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THE SETTING

THE FRAME OF REALS £(R)

[A. Joyal, P.T. Johnstone, B. Banaschewski]

S(R) = Frm<(a,6)(a,ﬂ cQ) | (1) - <4>>

L(R) <

(1) (. A (7,8) = (aVy, BAS)

(2) a<y<B<=(o,8) V(7,6) = (a,0)

| (3) V{(18) la <y <8< B} = (o, 8)

(4) Vi(a,8) |, 8 € Q} = 1.



THE UPPER FRAME OF REALS £,(R)

(_7a):: \/ (Baa)
peQ

Cu(®) = ((,0) | a € Q)5 g,

Cu(R) = ((— @) |a € Q)

THE LOWER FRAME OF REALS £;(R)

(Oé, _):: \/ (Oé,,B)
peQ

S(R) = ((o, =) | @ € Q) p

(R) = ((a,—) [« € Q)
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2(R)

L(R)



SEMICONTINUOUS REAL FUNCTIONS

fiLu(R) — L Ru(L)

(—, ) — fa {foz}ae(@ CL

[ (1) a<B= fa < fg (asc. chain)
Rull) 2) V fg=fa (continuous)

\ B<La
3V fa=1 (proper)

acQ

g: & (R) — L R;(L)
(o, =) — ga {Qa}ae(@ CL

( (1) a < B = ga > gg (desc. chain)
RilL) (2) 'V 98 =9a (continuous)

\ B>a
3)V ga=1 (proper)

acQ
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Ru(L)  {fitaco=rF < f2={f2}ac0

iff f1 > f2 VaeQ

Ri(L)  {9ltaco =91 < 92 ={92}acq

iff gt <92 VaeQ

f=A{fa}g € Ru(L), g ={ga}g € Ri(L)
f<g = JfaVgsg=1whenever g <«

g<f = faANga =0 for every «




REAL CONTINUOUS FUNCTIONS

h:&(R) - L

L h1 € ﬁu(L), ho € ﬁl(L)
R(L)

such that A1 < ho and ho < hjq

= h(Vp<a(B,a))
= h(Vg>ala, 8))

f<(h1,hp) = f<h

(h1,h2) <g = h1 <y




LOCALIC KATETOV-TONG THEOREM

[Li and Wang, 1997]

L is normal iff V f € Ry(L), Vg€ R;(L)

(f<g= FheR(L) : f<h<g)

COUNTEREXAMPLE
Z,U {oco,—0o0}
Qe - S

_ i Ly(R) —» L < g: Li(R)—L
1 (=, a) — minn € Z (o, —) — oo
0 n>o

—Oo0e



L is normal iff V f € Ry(L), Vg e R;(L)

(f<g= FheR(L) : f<h<yg).

(Sketch) Let Q = {«; | i € N}.

((Wr>a1) FHVOA ) =1
0<aq

(Vé<a1) ( N\ fy)Vvgs=1.
\ Y>aq

Let f € Ru(L), g € R;(L), with f <g.

(@) Vae Q) (vy>a) fy V(A g5) = N\ (fyVgs) =1

o< o<

(0) VaeQ (V<) (AN fOVas= N\ (fyVeg) =1

v>a Y>a



LEMMA 2. L is normal iff

for every {an},en, {bn}tneny C L satisfying

(Vn € N) (an\/( A bm)=1=( A\ am)\/bn>

meN meN

there existsue L : (Vn€N) (apVu=1=b,Vu*).

{1y y>an (Fua, €L)(Vy>a1)(V<ag)

195} 5<a; (fyVua; =1=9g5Vug,)

INDUCTIVELY: {uq; }ieN

To; 7= \/ fu,;j Yo = \/ U, (1€1)
hi = {%a;}ieN ho 1= {Ya; tieN

IS the solution




f € Ru(L) C Ru(L) g € Ri(L) CRy(L)
h = (h1,h2) € R(L)

o h1 € Ru(L) & (Va e QEB € Q(fargs< \ ha(—7))
| 7€Q

|
(A2) (VaeQ)(FB€Q): fargg=0

o ho € Ry(L) @‘A (VB € Q@a € Q)(fangs < \ holy,-))
| 7€Q

(B1) |Vyeq Ap, =1
H
(B2) (VBEQ(@a€Q): fangg =0

THEOREM 2. L is normal iff
V feRu(l), Vge Ri(L) satisfying (A;) and (B;)

(f<g= FheR(L) : f<h<g)




IMMEDIATE CONSEQUENCES

(1) CLASSICAL KATETOV-TONG THEOREM

X = normal space

Applied to L := OX, the “=" part of Theorem
2, for » = 2, yields Katétov-Tong Interpolation
T heorem.

(2) LOCALIC URYSOHN'S LEMMA

L = normal frame

Applied to x% € Ru(L) and x! € Ry(L), the
“=" part of Theorem 2, for : = 2, yields localic
Urysohn's Lemma.

(3) LOCALIC TIETZE'S EXTENSION THEOREM
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CHARACTERISTIC FUNCTIONS

For each a,b € L,

Y4 Lu(R) — L

lifa>1
(—a) — aifO<a<l1
Oifa<O
Xt GR) — L
lifa<O

(a,—) — bifO<ax<l
Oifa>1
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