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(L0, L1, L2)

biframes









L0: frame, L1, L2: subframes of L0

∀x ∈ L0, x =
∨

i

(ai ∧ bi), ai ∈ L1, bi ∈ L2

h : (L0, L1, L2) → (M0,M1,M2)

biframe maps





h : L0 → M0 frame homomorphism

h(Li) ⊆ Mi (i = 1, 2).
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∨

i∈I
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∧

i∈I
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• F : L(R) → CL usc

s.t. F (Ll(R)) ⊆ cL

USC(L)

• G : L(R) → CL lsc

s.t. G(Lu(R)) ⊆ cL

LSC(L)

• H : L(R) → CL continuous C(L)

s.t. H(L(R)) ⊆ cL

[Gutiérrez García-Kubiak-Picado 2008]
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F : (L(R),Ll(R),Lu(R)) → (cL0, (cL0)1, (cL0)2) ∼= (L0, L1, L2)

is a biframe map.

∴ L1-usc + L2-lsc ⇒ continuous on L0.
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a ∧ b = 0, a ∈ Li, b ∈ Lj ⇒ ∃ u ∈ Lj , v ∈ Li : u ∨ v = 1, a ∧ u = 0 = b ∧ v

⇔ ∀a ∈ L1, a•• ∨ a• = 1 ⇔ ∀b ∈ L2, b• ∨ b•• = 1.
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NORMAL BIFRAMES L = (L0, L1, L2) ∈ BiFrm

LEMMA 1: Characterization of normality

L is normal iff for any {ak}k∈N ⊆ L1 and {bk}k∈N ⊆ L2
∧

k∈N
ak ∈ L1

∧

k∈N
bk ∈ L2

ak ∨ (
∧

ℓ∈N
bℓ) = 1

bk ∨ (
∧

ℓ∈N
aℓ) = 1















⇒ ∃u ∈ L2 : ∀k ∈ N (ak ∨u = 1 = bk ∨u•).
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













⇒ ∃u ∈ L2 : ∀k ∈ N (ak ∨u = 1 = bk ∨u•).

LEMMA 2: construction of the insertion function

{αk : k ∈ N} a enumeration of Q

L is normal
G is L1-usc
F is L2-lsc
G ≤ F















⇒ ∃(uαk
)k ∈ L2 :







q > αk ⇒ G(−, q) ∨ c(uαk
) = 1

p < αk ⇒ F (p,−) ∨ c(u•

αk
) = 1

αk1
< αk2

⇒ uαk1

∨ u•

αk2

= 1.
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INSERTION THEOREMS FOR BIFRAMES

Kat ětov-Tong-type insertion theorem:

TFAE for a biframe (L0, L1, L2):

(i) (L0, L1, L2) is normal.

(ii)
∀G : L(R) → C(L0) L1-usc
∀F : L(R) → C(L0) L2-lsc

}

G ≤ F ⇒ G ≤ H ≤ F

for some L1-usc and L2-lsc H : L(R) → C(L0)
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INSERTION THEOREMS FOR BIFRAMES

Stone-type insertion theorem:

TFAE for a biframe (L0, L1, L2):

(i) (L0, L1, L2) is extremally disconnected.

(ii)
∀G : L(R) → C(L0) L1-usc
∀F : L(R) → C(L0) L2-lsc

}

F ≤ G ⇒ F ≤ H ≤ G

for some L1-usc and L2-lsc H : L(R) → C(L0)
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CONSEQUENCES: biframes (L0, L1, L2)

a ∈ L1, b ∈ L2 χ
c(a) χ

o(b)

L1-usc L2-lsc
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CONSEQUENCES: biframes (L0, L1, L2)

a ∈ L1, b ∈ L2 χ
c(a) χ

o(b)

L1-usc L2-lsc
a ∨ b = 1

≤

K.-T. Theorem

• Urysohn-type lemma for biframes [A. Schauerte, PhD Thesis, 1992]

A biframe is normal iff whenever a ∨ b = 1 (a ∈ L1, b ∈ L2)
there exists h : (L(R),Ll(R),Lu(R)) → (L0, L1, L2) such that

h(−, 1) ≤ a, h(0,−) ≤ b.
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• Urysohn-type lemma for ext. disc. biframes [new]:
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CONSEQUENCES: biframes (L0, L1, L2)

a ∈ L1, b ∈ L2 χ
c(a) χ

o(b)

L1-usc L2-lsc
a ∧ b = 0

≥

S. Theorem

• Urysohn-type lemma for ext. disc. biframes [new]:

A biframe is ext. disc. iff whenever a ∧ b = 0 (a ∈ L1, b ∈ L2)
there exists h : (L(R),Ll(R),Lu(R)) → (L0, L1, L2) such that

a ∧ h(0,−) = 0, b ∨ h(−, 1) = 1.
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CONSEQUENCES: biframes (L0, L1, L2)

a ∈ L1, b ∈ L2 χ
c(a) χ

o(b)

L1-usc L2-lsc
a ∧ b = 0

≥

S. Theorem

• Urysohn-type lemma for ext. disc. biframes [new]:

A biframe is ext. disc. iff whenever a ∧ b = 0 (a ∈ L1, b ∈ L2)
there exists h : (L(R),Ll(R),Lu(R)) → (L0, L1, L2) such that

a ∧ h(0,−) = 0, b ∨ h(−, 1) = 1.

• Tietze-type extension theorems for biframes... [both new]

August 2008 Insertion in spaces, bispaces, ordered spaces and point-free spaces BLAST 2008, Denver, USA – 12



CONSEQUENCES: frames (and spaces)

L0 = L1 = L2 = L
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CONSEQUENCES: frames (and spaces)

L0 = L1 = L2 = L

Theorem

Kat ětov-Tong-type insertion theorem:

TFAE for a frame L:

(i) L is normal.

(ii)
∀G : L(R) → C(L) usc
∀F : L(R) → C(L) lsc

}

G ≤ F ⇒ G ≤ H ≤ F

for some continuous H : L(R) → C(L)
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CONSEQUENCES: frames (and spaces)

L0 = L1 = L2 = L

Theorem

Kat ětov-Tong-type insertion theorem:

TFAE for a frame L:

(i) L is normal.

(ii)
∀G : L(R) → C(L) usc
∀F : L(R) → C(L) lsc

}

G ≤ F ⇒ G ≤ H ≤ F

for some continuous H : L(R) → C(L)

[Gutiérrez García-Picado, J. Pure Appl. Alg., 2007]
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CONSEQUENCES: frames (and spaces)

L0 = L1 = L2 = L

Theorem

Stone-type insertion theorem:

TFAE for a frame L:

(i) L is extremally disconnected.

(ii)
∀G : L(R) → C(L) usc
∀F : L(R) → C(L) lsc

}

F ≤ G ⇒ F ≤ H ≤ G

for some continuous H : L(R) → C(L)

[Y.M. Li-Z.H. Li, Alg. Univ., 2000]
[Gutiérrez García-Kubiak-Picado, Alg. Univ., 2008]
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CONSEQUENCES: bitopological spaces (X,T1,T2)
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CONSEQUENCES: bitopological spaces (X,T1,T2)

L0 = T1 ∨ T2, L1 = T1, L2 = T2
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CONSEQUENCES: bitopological spaces (X,T1,T2)

L0 = T1 ∨ T2, L1 = T1, L2 = T2

Theorem

Kat ětov-Tong-type insertion theorem:

TFAE for a bispace (X,T1,T2):

(i) (X,T1,T2) is normal.

(ii)
∀g : X → R T1-usc
∀f : X → R T2-lsc

}

g ≤ f ⇒ g ≤ h ≤ f

for some T1-usc and T2-lsc h : X → R
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CONSEQUENCES: bitopological spaces (X,T1,T2)

L0 = T1 ∨ T2, L1 = T1, L2 = T2

Theorem

Kat ětov-Tong-type insertion theorem:

TFAE for a bispace (X,T1,T2):

(i) (X,T1,T2) is normal.

(ii)
∀g : X → R T1-usc
∀f : X → R T2-lsc

}

g ≤ f ⇒ g ≤ h ≤ f

for some T1-usc and T2-lsc h : X → R

[H. Priestley, J. London Math. Soc., 1971]
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CONSEQUENCES: bitopological spaces (X,T1,T2)

L0 = T1 ∨ T2, L1 = T1, L2 = T2

Theorem

Stone-type insertion theorem:

TFAE for a bispace (X,T1,T2):

(i) (X,T1,T2) is extremally disconnected.

(ii)
∀g : X → R T1-usc
∀f : X → R T2-lsc

}

f ≤ g ⇒ f ≤ h ≤ g

for some T1-usc and T2-lsc h : X → R

[new]
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CONSEQUENCES: ordered topological spaces (X,T,≤)

(X,T,≤) is
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CONSEQUENCES: ordered topological spaces (X,T,≤)

(X,T,≤) is

normal:
F1 ∈↓F, F2 ∈↑F, F1 ∩ F2 = ∅

⇓

∃ (G1 ∈↓T, G2 ∈↑T) : G1 ∩ G2 = ∅, Fi ⊆ Gi
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F1 ∈↓F, F2 ∈↑F, F1 ∩ F2 = ∅

⇓

∃ (G1 ∈↓T, G2 ∈↑T) : G1 ∩ G2 = ∅, Fi ⊆ Gi

Ni-space:
F1 ∈ F, F2 ∈↑F, F1 ∩ F2 = ∅

⇓

∃ (G1 ∈↓T, G2 ∈↑T) : G1 ∩ G2 = ∅, Fi ⊆ Gi
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CONSEQUENCES: ordered topological spaces (X,T,≤)

(X,T,≤) is

normal:
F1 ∈↓F, F2 ∈↑F, F1 ∩ F2 = ∅

⇓

∃ (G1 ∈↓T, G2 ∈↑T) : G1 ∩ G2 = ∅, Fi ⊆ Gi

Ni-space:
F1 ∈ F, F2 ∈↑F, F1 ∩ F2 = ∅

⇓

∃ (G1 ∈↓T, G2 ∈↑T) : G1 ∩ G2 = ∅, Fi ⊆ Gi

Nd-space:
F1 ∈↓F, F2 ∈ F, F1 ∩ F2 = ∅

⇓

∃ (G1 ∈↓T, G2 ∈↑T) : G1 ∩ G2 = ∅, Fi ⊆ Gi
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CONSEQUENCES: ordered topological spaces (X,T,≤)

L0 =↑T∨ ↓T, L1 = ↑T, L2 = ↓T
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CONSEQUENCES: ordered topological spaces (X,T,≤)

L0 =↑T∨ ↓T, L1 = ↑T, L2 = ↓T

Theorem
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CONSEQUENCES: ordered topological spaces (X,T,≤)

L0 =↑T∨ ↓T, L1 = ↑T, L2 = ↓T

Theorem

Kat ětov-Tong-type insertion theorem:

TFAE for an ordered space (X,T,≤):

(i) (X,T,≤) is normal.

(ii)
∀g : X → R usc, monotone
∀f : X → R lsc, monotone

}

g ≤ f ⇒ g ≤ h ≤ f

for some continuous monotone h : X → R.
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CONSEQUENCES: ordered topological spaces (X,T,≤)

L0 =↑T∨ ↓T, L1 = ↑T, L2 = ↓T

Theorem

Kat ětov-Tong-type insertion theorem:

TFAE for an ordered space (X,T,≤):

(i) (X,T,≤) is normal.

(ii)
∀g : X → R usc, monotone
∀f : X → R lsc, monotone

}

g ≤ f ⇒ g ≤ h ≤ f

for some continuous monotone h : X → R.

[H. Priestley, J. London Math. Soc., 1971]
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CONSEQUENCES: ordered topological spaces (X,T,≤)

L0 = T∨ ↓T, L1 = T, L2 = ↓T

Theorem
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CONSEQUENCES: ordered topological spaces (X,T,≤)

L0 = T∨ ↓T, L1 = T, L2 = ↓T

Theorem

Kat ětov-Tong-type insertion theorem:

TFAE for an ordered space (X,T,≤):

(i) (X,T,≤) is normal.

(ii)
∀g : X → R usc, monotone
∀f : X → R lsc, monotone

}

g ≤ f ⇒ g ≤ h ≤ f

for some continuous monotone h : X → R.

[H. Priestley, J. London Math. Soc., 1971; L. Nachbin, 1965]

Ni

———

————–
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CONSEQUENCES: ordered topological spaces (X,T,≤)

L0 =↑T ∨ T, L1 = ↑T, L2 = T

Theorem

Kat ětov-Tong-type insertion theorem:

TFAE for an ordered space (X,T,≤):

(i) (X,T,≤) is normal.

(ii)
∀g : X → R usc, monotone
∀f : X → R lsc, monotone

}

g ≤ f ⇒ g ≤ h ≤ f

for some continuous monotone h : X → R.

[H. Priestley, J. London Math. Soc., 1971; L. Nachbin, 1965]

Nd

———

————–
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