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o7.\u=cle] 3 A=T= 1Y Nel M= IH2VNVISSW [Banaschewski-Brimmer-Hardie 1983]

bitopological space

(X, (3:1,(12) R e (El \Y4 52,11,12)
<L07L17L2)

- Lo: frame, Li,Ly: subframes of L

biframes
Vo e Ly, x = \/(CLZ AN bi), a; € L1,b; € Lo

L (

h: (L07L17L2) — (MOaMlaMQ)

| h: Ly — My frame homomorphism
biframe maps

h(L;) € M; (i=1,2).
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e £(R)—¢CL general F(L)

o [': £(R)—CL usc USC(L)

S.1t. F(Ql (R)) CcL

e G:£&R)— L Isc LSC(L)

s.t. G(L4(R)) CcL

e H:£L(R)—¢CL continuous C(L)

s.t. H(£(R)) C cL

[Gutierrez Garcia-Kubiak-Picado 2008]

August 2008 nsertion in spaces, bispaces, ordered s BLAST 2008, Denver, USA — 5



SEMICONTINUITY IN BIFRAMES

(Lo, L1, L2) Biframe

August 2008 Insertion in spaces, bispaces, ordered spaces and point-free spaces BLAST 2008, Denver, USA — 6



SEMICONTINUITY IN BIFRAMES

(Lo, L1, L2) Biframe

F: 2(R) — ¢(Lo) real function on L

August 2008 Insertion in spaces, bispaces, ordered spaces and point-free spaces BLAST 2008, Denver, USA — 6



SEMICONTINUITY IN BIFRAMES

(Lo, L1, L2) Biframe
F: 2(R) — ¢(Lo) real function on L

Fis " L;-usc if F(£(R)) C (cLp); 1 =1,2

August 2008 nsertion in spaces, bispaces, ordered s ces BLAST 2008, Denver, USA — 6
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(Lo, L1, L2) Biframe
F: £(R) — €(Lo) real function on Ly
Fis - L;-uscif F(£;(R)) C (cLo); i=1,2

L Li-Iscif F(£,(R)) C (cLg);

Remark. F'is Li-usc and Lo-Isc iff F € C(Lg) and

F <£(R),21(R),QU(R)) — (CLQ, (CLQ)l, (CLQ)Q) = (LO,Ll,LQ)

IS a biframe map.
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(Lo, L1, L2) Biframe
F: £(R) — €(Lo) real function on Ly
Fis - L;-uscif F(£;(R)) C (cLo); i=1,2

L Li-Iscif F(£,(R)) C (cLg);

Remark. F'is Li-usc and Lo-Isc iff F € C(Lg) and

F <£(R),21(R),QU(R)) — (CLQ, (CLQ)l, (CLQ)Q) = (LQ,Ll,Lg)

IS a biframe map.

Ly-usc + Ly-Isc = continuous on L.
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L i1s extremally disconnected if

aNb=0,a€cL;;be L;=duecljvel;:uVv=1,aANu=0=0Av

S Vael,a*Va*=1 < Vb Ly, b° VDb =1.
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L = (Lo, L1, L) € BiFrm

LEMMA 1: Characterization of normality

L is normal iff for any {ax }reny € Ly and {bx }reny C Lo
Nren ak € L1 \

Nien bk € Lo
s = Ju € Lo :Vke N (apVu=1=>b.Vu®).
1tV (Agen be) : (@ bV U)

bk V (Nen ac)

=1
=1

/
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L = (Lo, L1, L) € Bifrm

LEMMA 1: Characterization of normality

L is normal iff for any {ax }reny € L1 and {bx }ren C Lo

Nken @k € Ln \
/\keN b, € Lo
ar V (Neen be)
br, V (/\EGN ag)

_q > = Ju € Lo :Vk e N (axVu=1=bVu®).
=1

/

LEMMA 2: construction of the insertion function
{ar : k € N} a enumeration of Q

L 1s normal )
G IS L{-usc
Fis Lo-Isc

V ¢ Uy
b = (o, ) € Lo : ¢ p<ap=F(p,—)Vc(ug
GSF ) \ 1 1\/uak2
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INSERTION THEOREMS FOR BIFRAMES

Katetov-Tong-type insertion theorem:
TFAE for a biframe (Lo, L1, L2):
() (Lo, L1, L) is normal.

. VG : L£(R) — &(Lg) Li-usc
) vr. &R) = ¢(Ly) Lo-lsc

}GgF:> G<HLF

for some L -usc and Ls-Isc H : £(R) — &(Lyg)
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INSERTION THEOREMS FOR BIFRAMES

Stone-type insertion theorem:
TFAE for a biframe (Lo, L1, L2):

() (Lo, L1, Lo) is extremally disconnected.

VG : £(R) — &€(Lg) Li-usc
VE : £(R) — €(Lg) Lo-Isc

(in

}FgG = |F< H<@G

for some L -usc and Ls-Isc H : £(R) — &(Lyg)
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CONSEQUENCES: biframes (Lg, L1, L2)

aELl,bELQ

~—s  Xc(a) X o(b)
Li-usc  Lo-Isc
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CONSEQUENCES: biframes (Lg, L1, L2)

a€ L1,be Lo ~ Xc(a) < Xo(b)

Li-usc  Lo-Isc

aVb=1
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CONSEQUENCES: biframes (Lg, L1, L2)

a€ L1,be Lo ~ Xc(a) < Xo(b)
L1{-usc S o-lsc
aVb=1 éK -T. Theorem
v

e Urysohn-type lemma for biframes [A. Schauerte, PhD Thesis, 1992]

A biframe is normal iff whenever a Vb =1 (a € L1,b € Lo)
there exists h : (£(R), £;(R), £,(R)) — (Lo, L1, L2) such that

h(—,1) <a, h(0,—) <b.
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CONSEQUENCES: biframes (Lg, L1, L2)

a€ L1,be Lo ~ Xc(a) = Xo(b)

Li-usc  Lo-Isc

aNb=0
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CONSEQUENCES: biframes (Lg, L1, L2)

a€ L1,be Lo ~ Xc(a) = Xo(b)

L1{-usc S Lo-Isc
aNb=0 ?

|

e Urysohn-type lemma for ext. disc. biframes [new]:

S. Theorem
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CONSEQUENCES: biframes (Lg, L1, L2)

aELl,bELQ

aNb=0

e Urysohn-type lemma for ext. disc. biframes [new]:

A biframe is ext. disc. iff whenever a Ab=0 (a € L1,b € Lo)
there exists h : (£(R), £;(R), £,(R)) — (Lo, L1, L2) such that

aANh(0,—)=0,bVh(—,1)=1.
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CONSEQUENCES: biframes (Lg, L1, L2)

a€ L1,be Lo ~ Xc(a) = Xo(b)
L1{-usc S Lo-Isc
aNb=20 és. Theorem

e Urysohn-type lemma for ext. disc. biframes [new]:

A biframe is ext. disc. iff whenever a Ab=0 (a € L1,b € Lo)
there exists h : (£(R), £;(R), £,(R)) — (Lo, L1, L2) such that

aANh(0,—)=0,bVh(—,1)=1.

e Tietze-type extension theorems for biframes... [both new]
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CONSEQUENCES: frames (and spaces)
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éTheorem
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CONSEQUENCES: frames (and spaces)

Lo=L1=12=1L

(
éTheorem

Katetov-Tong-type insertion theorem:
TFAE for a frame L:

() L is normal.

VG £(R) (L) usc

. — ¢
) vp. oR) = (L) Isc }GSF# GsH=F

for some continuous H : £(R) — &(L)
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CONSEQUENCES: frames (and spaces)

Lo=L1=12=1L

éTheorem

Katetov-Tong-type insertion theorem:
TFAE for a frame L:

() L is normal.

}GgF = G<KH<F

for some continuous H : £(R) — &(L)

[Gutiérrez Garcia-Picado, J. Pure Appl. Alg., 2007
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CONSEQUENCES: frames (and spaces)

Lo=L1=12=1L

éTheorem

Stone-type insertion theorem:
TFAE for a frame L:

() L is extremally disconnected.

VG : £(R) — €(L) usc

(1) VF : £(R) — ¢(L) Isc

}FgG = | F<H<@G

for some continuous H : £(R) — &(L)

[Y.M. Li-Z.H. Li, Alg. Univ., 2000
[Gutiérrez Garcia-Kubiak-Picado, Alg. Univ., 2008]
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CONSEQUENCES: bitopological spaces (X, T, Tz)
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CONSEQUENCES: bitopological spaces (X, T, Tz)

Lo=%1V %9, L1 =%1,Ly =%

?Theorem

Katéetov-Tong-type insertion theorem:
TFAE for a bispace (X, %1,%5):
(i) (X, %1,%9) is normal.

(i) Vg: X — R %q-usc
Vi: X - R %s-Isc

}géf = g<h<f

for some T -usc and ¥s-Isch: X — R
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CONSEQUENCES: bitopological spaces (X, T, Tz)

Lo=%1V %9, L1 =%1,Ly =%

?Theorem

Katéetov-Tong-type insertion theorem:
TFAE for a bispace (X, %1,%5):
(i) (X, %1,%9) is normal.

(i) Vg: X — R %q-usc
Vi: X - R %s-Isc

}géf = g<h<f

for some T -usc and ¥s-Isch: X — R

[H. Priestley, J. London Math. Soc., 1971]
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CONSEQUENCES: bitopological spaces (X, T, Tz)

Lo=%1V %9, L1 =%1,Ly =%

?Theorem

Stone-type insertion theorem:
TFAE for a bispace (X, %1,%5):
(i) (X, %1,%9) Is extremally disconnected.

.. Vg: X —-R %q-usc
< < h <
(1) Vi: X - R %y-Isc } f<g=|f<h=g

for some T -usc and ¥s-Isch: X — R

[new]
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CONSEQUENCES: ordered topological spaces (X, %, <)

(X,%,<)is
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CONSEQUENCES: ordered topological spaces (X, %, <)

(X,%,<)is

Frel§, hel§,iNkh=9
normal: [}
3(G1 el%, Gy ETQ) :G1 NGy =9, F; CG;
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normal: [}
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CONSEQUENCES: ordered topological spaces (X, %, <)

(X,%,<)is

Frel§, hel§,iNkh=9
normal: [}
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CONSEQUENCES: ordered topological spaces (X, %, <)

Lo=1TSV |%, L1 =1%, Ly =[%

S Theorem

Katetov-Tong-type insertion theorem:
TFAE for an ordered space (X, %, <):

(i) (X,%, <) is normal.

Vg : X — R usc, monotone
Vf: X — R Isc, monotone

(1

}géf = [g<h<f

for some continuous monotone h : X — R.
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S Theorem

Katetov-Tong-type insertion theorem:
TFAE for an ordered space (X, %, <):

(i) (X,%, <) is normal.

Vg : X — R usc, monotone
Vf: X — R Isc, monotone

0 }gﬁf:> G<h<f

for some continuous monotone h : X — R.

[H. Priestley, J. London Math. Soc., 1971]

August 2008 Insertion in spaces, bispaces, ordered spaces and point-free spaces BLAST 2008, Denver, USA — 18



CONSEQUENCES: ordered topological spaces (X, %, <)

Lo=%V |% L1 =%, Lo=|%

S Theorem

August 2008 Insertion in spaces, bispaces, ordered spaces and point-free spaces BLAST 2008, Denver, USA — 19



CONSEQUENCES: ordered topological spaces (X, %, <)

Lo=%V |% L1 =%, Lo=|%

S Theorem

Katetov-Tong-type insertion theorem:

TFAE for an ordered space (X, %, <):
N.

(i) (X, %, <) is rormak

Vg : X — R usc, menetene
Vf: X — R Isc, monotone

}géf = [g<h<f

(1

for some continuous monotone h : X — R.

[H. Priestley, J. London Math. Soc., 1971; L. Nachbin, 1965

August 2008 nsertion in spaces, bispaces, ordered s BLAST 2008, Denver, USA — 19



CONSEQUENCES: ordered topological spaces (X, %, <)

Lo=1TC Ve L1 =1% Lo= %

S Theorem

Katetov-Tong-type insertion theorem:

TFAE for an ordered space (X, %, <):
Ng
(i) (X, %, <) Is rernat.

(i) Vg : X — R usc, monotone
Vf: X — R Isc, menetenre

}géf = [g<h<f

for some continuous monotone h : X — R.

[H. Priestley, J. London Math. Soc., 1971; L. Nachbin, 1965
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