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e One can see continuous and semicontinuous functions as particular
kinds of real-valued functions, with the same domain.

e The class of continuous functions is precisely the intersection of the
classes of lower and upper ones.

e Being upper and lower semicontinuous functions particular kinds of
real-valued functions, we can compare them.

e By considering the algebraic operations of the function algebra
R(SL), we obtain, in particular, a way of defining the sum of an

upper semicontinuous functions with a lower semicontinuous one,
etc.
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INSERTION THEOREMS

KATETOV-TONG INSERTION THEOREM:

The following conditions on a frame L are equivalent:

(1) L is normal.

(2) For every FF € USC(L) and every G € LSC(L) with F < G,
there exists H € C(L) suchthat I < H < G.
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INSERTION THEOREMS

KATETOV-TONG INSERTION THEOREM:

The following conditions on a frame L are equivalent:

(1) L is normal.

(2) For every FF € USC(L) and every G € LSC(L) with F < G,
there exists H € C(L) suchthat I < H < G.

STONE INSERTION THEOREM:

The following conditions on a frame L are equivalent:

(1) L is extremally disconnected.

(2) For every FF € USC(L) and every G € LSC(L) with G < F,
there exists H € C(L) suchthat G < H < F.
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UL(L)= {(F,G) € USC(L) x LSC(L) : F < G}

ordered by (F1,G1) < (F2,G2) = F» < F1,G1 < Go.
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UL(L)= {(F,G) € USC(L) x LSC(L) : F < G}

ordered by (F1,G1) < (F2,G2) = F» < F1,G1 < Go.

MONOTONE KATETOV-TONG INSERTION THEOREM:

The following conditions on a frame L are equivalent:

(1) L is monotonically normal.

(2) There exists a monotone © : UL(L) — C(L) such that
F < O(F,G) <G forevery (F,G) € UL(L).
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UL(L)= {(F,G) € USC(L) x LSC(L) : F < G}

ordered by (F1,G1) < (F2,G2) = F» < F1,G1 < Go.

MONOTONE KATETOV-TONG INSERTION THEOREM:

The following conditions on a frame L are equivalent:

(1) L is monotonically normal.

(2) There exists a monotone © : UL(L) — C(L) such that
F < O(F,G) <G forevery (F,G) € UL(L).

strict insertion:
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UL(L)= {(F,G) € USC(L) x LSC(L) : F < G}

ordered by (F1,G1) < (F2,G2) = F» < F1,G1 < Go.

MONOTONE KATETOV-TONG INSERTION THEOREM:

The following conditions on a frame L are equivalent:

(1) L is monotonically normal.

(2) There exists a monotone © : UL(L) — C(L) such that
F < O(F,G) <G forevery (F,G) € UL(L).

strict insertion:
MICHAEL INSERTION THEOREM for perfectly normal frames: ...
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UL(L)= {(F,G) € USC(L) x LSC(L) : F < G}

ordered by (F1,G1) < (F2,G2) = F» < F1,G1 < Go.

MONOTONE KATETOV-TONG INSERTION THEOREM:

The following conditions on a frame L are equivalent:

(1) L is monotonically normal.

(2) There exists a monotone © : UL(L) — C(L) such that
F < O(F,G) <G forevery (F,G) € UL(L).

strict insertion:
MICHAEL INSERTION THEOREM for perfectly normal frames: ...

DOWKER INSERTION THEOREM for normal and countably
paracompact frames ...
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EXTENSION THEOREMS

SeGL,cg: LS
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EXTENSION THEOREMS

SeGL,cg: LS

H € C(L) is a continuous extension of H € C(S) if
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EXTENSION THEOREMS

SeGL,cg: LS

H € C(L) is a continuous extension of H € C(S) if

cL

T
R
~

Cs

&
Z
Y

¢S~ S
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EXTENSION THEOREMS

The following conditions on a frame L are equivalent:

(1) L is normal.

(2) For each closed sublocale S of L and every H € C(S5),
there exists a continuous extension H € C(L) of H.
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EXTENSION THEOREMS

The following conditions on a frame L are equivalent:

(1) L is normal.

(2) For each closed sublocale S of L and every H € C(S5),
there exists a continuous extension H € C(L) of H.

The following conditions on a frame L are equivalent:

(1) L is extremally disconnected.

(2) For each open sublocale S of L and each H € C(5),
there exists a continuous extension H € C(L) of H.
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EXTENSION THEOREMS

The following conditions on a frame L are equivalent:

(1) L is normal.

(2) For each closed sublocale S of L and every H € C(S5),
there exists a continuous extension H € C(L) of H.

The following conditions on a frame L are equivalent:

(1) L is extremally disconnected.

(2) For each open sublocale S of L and each H € C(5),
there exists a continuous extension H € C(L) of H.

also versions for monotone normality, perfect normality, ...
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SEMICONTINUITY IN POINTFREE TOPOLOGY

MOTIVATION: | J. Gutiérrez Garcia and J. P.

On the algebraic representation of semicontinuity
J. PURE APPL. ALGEBRA 210 (2007) 299-306.

e J. Gutiérrez Garcia, T. Kubiak and J. P.

Monotone insertion and monotone extension of frame homomorph.

To appear in JOURNAL OF PURE AND APPLIED ALGEBRA.

Lower and upper regularizations of frame semicont. real functions

SUBMITTED.

Pointfree forms of Michael and Dowker insertion theorems

IN PREPARATION.

December 10, 2007 Aspects of Contemporary Topology Il — 17




	color {blue}colorbox {blue}{color {white}�f {BACKGROUND: THE FRAME OF REALS} ${{mathfrak {L}}(R )}$}
	color {blue}colorbox {blue}{color {white}�f {BACKGROUND: THE FRAME OF REALS} ${{mathfrak {L}}(R )}$}
	color {blue}colorbox {blue}{color {white}�f {BACKGROUND: THE FRAME OF REALS} ${{mathfrak {L}}(R )}$}
	color {blue}colorbox {blue}{color {white}�f {BACKGROUND: THE FRAME OF REALS} ${{mathfrak {L}}(R )}$}
	color {blue}colorbox {blue}{color {white}�f {BACKGROUND: THE FRAME OF REALS} ${{mathfrak {L}}(R )}$}
	color {blue}colorbox {blue}{color {white}�f {BACKGROUND: THE FRAME OF REALS} ${{mathfrak {L}}(R )}$}
	color {blue}colorbox {blue}{color {white}�f {BACKGROUND: THE FRAME OF REALS} ${{mathfrak {L}}(R )}$}
	color {blue}colorbox {blue}{color {white}�f {BACKGROUND: THE FRAME OF REALS} ${{mathfrak {L}}(R )}$}
	color {blue}colorbox {blue}{color {white}�f {BACKGROUND: THE FRAME OF REALS} ${{mathfrak {L}}(R )}$}
	color {blue}colorbox {blue}{color {white}�f {BACKGROUND: THE FRAME OF REALS} ${{mathfrak {L}}(R )}$}
	color {blue}colorbox {blue}{color {white}�f {BACKGROUND: THE FRAME OF REALS} ${{mathfrak {L}}(R )}$}
	color {blue}colorbox {blue}{color {white}�f {BACKGROUND: THE FRAME OF REALS} ${{mathfrak {L}}(R )}$}

	color {blue}colorbox {blue}{color {white}�f {BACKGROUND: THE SUBLOCALE LATTICE $mathfrak {S}L$}}
	color {blue}colorbox {blue}{color {white}�f {BACKGROUND: THE SUBLOCALE LATTICE $mathfrak {S}L$}}
	color {blue}colorbox {blue}{color {white}�f {BACKGROUND: THE SUBLOCALE LATTICE $mathfrak {S}L$}}
	color {blue}colorbox {blue}{color {white}�f {BACKGROUND: THE SUBLOCALE LATTICE $mathfrak {S}L$}}
	color {blue}colorbox {blue}{color {white}�f {BACKGROUND: THE SUBLOCALE LATTICE $mathfrak {S}L$}}
	color {blue}colorbox {blue}{color {white}�f {BACKGROUND: THE SUBLOCALE LATTICE $mathfrak {S}L$}}

	color {blue}colorbox {blue}{color {white}�f {BACKGROUND: THE SUBLOCALE LATTICE $mathfrak {S}L$}}
	color {blue}colorbox {blue}{color {white}�f {BACKGROUND: THE SUBLOCALE LATTICE $mathfrak {S}L$}}
	color {blue}colorbox {blue}{color {white}�f {BACKGROUND: THE SUBLOCALE LATTICE $mathfrak {S}L$}}
	color {blue}colorbox {blue}{color {white}�f {BACKGROUND: THE SUBLOCALE LATTICE $mathfrak {S}L$}}
	color {blue}colorbox {blue}{color {white}�f {BACKGROUND: THE SUBLOCALE LATTICE $mathfrak {S}L$}}
	color {blue}colorbox {blue}{color {white}�f {BACKGROUND: THE SUBLOCALE LATTICE $mathfrak {S}L$}}
	color {blue}colorbox {blue}{color {white}�f {BACKGROUND: THE SUBLOCALE LATTICE $mathfrak {S}L$}}
	color {blue}colorbox {blue}{color {white}�f {BACKGROUND: THE SUBLOCALE LATTICE $mathfrak {S}L$}}
	color {blue}colorbox {blue}{color {white}�f {BACKGROUND: THE SUBLOCALE LATTICE $mathfrak {S}L$}}

	color {blue}colorbox {blue}{color {white}�f {(LOCALIC) REAL-VALUED
FUNCTIONS}}
	color {blue}colorbox {blue}{color {white}�f {(LOCALIC)
REAL-VALUED FUNCTIONS}}
	color {blue}colorbox {blue}{color {white}�f {(LOCALIC)
REAL-VALUED FUNCTIONS}}
	color {blue}colorbox {blue}{color {white}�f {(LOCALIC)
REAL-VALUED FUNCTIONS}}
	color {blue}colorbox {blue}{color {white}�f {(LOCALIC)
REAL-VALUED FUNCTIONS}}
	color {blue}colorbox {blue}{color {white}�f {(LOCALIC)
REAL-VALUED FUNCTIONS}}
	color {blue}colorbox {blue}{color {white}�f {(LOCALIC)
REAL-VALUED FUNCTIONS}}
	color {blue}colorbox {blue}{color {white}�f {(LOCALIC)
REAL-VALUED FUNCTIONS}}
	color {blue}colorbox {blue}{color {white}�f {(LOCALIC)
REAL-VALUED FUNCTIONS}}

	color {blue}colorbox {blue}{color {white}�f {(LOCALIC) REAL-VALUED
FUNCTIONS: examples}}
	color {blue}colorbox {blue}{color {white}�f {(LOCALIC)
REAL-VALUED FUNCTIONS: examples}}
	color {blue}colorbox {blue}{color {white}�f {(LOCALIC)
REAL-VALUED FUNCTIONS: examples}}
	color {blue}colorbox {blue}{color {white}�f {(LOCALIC)
REAL-VALUED FUNCTIONS: examples}}
	color {blue}colorbox {blue}{color {white}�f {(LOCALIC)
REAL-VALUED FUNCTIONS: examples}}

	color {blue}colorbox {blue}{color {white}�f {THE ISOMORPHISMS}}
	color {blue}colorbox {blue}{color {white}�f {THE ISOMORPHISMS}}
	color {blue}colorbox {blue}{color {white}�f {THE ISOMORPHISMS}}
	color {blue}colorbox {blue}{color {white}�f {THE ISOMORPHISMS}}
	color {blue}colorbox {blue}{color {white}�f {THE ISOMORPHISMS}}
	color {blue}colorbox {blue}{color {white}�f {THE ISOMORPHISMS}}

	color {blue}colorbox {blue}{color {white}�f {THE ISOMORPHISMS}}
	color {blue}colorbox {blue}{color {white}�f {ACHIEVEMENTS}}
	color {blue}colorbox {blue}{color {white}�f {ACHIEVEMENTS}}
	color {blue}colorbox {blue}{color {white}�f {ACHIEVEMENTS}}
	color {blue}colorbox {blue}{color {white}�f {ACHIEVEMENTS}}

	color {blue}colorbox {blue}{color {white}�f {REGULARIZATION OF REAL-VALUED FUNCTIONS}}
	color {blue}colorbox {blue}{color {white}�f {REGULARIZATION OF REAL-VALUED FUNCTIONS}}
	color {blue}colorbox {blue}{color {white}�f {REGULARIZATION OF REAL-VALUED FUNCTIONS}}
	color {blue}colorbox {blue}{color {white}�f {REGULARIZATION OF REAL-VALUED FUNCTIONS}}
	color {blue}colorbox {blue}{color {white}�f {REGULARIZATION OF REAL-VALUED FUNCTIONS}}
	color {blue}colorbox {blue}{color {white}�f {REGULARIZATION OF REAL-VALUED FUNCTIONS}}
	color {blue}colorbox {blue}{color {white}�f {REGULARIZATION OF REAL-VALUED FUNCTIONS}}
	color {blue}colorbox {blue}{color {white}�f {REGULARIZATION OF REAL-VALUED FUNCTIONS}}
	color {blue}colorbox {blue}{color {white}�f {REGULARIZATION OF REAL-VALUED FUNCTIONS}}
	color {blue}colorbox {blue}{color {white}�f {REGULARIZATION OF REAL-VALUED FUNCTIONS}}
	color {blue}colorbox {blue}{color {white}�f {REGULARIZATION OF REAL-VALUED FUNCTIONS}}

	color {blue}colorbox {blue}{color {white}�f {REGULARIZATION OF REAL-VALUED FUNCTIONS: examples}}
	color {blue}colorbox {blue}{color {white}�f {REGULARIZATION OF REAL-VALUED FUNCTIONS: examples}}
	color {blue}colorbox {blue}{color {white}�f {REGULARIZATION OF REAL-VALUED FUNCTIONS: examples}}
	color {blue}colorbox {blue}{color {white}�f {REGULARIZATION OF REAL-VALUED FUNCTIONS: examples}}
	color {blue}colorbox {blue}{color {white}�f {REGULARIZATION OF REAL-VALUED FUNCTIONS: examples}}
	color {blue}colorbox {blue}{color {white}�f {REGULARIZATION OF REAL-VALUED FUNCTIONS: examples}}
	color {blue}colorbox {blue}{color {white}�f {REGULARIZATION OF REAL-VALUED FUNCTIONS: examples}}
	color {blue}colorbox {blue}{color {white}�f {REGULARIZATION OF REAL-VALUED FUNCTIONS: examples}}

	color {blue}colorbox {blue}{color {white}�f {REGULARIZATION OF REAL-VALUED FUNCTIONS}}
	color {blue}colorbox {blue}{color {white}�f {REGULARIZATION OF REAL-VALUED FUNCTIONS}}
	color {blue}colorbox {blue}{color {white}�f {REGULARIZATION OF REAL-VALUED FUNCTIONS}}
	color {blue}colorbox {blue}{color {white}�f {REGULARIZATION OF REAL-VALUED FUNCTIONS}}

	color {blue}colorbox {blue}{color {white}�f {INSERTION THEOREMS}}
	color {blue}colorbox {blue}{color {white}�f {INSERTION THEOREMS}}
	color {blue}colorbox {blue}{color {white}�f {INSERTION THEOREMS}}

	color {blue}colorbox {blue}{color {white}�f {INSERTION THEOREMS}}
	color {blue}colorbox {blue}{color {white}�f {INSERTION THEOREMS}}
	color {blue}colorbox {blue}{color {white}�f {INSERTION THEOREMS}}
	color {blue}colorbox {blue}{color {white}�f {INSERTION THEOREMS}}
	color {blue}colorbox {blue}{color {white}�f {INSERTION THEOREMS}}

	color {blue}colorbox {blue}{color {white}�f {EXTENSION THEOREMS}}
	color {blue}colorbox {blue}{color {white}�f {EXTENSION THEOREMS}}
	color {blue}colorbox {blue}{color {white}�f {EXTENSION THEOREMS}}

	color {blue}colorbox {blue}{color {white}�f {EXTENSION THEOREMS}}
	color {blue}colorbox {blue}{color {white}�f {EXTENSION THEOREMS}}
	color {blue}colorbox {blue}{color {white}�f {EXTENSION THEOREMS}}

	color {blue}colorbox {blue}{color {white}�f {SEMICONTINUITY IN POINTFREE TOPOLOGY}}

