPER SEMICONTINUITY ALGEBRAICALLY?

BiFRM(L(R),CL) ∼=
{

f : Lu(R) → L ∈ FRM |
∨

p∈Q

∆f(−,p) = 1

}

h : L(R) → CL h|Lu(R)
: Lu(R) → ∇L ∼= L

hf : (−, p) 7→ ∇f(−,p)

(p,−) 7→
∨

q>p

∆f(−,q)
f

• SC(L) is induced by all u.s.c. real functions on L

• Katětov-Tong insertion theorem
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CONCLUSION

u.s.c. real function on L: f : Lu(R) → L ∈ FRM s.t.
∨

p∈Q

∆f(−,p) = 1.
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CONCLUSION

u.s.c. real function on L: f : Lu(R) → L ∈ FRM s.t.
∨

p∈Q

∆f(−,p) = 1.

l.s.c. real function on L: g : Ll(R) → L ∈ FRM s.t.
∨

p∈Q

∆g(p,−) = 1.

PROPOSITION [Localic Katětov-Tong Insertion Theorem].

L is normal iff for every usc real function f : Lu(R) → L and
every lsc real function g : Ll(R) → L with f ≤ g there exists a
continuous real function h : L(R) → L such that f ≤ h ≤ g.
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