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— joint work with Aleš Pultr (Charles Univ., Prague, Czech Republic)

August 8, 2013 Non-symmetric generalized nearness and subfitness BLAST 2013 – 0
– p. 0



LOWER SEPARATION AXIOMS POINT-FREELY T0, T1, T2, . . .

August 8, 2013 Non-symmetric generalized nearness and subfitness BLAST 2013 – 1
– p. 1



LOWER SEPARATION AXIOMS POINT-FREELY T0, T1, T2, . . .

T0: no point-free counterpart

(2 points violating it cannot be told apart by open sets)

X

August 8, 2013 Non-symmetric generalized nearness and subfitness BLAST 2013 – 1
– p. 1



LOWER SEPARATION AXIOMS POINT-FREELY T0, T1, T2, . . .

T0: no point-free counterpart

(2 points violating it cannot be told apart by open sets)

X

T1: the classical situation is almost so heavily dependent on points

that one cannot expect an exact counterpart.

?

August 8, 2013 Non-symmetric generalized nearness and subfitness BLAST 2013 – 1
– p. 1



LOWER SEPARATION AXIOMS POINT-FREELY T0, T1, T2, . . .

T0: no point-free counterpart

(2 points violating it cannot be told apart by open sets)

X

T1: the classical situation is almost so heavily dependent on points

that one cannot expect an exact counterpart.

?

There are two point-free properties loosely related to T1:

FITNESS, SUBFITNESS [J. Isbell (1972)]
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Background: THE SUBLOCALE LATTICE SpLq It is a co-frame
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Background: THE SUBLOCALE LATTICE SpLq It is a co-frame

SpLq� � �,

�

Si � t�M |M � �Siu
L cLdual

BpSpLqq
oL

oL :� topaq | a P Lu�

iPI opaiq � op�
iPI aiq

opaq ^ opbq � opa^ bq
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Subfit: every open sublocale is a join of closed ones.

Fit: every (closed) sublocale is a meet of open ones.

 Not hereditary; categorically: badly-behaved!

 Hereditary; categorically: well-behaved

(the closest modification of subfit that behaves well);
fitness = hereditary subfitness.

X is subfit iff �x P U P ΩpXq, Dy P txu : tyu � U .psfitq � TD � T1

SPACES

X is fit iff ???SPACES
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AIMS

To discuss these two important properties

(1) Supplementing [H. Simmons (2006)].
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AIMS

To discuss these two important properties

(1) Supplementing [H. Simmons (2006)].

(2) Subfitness is useful in its own right: nearnesses ... “supportive role”: several Dowker-Strauss type T2 axioms

become one for subfit frames [J. P. & A. Pultr (2013)] monotone normality and stratifiable frames

[J. Gutiérrez García, J. P. & M. A. de Prada Vicente (2013)]
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covers: C � L such that

�

C � 1. C ¤ D � �c P C Dd P D : c ¤ d

C ^D :� tc^ d | c P C, d P Du

“the star of x P L in C”: Cx ��tc P C | c^ x � 0u
x

Nearness: non-void filter N of covers such that

(N) �a P L, a ��tx P L | DC P N , Cx ¤ au.
[B. Banaschewski & A. Pultr (1996)]
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Nearness: non-void filter N of covers such that

(N) for each a P L, a ��tx P L | DC P N , Cx ¤ au.
(N’) for each a P L, opaq ��tS P SpLq | DC P N , CS ¤ au. ��

[H. Herrlich & A. Pultr (2000)] GENERAL NEARNESS
cpxq

 L admits a general nearness iff it is subfit.

since: every open sublocale is a join of closed sublocales But L admits a nearness iff it is regular.
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MORE ON FITNESS and SUBFITNESS

First order formulas:

Regular: a � b ñ Dc, a_ c � 1, cÑ0 � b. (reg)

� ñ D _ � Ñ �

� ñ D _ � � _

� ñ D � _ �
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MORE ON FITNESS and SUBFITNESS

First order formulas:

Regular: a � b ñ Dc, a_ c � 1, cÑ0 � b. (reg)

Fit: a � b ñ Dc, a_ c � 1, cÑb � b. (fit)

Subfit: a � b ñ Dc, a_ c � 1 � b_ c. (sfit)

Weakly subfit: a � 0 ñ Dc � 1, a_ c � 1. (wsfit)
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INHERITANCE BY SUBLOCALES

 L is fit � every sublocale of L is subfit.

ð D � _ � ñ Ñ �p q � t | _ � ñ Ñ � u P p q P p qp q � ñ D

 p q ��t p q | p q � p qu
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INHERITANCE BY SUBLOCALES

 L is fit � every sublocale of L is subfit.

“ð” if not: D a � b : a_ u � 1ñ uÑb � b.

scpaq � tx | a_ u � 1ñ uÑx � xu P SpLq, a, b P scpaq

scpaq is subfit, a � bñ Dc . . . , a CONTRADITION!

 scpaq ��topuq | cpaq � opuqu semiclosed sublocales

THEOREM. L is fit � every semiclosed sublocale is closed� every semiclosed sublocale is subfit.

August 8, 2013 Non-symmetric generalized nearness and subfitness BLAST 2013 – 8
– p. 8



COREFLECTION FrmÑ FitFrm frame L F1pLq � ta P L | cpaq � scpaqu is a subframe of L.

 p q �
p q � � � p p qq p q � �  p q

p q ñ D p q p p qp qq � p qp q p q� p qp q

p q
p q r p qs � p q
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(pfit)
{

(sfit){
(wsfit)

PROPOSITION. A frame is fit iff each closed sublocale is prefit.

(Closed sublocales are induced by closed subspaces)SPACES

COROLLARY. X is fit iff

any closed F , any open U , U X F � H ññ D open V : V X F � H, V X F � U X F .
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NON-SYMMETRIC GENERALIZED NEARNESS on a biframe pL,L1, L2q
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BACKGROUND: THE CATEGORY OF BIFRAMES

[Banaschewski, Brümmer & Hardie (1983)]
bitopological spacepX,T1,T2q

p q p _ qp q��� � P ��p ^ q P P

p q Ñ p q�� Ñp q � �
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pai ^ biq, ai P L1, bi P L2

h : pL,L1, L2q Ñ pM,M1,M2q

biframe maps
�� h : LÑM frame homomorphism

hpLiq �Mi (i � 1, 2).
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NON-SYMMETRIC GENERALIZED NEARNESS biframe pL,L1, L2q non-void filter N of paircovers

� � r � t ^ | p q P u P¤ ^

 � P p q ��t P p q | D P ¤ u��t | p q P p q X � u ��t | p q X � u

August 8, 2013 Non-symmetric generalized nearness and subfitness BLAST 2013 – 12
– p. 12



NON-SYMMETRIC GENERALIZED NEARNESS biframe pL,L1, L2q non-void filter N of paircovers

paircovers: C � L1�L2 such that rC � tc1^ c2 | pc1, c2q P Cu P CovL

¤ ^

 � P p q ��t P p q | D P ¤ u��t | p q P p q X � u ��t | p q X � u

August 8, 2013 Non-symmetric generalized nearness and subfitness BLAST 2013 – 12
– p. 12



NON-SYMMETRIC GENERALIZED NEARNESS biframe pL,L1, L2q non-void filter N of paircovers

paircovers: C � L1�L2 such that rC � tc1^ c2 | pc1, c2q P Cu P CovL

C ¤ D, C ^D

 � P p q ��t P p q | D P ¤ u��t | p q P p q X � u ��t | p q X � u

August 8, 2013 Non-symmetric generalized nearness and subfitness BLAST 2013 – 12
– p. 12



NON-SYMMETRIC GENERALIZED NEARNESS biframe pL,L1, L2q non-void filter N of paircovers

paircovers: C � L1�L2 such that rC � tc1^ c2 | pc1, c2q P Cu P CovL

C ¤ D, C ^D

 �a P L, opaq ��tS P SpLq | DC P N , CiS ¤ au where

C1S ��ta | pa, bq P C, opbq X S � 0u, C2S ��tb | . . . , opaq X S � 0u

August 8, 2013 Non-symmetric generalized nearness and subfitness BLAST 2013 – 12
– p. 12



NON-SYMMETRIC GENERALIZED NEARNESS biframe pL,L1, L2q non-void filter N of paircovers

paircovers: C � L1�L2 such that rC � tc1^ c2 | pc1, c2q P Cu P CovL

C ¤ D, C ^D

 �a P L, opaq ��tS P SpLq | DC P N , CiS ¤ au where

C1S ��ta | pa, bq P C, opbq X S � 0u, C2S ��tb | . . . , opaq X S � 0u

PROPOSITION. A biframe admits a quasi-nearness iff it is subfit.
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BIFRAME VARIANTS OF FITNESS AND SUBFITNESS biframe pL,L1, L2q
Fit: �a P Li, cpaq ��topbq | b P Lj , cpaq � opbqu. (i, j � 1, 2, i � j)

� � P � P � ñ D P _ � Ñ �

� P p q ��t p q | P p q � p qu

ø � P � P � ñ D P _ � � _

� � P � 1 P � 1Ñ ñ D P _ � 1 � _
1 �
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[subbilocales, heredity, ...]
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