The quantale
of Galois connections

Jorge Picado

Mathematics Department - University of Coimbra
PORTUGAL

June 2005 Il Conference on Algebraic and Topological Methods in Non-Classical Logics — 1



[Birkhoff 1940, Ore 1944]

Posets A, B / .
A B

A

June 2005 Il Conference on Algebraic and Topological Methods in Non-Classical Logics — 2
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[Birkhoff 1940, Ore 1944]

Posets A, B / .
A B

A

o fc Ant(A,B)and g € Ant(B, A)
e Vac Aa<gf(a), Vb€ Bb< fg(b)

= f(V.5) =N f(S), 9(VS) = Ag(S).

if 37t : B — A (necessarily unigue) such that

J € Gal(4, B) (f, /1) is a Galois connection.

< fVS) = NF(S).
(when A, B € C'Lat)
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HOW TO COMPOSE GALOIS MAPS?

(Gal(A, AY), o) complete semigroup of residuated maps
QUANTALE fVS) =V f(S)
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HOW TO COMPOSE GALOIS MAPS?

(Gal(A, AY), o) complete semigroup of residuated maps
QUANTALE fVS) =V f(S)

(Gal(A, A),7) Galois maps
? fVS) =N f(S)
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CATEGORICAL MOTIVATION

In any category with finite limits and images:
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[Freyd, Scedrov 1990]

In any category with finite limits and images:

X x X
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[Freyd, Scedrov 1990]

In any category with finite limits and images:

X x X

K
Ri1 0 Ry

The composition of the relations m; and ms Is the image of f:

f(RloRz) m - X XX
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APPLICATION TO THE CATEGORY OF LOCALES

[Picado, Ferreira, Quaest. Math., to appear]

LocC POINTFREE TOPOLOGY

Frm¢ frames: complete Heyting algebras
morphisms: preserve \/, A
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[Picado, Ferreira, Quaest. Math., to appear]

LocC POINTFREE TOPOLOGY

Frm¢ frames: complete Heyting algebras
morphisms: preserve \/, A

f e Gal(L,L) -~ special binary relations on L

g o f - GCLZ(L, L) B N N N NN
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BINARY (TENSOR) PRODUCTS

Category of complete Vv-semilattices

The tensor product A ® B of A and B:

e |[R=R

G-idealsof Ax B| e {x} xUy C R= (x,\/U2) € R (left)

e U x{y}CR= (\VUi,y) €R (right)

a®b:=|(a,b)U | (1,0)U | (0,1)
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BINARY (TENSOR) PRODUCTS

Category of locales

The product A ® B of A and B:

e |[R=R
G-idealsof A x B| e {x} xUs C R= (x,\VU2) € R (left)

e Uy x{y}CR= (VUi,y) €R (right)

a®b:=](a,b)U | (1,0)U [ (0,1)
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THE GALOIS COMPOSITION

f € Gal(A,B),g € Gal(B,C)
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THE GALOIS COMPOSITION

f € Gal(A,B),g € Gal(B,C)

Rig:=\{a®ce A®C |3 e B\{0}: f(a) > band g(b) > c}.

June 2005 Il Conference on Algebraic and Topological Methods in Non-Classical Logics — 7



THE GALOIS COMPOSITION

f € Gal(A,B),g € Gal(B,C)
Rig:=\{a®ce A®C |3 e B\{0}: f(a) > band g(b) > c}.

The Galois composition go f : A — (' is defined by

(90 f)(a) == \/{c € C|(a,c) € Ryg}.
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THE GALOIS COMPOSITION

f e Ant(A,B),g € Ant(B,C)
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TOWARDS THE QUANTALE OF GALOIS CONNECTIONS YA\l R UIs[\YAR{0]07)

STEP 1: THE QUANTALE OF ANTITONE MAPS

f e Ant(A,B),g € Ant(B,C) AL o g-f e Ant(A,C)
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STEP 1: THE QUANTALE OF ANTITONE MAPS

f e Ant(A,B),g € Ant(B,C) A% ¢ g-f e Ant(A,C)
(9 f)(a) = \/{ce C|3beB\{0}: f(a) 2 band g(b) > c}

e associative
g-(Vfi)=V(g- fi) on frames
e (Vg) - f=V-f) _
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TOWARDS THE QUANTALE OF GALOIS CONNECTIONS YA\l R UIs[\YAR{0]07)

STEP 1: THE QUANTALE OF ANTITONE MAPS

f e Ant(A,B),g € Ant(B,C) A% ¢ g-f e Ant(A,C)
(9 f)(a) = \/{ce C|3beB\{0}: f(a) 2 band g(b) > c}

e associative
g-(Vfi)=V(g- fi) on frames
e (Vg) - f=V-f) _

THEOREM: If L is a frame then (Ant(L, L), -) is a quantale
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TOWARDS THE QUANTALE OF GALOIS CONNECTIONS YA\l R UIs[\YAR{0]07)

STEP 2: Gal(L, L) IS A QUANTIC QUOTIENT of Ant(L, L)

f e Ant(L,L)
Jo(f)(a):=\{be L|3dSCL:\/S=aandb< f(s) Vs € S}.
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TOWARDS THE QUANTALE OF GALOIS CONNECTIONS YA\l R UIs[\YAR{0]07)

STEP 2: Gal(L, L) IS A QUANTIC QUOTIENT of Ant(L, L)

f e Ant(L,L)
Jo(f)(a):=\{beL|3ISCL:\/S=aandb< f(s) Vs e S}
If L is a frame then jo(f) € Ant(A, B)

jo Is a quantic prenucleus on Ant(L, L)
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TOWARDS THE QUANTALE OF GALOIS CONNECTIONS YA\l R UIs[\YAR{0]07)

STEP 2: Gal(L, L) IS A QUANTIC QUOTIENT of Ant(L, L)

Quantale (Q, )
( preclosure operator
quantic prenucleus jo : Q — Q ¢ jo(z) -y < jo(x - y)
2 Jo(y) < Jo(z - y)
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TOWARDS THE QUANTALE OF GALOIS CONNECTIONS YA\l R UIs[\YAR{0]07)

STEP 2: Gal(L, L) IS A QUANTIC QUOTIENT of Ant(L, L)

A GENERAL PROCEDURE ON QUANTALES Quantale (Q, -)

( preclosure operator
quantic prenucleus jo : Q — Q ¢ jo(z) -y < jo(x - y)
2 Jo(y) < Jo(z - y)

J(@)=NMyeQj,lz<y} Qjy:=Fiz(jo)

U U W e W e N g

4\/\/%

_ , closure operator
quantic nucleus j : Q — @ { P

j(x)-j(y) < jlz-y)
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STEP 2: Gal(L, L) IS A QUANTIC QUOTIENT of Ant(L, L)

A GENERAL PROCEDURE ON QUANTALES Quantale (Q, -)

( preclosure operator
quantic prenucleus jo : Q — Q ¢ jo(z) -y < jo(x - y)
2 Jo(y) < Jo(z - y)

J(@)=NMyeQj,lz<y} Qjy:=Fiz(jo)

U U W e W e N g

4\_,%&,

_ , closure operator
quantic nucleus j : Q — @ { P

j(x)-j(y) < jlz-y)

For a]b = ](a . b) (ng7 j) IS a quantale Q Hj> Q]
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TOWARDS THE QUANTALE OF GALOIS CONNECTIONS YA\l R UIs[\YAR{0]07)

STEP 2: Gal(L, L) IS A QUANTIC QUOTIENT of Ant(L, L)

f € Ant(L, L)

Jjo(f)la) :=\{be L|ASCL:\/S=aandb< f(s) Vs e S}

g Fix(jo)=Gal(L,L)

i(f) =MNMgeGad(L,L)|f<g}
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TOWARDS THE QUANTALE OF GALOIS CONNECTIONS YA\l R UIs[\YAR{0]07)

STEP 2: Gal(L, L) IS A QUANTIC QUOTIENT of Ant(L, L)

f € Ant(L, L)

Jjo(f)la) :=\{be L|ASCL:\/S=aandb< f(s) Vs e S}

g Fix(jo)=Gal(L,L)

i(f) =MNMgeGad(L,L)|f<g}

Then
o Fix(j)=Gal(L,L)

e g;if=4lg-f)=gof

THEOREM: (Gal(L, L),0) is a quantale
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(Emé, Picado, preprind

A, B complete lattices

L
Gal(A,B)_ ~ =~ A®B G-ideals
G [Shmuely, 1974]
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(Emé, Picado, preprind

A, B complete lattices

f s {(a,b) | f(a) > b}
V{b| (a,b) € R} < R
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(Emé, Picado, preprind

A, B complete lattices

F
Ant(A,B) "D(A x B)
—
Fy -
Gal(A,B), ~ =~ A®B G-ideals
G1 [Shmuely, 1974]
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(Emé, Picado, preprind

A, B complete lattices

F
Ant(A,B) " " D(A x B)
—
C
Ant(A,B) __ ~ " (A® B) left G-ideals
F1 ~
Gal(A,B)_ ~ =~ A®B G-ideals
G
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(Emé, Picado, preprind

A, B complete lattices

F
Ant(A,B) _"D(A x B)
—
C
Ant(A,B) ___~ " (A® B) left G-ideals
C C
FVS)=Af(S) Z-Ant(A,B) ___~ — (A® B), Z-right left G-ideals
VS E Z A A
C C

G-ideals

Gal(A, B) ~ A®B
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(Emé, Picado, preprind

A, B complete lattices

Ant(A, B)

<
<

1M

-
>

Z —=1{0} 0-Ant(A, B) ~  (A®B)!,  0-right left G-ideals

<l
<

2

FVS) =NAF(S) Z-Ant(A, B)_ "(A® B), Z-right left G-ideals
vSeZ 1

A

C C

Gal(A, B) ~
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(Emé, Picado, preprind

A, B complete lattices

Ant(A, B)

<l
<

1M

Z =10} 0-Ant(A, B) ~ " (A®B)},  0-right left G-ideals

<
<

C Clifpe 2
FVS)=NAf(S) Z-Ant(A,B) =~  (A® B), Z-right left G-ideals
VS E Z A A
C C

Q
)
e
X

2

AR B G-ideals
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(Emé, Picado, preprind

A, B complete lattices

Ap= A — {0}, By=B— {0}

L(Ag x Bp): (truncated) left G-ideals
T (Ag x Bp): (truncated) G-ideals

Z-T(Ay x Bp): (truncated) Z-right left G-ideals
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(Emé, Picado, preprind

A, B complete lattices

1] - F _
Ant(A, B) "~ "D(A x B) " D(Ay x By)
e Gy
C C
0-Ant(A,B)___ ~ ~(A®B), __ =~ L(Ay x By)
C Clifpe Z C
Z-Ant(A,B) =~ "~ (A®B)., =~ " Z-T(Ay x By)
C C C
Gal(A,B)_ =~ ~ A®B __~ — T(Apx By)
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[Emé, Picado, preprint]

R,SQA()XAO

R-S:={(a,c) € Ag x Ap | b€ Ay : (a,b) € Rand (b,c) € S}
(the usual product relation)

(D(Ag x Ap), ) is a quantale
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[Emé, Picado, preprint]

R,SQA()XAO

R-S:={(a,c) € Ag x Ap | b€ Ay : (a,b) € Rand (b,c) € S}
(the usual product relation)

(D(Ag x Ap), ) is a quantale

L(R) :=1{(a,\VU3) | 0 # {a} x Us C R} closure op.

T(R) :=={(a,VU2) | 0 # {a}xUz € RJUH{(V U1,b) | 0 # Ur x{b} C R}

preclosure op.

T(R):=({S€T(Aygx By) | RC S} closure op.
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[Emé, Picado, preprint]

THEOREM:
The following conditions on a complete lattice A are equivalent:

(1) A is pseudocomplemented.
2Q)VUCA0#a<\VU=3db#0:be lan [U).

(8) L is a quantic nucleus on the quantale (D(Aq x Ap), ).

(9) T is a quantic nucleus on the quantale (D(Ay x Ap), ).
(10) L(Ap x Ap) Is a quantic quotient of the quantale (D( Ay x Ap), ).
(11) 7 (Ap x Ap) Is a quantic quotient of the quantale (D(Ag x Ap), -).
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[Emé, Picado, preprint]

THEOREM:
The following conditions on a complete lattice A are equivalent:

(1) A is Z-pseudocomplemented.
VU e Z(0#a<\U=3b#0:be lan |U).

(6) T is a quantic nucleus on the quantale (D(Aq x Ap), ).

(7) Z-T (Apx Ap) is a quantic quotient of the quantale (D(Agx Ag), -).
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[Emé, Picado, preprint]

Ant(A, A) "D(Ax A) " D(Ap x Ap)
e G
C C
0-Ant(A,A) =~ (A AL =~ L(Ay x A)
C C -
Z-Ant(A,A) _ ~ (A A, = " Z-T(Ay x Ay)
C C C
Gal(A,A) =~ ~ A®A =~ — T(Ayx A
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[Emé, Picado, preprint]

o I .
Ant(A, A) "D(A x A) " (D(Ag x Ao), )
e G

C C

0-Ant(A,A)__ = ~(A®A),, = " (D(Ayx Ap). 1)
C C C

Z-Ant(A,A) = T (A A, =~ T(Z-T(Ag x Ag), =)

C C C

Gal(A,A) = =~ A®A = " (T(Agx Ag) )
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[Emé, Picado, preprint]

F ~ F _
Ant(A, A) ) "D(Ax A) ) ~ (D(Ap x Ap), )
Gl G2
C C
(0-Ant(A,A),0) .~ (A AL = (D(Ag x Ap). 1)
C C C
(Z-Ant(A,A),0) =~ "~ (A AL = "(Z-T(Ao X Ag), =)
C C C
(Gal(A,A),0) =~  — A®A ~ " (T(Ap x Ap). )
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