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f : X → R is usc if ∀x ∈ X ∀ǫ > 0 ∃Ux : f(a) − f(x) < ǫ ∀a ∈ Ux

R

Te Tl Tu

(α, β) (−∞, α) (α,+∞)
f : X → (R, Tl) continuous

Examples: F ∈ FX, χF : X → R is usc

Dually ...

lsc −ǫ <

Tu

A ∈ OX, χA : X → R is lsc
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Question:
f usc

g lsc







?
⇒ ∃ continuous h : f ≤ h ≤ g

Fact: ∃ h ⇒ X is normal

Urysohn’s Lemma (for normal spaces X)

∀ F, G ∈ FX, F∩G = ∅, ∃ h : X → [0, 1] : h(F ) = {1}, h(G) = {0}
m

∀ F ∈ FX, ∀ A ∈ OX, F ⊆ A, ∃ h : X → R : χF ≤ h ≤ χA
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Answer: Yes, if X is METRIC [Hahn, 1917]

Yes, if X is PARACOMPACT [Dieudonné, 1944]

Yes, if X is NORMAL [Katetov̌-Tong, 1948]
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TOPOLOGY
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THE FRAME OF REALS L(R) [A. Joyal, B. Banaschewski]

L(R) = Frm〈 (α, β)(α, β ∈ Q) |

(1) (α, β) ∧ (γ, δ) = (α ∨ γ, β ∧ δ)

(2) α ≤ γ < β ≤ δ ⇒ (α, β) ∨ (γ, δ) = (α, δ)

(3)
∨
{(γ, δ) | α < γ < δ < β} = (α, β)

(4)
∨
{(α, β) | α, β ∈ Q} = 1 〉.
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TOP FRM
�
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Σ

TOP(X, ΣL) ∼= FRM(L,OX)

L = L(R): TOP(X, ΣL(R)) ∼= FRM(L(R),OX)

(R, Te)

∼=

general frame L: FRM(L(R), L)
continuous real functions on L
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SEMICONTINUOUS REAL FUNCTIONS POINTFREELY

[Li and Wang, Localic Katětov-Tong insertion theorem, 1997]

Localic Katětov-Tong Insertion Theorem:

L is normal iff for every usc real function f : Ll(R) → L and

every lsc real function g : Lu(R) → L with f ≤ g there exists

a continuous real function h : L(R) → L such that f ≤ h ≤ g.

but NOT TRUE!!!

[J.P., A new look at localic interpolation theorems, Topology Appl.
153 (2006) 3203-3218]
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L = OX

FRM(Ll(R),OX) ∼= TOP(X, ΣLl(R))

(R ∪ {−∞}, Tl)

ξ−∞: Ll(R) → {0, 1}
(−, α) 7→ 1

(R, Tl) is not sober: ΣL ≇ (R, Tl)
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ALGEBRAIC DESCRIPTION FOR SPATIAL FRAMES

FRM(Ll(R),OX)
∼=

TOP(X, (R ∪ {−∞}, Tl))

⊂

?
∼=

TOP(X, (R, Tl))

h : Ll(R)
h

−→ OX

{α ∈ Q | x ∈ h(−, α)} is bounded below for every x ∈ X
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
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
complem.

subframe ∇L := {∇a | a ∈ L} L
∼=−→ ∇L : a 7→ ∇a

subframe ∆L :=< {∆a | a ∈ L} > L
op
→֒ ∆L : a 7→ ∆a

(CL,∇L,∆L) is a biframe
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HOW TO DESCRIBE UPPER SEMICONTINUITY ALGEBRAICALLY?

f : X → R is u.s.c ⇔ f : (X,OX, CX)
︸ ︷︷ ︸

Sk(X)

→ (R, Tl, Tu) ∈ BiTOP

Thus TOP(X, Rl) ∼= BiTOP(Sk(X), (R, Tl, Tu))

O⊣Σ
∼= BiFRM((L(R),Ll(R),Lu(R)),O(Sk(X)))

(C(OX),∇(OX),∆(OX))
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HOW TO DESCRIBE UPPER SEMICONTINUITY ALGEBRAICALLY?

f : X → R is u.s.c ⇔ f : (X,OX, CX)
︸ ︷︷ ︸

Sk(X)

→ (R, Tl, Tu) ∈ BiTOP

Thus TOP(X, Rl) ∼= BiTOP(Sk(X), (R, Tl, Tu))

O⊣Σ
∼= BiFRM((L(R),Ll(R),Lu(R)),O(Sk(X)))

(C(OX),∇(OX),∆(OX))

general frame L: BiFRM
(

(L(R),Ll(R),Lu(R)), (CL,∇L,∆L)
)
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HOW TO DESCRIBE UPPER SEMICONTINUITY ALGEBRAICALLY?

BiFRM(L(R),CL) ∼=
{

f : Ll(R) → L ∈ FRM |
∨

α∈Q

∆f(−,α) = 1

}
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HOW TO DESCRIBE UPPER SEMICONTINUITY ALGEBRAICALLY?

BiFRM(L(R),CL) ∼=
{

f : Ll(R) → L ∈ FRM |
∨

α∈Q

∆f(−,α) = 1

}

h : (L(R),Ll(R),Lu(R)) → (CL,∇L,∆L) h|Ll(R)
: Ll(R) → ∇L ∼= L
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HOW TO DESCRIBE UPPER SEMICONTINUITY ALGEBRAICALLY?

BiFRM(L(R),CL) ∼=
{

f : Ll(R) → L ∈ FRM |
∨

α∈Q

∆f(−,α) = 1

}

h : (L(R),Ll(R),Lu(R)) → (CL,∇L,∆L) h|Ll(R)
: Ll(R) → ∇L ∼= L

hf : (−, α) 7→ ∇f(−,α)

(α,−) 7→
∨

β>α

∆f(−,β)
f
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CONCLUSION

usc real function on L: f : Ll(R) → L ∈ FRM s.t.
∨

α∈Q

∆f(−,α) = 1
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CONCLUSION

usc real function on L: f : Ll(R) → L ∈ FRM s.t.
∨

α∈Q

∆f(−,α) = 1

lsc real function on L: g : Lu(R) → L ∈ FRM s.t.
∨

α∈Q

∆g(α,−) = 1
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CONCLUSION

usc real function on L: f : Ll(R) → L ∈ FRM s.t.
∨

α∈Q

∆f(−,α) = 1

lsc real function on L: g : Lu(R) → L ∈ FRM s.t.
∨

α∈Q

∆g(α,−) = 1

Pointfree Katětov-Tong Insertion Theorem:

L is normal iff for every usc real function f : Ll(R) → L and

every lsc real function g : Lu(R) → L with f ≤ g there exists

a continuous real function h : L(R) → L such that f ≤ h ≤ g.

J.P., J. Gutierrez García
[On the algebraic representation of semicontinuity, JPAA, to appear]
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WORK IN PROGRESS (with J. Gutierrez García)
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WORK IN PROGRESS (with J. Gutierrez García)

• Semicontinuity and extremally disconnected locales.
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• Monotone normality and monotone insertion in locales.
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WORK IN PROGRESS (with J. Gutierrez García)

• Semicontinuity and extremally disconnected locales.

• Monotone normality and monotone insertion in locales.

• Perfect normality and stratified frames. Strict insertion
theorems.

September 2006 CMUC Workshop – 19
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