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point-finite covers

[Dowker and Strauss, Paracompact frames and closed maps, 1975]

upper semicontinuous real functions:  f: £,(R) — L

[Li and Wang, Localic Katetov-Tong insertion theorem, 1997]

December 2005 Aspects of Contemporary Topology Il — 2



FUNCTORIAL QUASI-UNIFORMITIES IN POINTFREE TOPOLOGY

[M.J. Ferreira, J. P., On the construction of quasi-uniform structures in
pointfree topology, 2004]
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FUNCTORIAL QUASI-UNIFORMITIES IN POINTFREE TOPOLOGY

( (1) int.-pres. covers
any family of < (2) Fletcher’s condition
L (3) preserved by frame hom.
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FUNCTORIAL QUASI-UNIFORMITIES IN POINTFREE TOPOLOGY

( (1) int.-pres. covers

any fam||y of 4 (2) Fletcher’s condition induces functorial transitive

N i-unif. on FRM
| (3) preserved by frame hom. quasi-unit. on

Examples all covers FT
Finite covers F
Locally finite covers LF
Well-monotone covers ) 4%
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FUNCTORIAL QUASI-UNIFORMITIES IN POINTFREE TOPOLOGY

( (1) int.-pres. covers

any family of < (2) Fletcher’s condition

Examples all covers

Finite covers

Locally finite covers

Well-monotone covers

Spectrum covers

Point-finite covers

L (3) preserved by frame hom.

functorial transitive
guasi-unif. on FRM

induces
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POINT-FINITE COVERS [Dowker and Strauss, 1975] ACL, VA=1
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POINT-FINITE COVERS [Dowker and Strauss, 1975] ACL, VA=1

point-finite:  VzeL |z= J\ (zVap) ap =\ (A\ F)
FEPf(A)
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POINT-FINITE COVERS [Dowker and Strauss, 1975] ACL, VA=1

point-finite:  VzeL |z= J\ (zVap) ap =\ (A\ F)
FEPf(A)

locally-finite:  3C € Covl : |Ac={a € A|laNc#0} <oo| Vee(

finite |—= | locally-finite |—=| point-finite

(also useful: characterizations of normality, paracompactness ...)
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COVERS IN FRM

December 2005

Int.-pres.

loc. finite

H
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Fletcher

spectra
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Int.-pres. Fletcher
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H
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Int.-pres. Fletcher

point-finite [DS]

loc. finite well-mon. spectra

H
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SET [Lefschetz, 1942]
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FePiA),  Arm UA|Ac A\ F)

TFAE:

(1) A is point-finite.
v €[ )Ap iff |I] = o
F

SUAR)=SU[ )4
B)VSCX, S= ()] (SUAdp). Q( r) Q F

FePy (.A)
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TOP [Lefschetz, 1942]
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TOP [Lefschetz, 1942]

X eTor, A:={A;}; COX point-finite open cover

finite — locally-finite | —— | point-finite —— | interior-preserving

VJ C I, int([ ) Ai) = ()4
J J

X is normal =V open cover {A, B} 3 open cover {C,D} :
CCCCADCDCRB

V p.-f. open cover {A;}; 3 open cover {C;}:
Vi C; CC; C A

every point-finite cover iIs shrinkable [Lefschetz]
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POINT-FINITE FAMILIES OF SUBLOCALES Locale X

sublocale lattice & ¥ co-frame
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POINT-FINITE FAMILIES OF SUBLOCALES Locale X

sublocale lattice & ¥ co-frame

A:={A;|iel} C6X cover: \VA=X

point-finite: VS e &X |S= A (SVAp) Ap =\ (A\ F)
FEPf(A)

S /\ AF =0
FEPf(.A)

locally-finite:  d open cover C of X :
VOCeCAc:={Ac A|ANC #0} <

& YO e C Ifinite I C/\\/A —C A \/ A forall JC 1.
JNIco
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POINT-FINITE FAMILIES OF SUBLOCALES
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POINT-FINITE FAMILIES OF SUBLOCALES

Now we have

finite — locally-finite | —— | point-finite — | interior-preserving

T yicr
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POINT-FINITE FAMILIES OF SUBLOCALES

locally-finite  ——  point-finite
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POINT-FINITE FAMILIES OF SUBLOCALES

locally-finite  ——  point-finite

Proof: /\ Ap—0
N 4ar=\Ccn N Ar=\(CAr A AF
FeP;(A) cecC FEP;(A) cec FeP;(A

(open families are distributive)

and, for every C € C, C' A /\ Ap <CAAp, =0.
FEPf(.A)
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POINT-FINITE COVERS OF FRAMES

Locale X frame L = 0OX

SX CL
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POINT-FINITE COVERS OF FRAMES

Locale X frame L = 0OX
66X CL
open cover
A:={S,|ae A} {A,|a€e A}, ACL
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POINT-FINITE COVERS OF FRAMES

Locale X frame L = OX
GX ¢L
open cover
A:={S5,|ac A} {A,|a€e A}, ACL
o= A 4r= AN (' Sa) V (A A)=1
FePs(A) FePs(A) S, e A\F FePs(A) acA\F
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POINT-FINITE COVERS OF FRAMES

Locale X frame L = OX
66X ¢CL
open cover
A:={S5,|ac A} {A,|a€e A}, ACL
o= A 4r= AN (' Sa) V (A A)=1
FePs(A) FePs(A) S, e A\F FePs(A) acA\F

N——
Aya\r)

A C L is point-finite = \/ A, =1
FGPf (A)
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POINT-FINITE COVERS OF FRAMES

Int.-pres. Fletcher

point-finite [DS] " \
1 WS

point-finite

S

loc. finite well-mon. spectra

H

finite
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POINT-FINITE COVERS OF FRAMES

PROPOSITION. Let h : L — M be a frame homomorphism. If A
IS a point-finite cover of A then h|[A] is a point-finite cover of M.
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functorial quasi-uniformity 7 on frames.
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POINT-FINITE COVERS OF FRAMES

PROPOSITION. Let h : L — M be a frame homomorphism. If A
IS a point-finite cover of A then h|[A] is a point-finite cover of M.

COROLLARY. The collection of all point-finite covers induces a
functorial quasi-uniformity 7 on frames.

PROPOSITION [Lefschetz’'s Theorem]|. A frame L i1s normal iff for
every p.-f. cover {a;}; of L there exists a cover {b;}; of L such that
a; Vb7 =1forall:. (i.e. Iff each point-finite cover is shrinkable.)
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SEMICONTINUITY

[Li and Wang, Localic Katetov-Tong insertion theorem, 1997]

upper semicontinuous real function on L: f:Lu(R)— L
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SEMICONTINUITY

[Li and Wang, Localic Katetov-Tong insertion theorem, 1997]

upper semicontinuous real function on L: f:Lu(R)— L

L£4.(R) = Frm<(—,p) (p e Q)| (1),(2),(3)> upper frame of reals
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SEMICONTINUITY

[Li and Wang, Localic Katetov-Tong insertion theorem, 1997]

upper semicontinuous real function on L: f:Lu(R)— L
but FRM(L,(R),OX) Z TOP(X, X£,(R))
(R U {-OO}, IZTLL)
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SEMICONTINUITY

[Li and Wang, Localic Katetov-Tong insertion theorem, 1997]

upper semicontinuous real function on L: f:Lu(R)— L
but FRM(L,(R),OX) Z TOP(X, X£,(R))
oot Lu(R) — 2
(—,Oé) — 1
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SEMICONTINUITY

[Li and Wang, Localic Katetov-Tong insertion theorem, 1997]

upper semicontinuous real function on L: f:Lu(R)— L
but FRM(L,(R),OX) Z TOP(X, X£,(R))
£t £y(R) — 2
(_7 Oé) — 1
(RU{—00}, 7u)

R, := (R,7,) is not sober. XL £ R,

December 2005

Aspects of Contemporary Topology Il — 11



FRM(£,(R), OX) = TOP(X, £.£,(R))
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FRM(£,(R), OX) = TOP(X, £.£,(R))

log @

F(0) = =
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FRM(£,(R), OX) = TOP(X, £.£,(R))

h:L,(R) — OX f: X — RU{—o0}
_704) = X r = —00

/N
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HOW TO DESCRIBE UPPER SEMICONTINUITY ALGEBRAICALLY?

f: X —=Risus.c« f:(X,0X,CX) — (R,7,,7;) € BiTOP

\ - J/

Sk(X)
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f: X —=Risus.c« f:(X,0X,CX) — (R,7,,7;) € BiTOP

\ - J/

Sk(X)

Thus TOP(X,R,) = BITOP(Sk(X), (R, 7y, 7;))

g sober bispace

O”;ZBiFRM((Q(R), Lu(R), £(R)), O(Sk(X)))
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HOW TO DESCRIBE UPPER SEMICONTINUITY ALGEBRAICALLY?

f: X —=Risus.c« f:(X,0X,CX) — (R,7,,7;) € BiTOP

\ - J/

Sk(X)

Thus TOP(X,R,) = BITOP(Sk(X), (R, 7y, 7;))

g sober bispace

O”;ZBiFRM((Q(R), Lu(R), £(R)), O(Sk(X)))

|

(C(0X),V(0OX),A(OX))
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HOW TO DESCRIBE UPPER SEMICONTINUITY ALGEBRAICALLY?

BIFRM(L£(R),¢L) = {f : Lu(R) — L € FRM | \/ Ar_p) = 1}

peQ
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HOW TO DESCRIBE UPPER SEMICONTINUITY ALGEBRAICALLY?

BIFRM(L£(R),¢L) = {f : Lu(R) — L € FRM | \/ Ar_p) = 1}

peQ

h:L(R) — €L s Pe o Lu(R) — VL2 L
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HOW TO DESCRIBE UPPER SEMICONTINUITY ALGEBRAICALLY?

BIFRM(L£(R),¢L) = {f : Lu(R) — L € FRM | \/ Ar_p) = 1}

peQ
hifR) €L el £u(R) > VLI
hf : (_7p) — vf (—,p)
,— — \/ Af —.q) I f

q>p
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HOW TO DESCRIBE UPPER SEMICONTINUITY ALGEBRAICALLY?

BIFRM(L£(R),¢L) = {f : Lu(R) — L € FRM | \/ Ar_p) = 1}

peQ
hifR) €L el £u(R) > VLI
,— — \/ Af I /

q>p

e SC(L) isinduced by all u.s.c. real functions on L
e Katetov-Tong insertion theorem
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CONCLUSION

u.s.c. real functionon L:  f: £,(R) —» L € FRMs.t. \/ Ay
peQ

_p) = 1.
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CONCLUSION

u.s.c. real functionon L:  f: £,(R) —» L € FRMs.t. \/ Ay
peQ

_p) = 1.

.s.c. real functionon L:  g: &(R) —» L€ FRMS.t. \/ Ay, ) =1.
peQ
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CONCLUSION

u.s.c. real functionon L:  f: £,(R) - LeFRMs.t. \/ Ay ) =1.
peQ

.s.c. real functionon L:  g: &(R) —» L€ FRMS.t. \/ Ay, ) =1.
peQ

PROPOSITION [Localic Katéetov-Tong Insertion Theorem].

L is normal iff for every usc real function f : £,(R) — L and
every Isc real function g : £;(R) — L with f < g there exists a
continuous real function h : £(R) — L suchthat f < h <g.
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