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THE REALS: L(R)

L(R) = Frm〈 (—, q), (p, —)(p, q ∈ Q) | (1) (—, q) ∧ (p, —) = 0 for q ≤ p,

(2) (—, q) ∨ (p, —) = 1 for q > p,

(3) (—, q) =
∨

s<q(—, s),

(4)
∨

q∈Q(—, q) = 1,

(5) (p, —) =
∨

r>p(r, —),

(6)
∨

p∈Q(p, —) = 1 〉.
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q∈Q(—, q) = 1,

(5) (p, —) =
∨

r>p(r, —),

(6)
∨

p∈Q(p, —) = 1 〉.

(p, q) := (p, —) ∧ (—, q)
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THE SUBLOCALE LATTICE: SL

LOC locale L, subobject lattice: is a CO-FRAME

SL := the dual FRAME









for each a ∈ L

c(a): closed

o(a): open
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THE SUBLOCALE LATTICE: SL

LOC locale L, subobject lattice: is a CO-FRAME

SL := the dual FRAME









for each a ∈ L

c(a): closed

o(a): open






complemented

∨

i∈I

c(ai) = c(
∨

i∈I

ai)

c(a) ∧ c(b) = c(a ∧ b)
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THE SUBLOCALE LATTICE: SL

LOC locale L, subobject lattice: is a CO-FRAME

SL := the dual FRAME









for each a ∈ L

c(a): closed

o(a): open






complemented

∨

i∈I

c(ai) = c(
∨

i∈I

ai)

c(a) ∧ c(b) = c(a ∧ b)

subframe cL := {c(a) | a ∈ L} ≃ L

(the geometric motivation reads backwards)
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THE SUBLOCALE LATTICE: SL

LOC locale L, subobject lattice: is a CO-FRAME

SL := the dual FRAME









for each a ∈ L

c(a): closed

o(a): open






complemented

∨

i∈I

c(ai) = c(
∨

i∈I

ai)

c(a) ∧ c(b) = c(a ∧ b)

subframe cL := {c(a) | a ∈ L} ≃ L

(the geometric motivation reads backwards)

∧

i∈I

o(ai) = o(
∨

i∈I

ai)

o(a) ∨ o(b) = o(a ∧ b)
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REAL FUNCTIONS

J. GUTIÉRREZ GARCÍA& T. KUBIAK & J. PICADO

[Localic real-valued functions: a general setting, J. Pure Appl. Algebra
213 (2009) 1064-1074]
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REAL FUNCTIONS

J. GUTIÉRREZ GARCÍA& T. KUBIAK & J. PICADO

[Localic real-valued functions: a general setting, J. Pure Appl. Algebra
213 (2009) 1064-1074]

f ≤ g ≡ f(p, —) ≤ g(p, —), ∀p ∈ Q ⇔ g(—, q) ≤ f(—, q), ∀q ∈ Q
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APPLICATIONS: insertion theorems

KATĚTOV-TONG INSERTION THEOREM. TFAE on a frame L:

(1) L is normal.

(2) For every f ∈ USC(L) and every g ∈ LSC(L) satisfying f ≤ g,
there exists h ∈ C(L) such that f ≤ h ≤ g.

J. GUTIÉRREZ GARCÍA & J. PICADO

[On the algebraic representation of semicontinuity,
Journal of Pure and Applied Algebra 210 (2007) 299–306]
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APPLICATIONS: upper and lower regularizations

f ∈ F(L), lower regularization f◦:
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∨

s<q

¬ f(s, —) f◦(p, —) =
∨

r>p

f(r, —)
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APPLICATIONS: upper and lower regularizations

f ∈ F(L), lower regularization f◦:

f◦(—, q) =
∨

s<q

¬ f(s, —) f◦(p, —) =
∨

r>p

f(r, —)

Then:

f◦ ∈ LSC(L), f◦ ≤ f

g ∈ LSC(L), g ≤ f ⇒ g ≤ f◦.
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APPLICATIONS: insertion theorems

STONE INSERTION THEOREM. TFAE on a frame L:

(1) L is extremally disconnected.
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APPLICATIONS: insertion theorems

STONE INSERTION THEOREM. TFAE on a frame L:

(1) L is extremally disconnected.

(2) C(L) = {f− | f ∈ LSC(L)}.
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APPLICATIONS: insertion theorems

STONE INSERTION THEOREM. TFAE on a frame L:

(1) L is extremally disconnected.

(2) C(L) = {f− | f ∈ LSC(L)}.

(3) C(L) = {g◦ | g ∈ USC(L)}.

(4) For every f ∈ USC(L) and every g ∈ LSC(L) satisfying g ≤ f ,
there exists h ∈ C(L) such that g ≤ h ≤ f .

J. GUTIÉRREZ GARCÍA & T. KUBIAK & J. PICADO

[Lower and upper regularizations of frame semicontinuous r eal functions,
Algebra Universalis 60 (2009) 169–184]
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APPLICATIONS: insertion theorems

STONE INSERTION THEOREM. TFAE on a frame L:

(1) L is extremally disconnected.

(2) C(L) = {f− | f ∈ LSC(L)}.

(3) C(L) = {g◦ | g ∈ USC(L)}.

(4) For every f ∈ USC(L) and every g ∈ LSC(L) satisfying g ≤ f ,
there exists h ∈ C(L) such that g ≤ h ≤ f .

J. GUTIÉRREZ GARCÍA & T. KUBIAK & J. PICADO

[Lower and upper regularizations of frame semicontinuous r eal functions,
Algebra Universalis 60 (2009) 169–184]

MORE: bounded insertion (Michael), strict insertion (Dowker),
monotone insertion (Kubiak), ...
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APPLICATIONS: insertions theorems

GENERAL INSERTION THEOREM. TFAE on a frame L:

(1) L is completely normal (= hereditarily normal).

(2) For every h1, h2 ∈ F(L), if h−
1 ≤ h2 and h1 ≤ h◦

2, then
there exists g ∈ LSC(L) such that h1 ≤ g ≤ g− ≤ h2.

M. J. FERREIRA & J. GUTIÉRREZ GARCÍA & J. PICADO

[Completely normal frames and real-valued functions,
Topology and its Applications 156 (2009) 2932–2941]
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BACKGROUND: the commutative f -ring C(L)

P. T. Johnstone,

Stone Spaces, CUP, 1982.

C(L) = Frm(L(R), L)
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BACKGROUND: the commutative f -ring C(L)

P. T. Johnstone,

Stone Spaces, CUP, 1982.

C(L) = Frm(L(R), L)

B. Banaschewski,

The real numbers in pointfree topology,

Textos de Matemática, vol. 12, Universidade de Coimbra, 1997.

(C(L),+, ·,≤) is a commutative archimedean and strong f -ring with unit
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QUESTION 1 ring F(L) = FRM(L(R),SL)

F(L) = C(S(L))
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F(L) = C(S(L))

USC(L) LSC(L)

C(L)

(C(L),+, ·,≤) is a commutative f -ring, a subring of (F(L),+, ·,≤)

f ∈
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QUESTION 1 ring F(L) = FRM(L(R),SL)

F(L) = C(S(L))

LSC(L)

F(L) = C(S(L))

USC(L) LSC(L)

C(L)

(C(L),+, ·,≤) is a commutative f -ring, a subring of (F(L),+, ·,≤)

f ∈ ∋ −f

−f(p, q) = f(−q,−p)
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LSC(L)

F(L) = C(S(L))

USC(L) LSC(L)

C(L)

(C(L),+, ·,≤) is a commutative f -ring, a subring of (F(L),+, ·,≤)

f ∈ ∋ −f

−f(p, q) = f(−q,−p)

• f ∈ USC(L) ⇔ −f ∈ LSC(L)

The posets (USC(L),≤) and (LSC(L),≤) are order isomorphic.
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QUESTION 1 ring F(L) = FRM(L(R),SL)

F(L) = C(S(L))

LSC(L)

F(L) = C(S(L))

USC(L) LSC(L)

C(L)

(C(L),+, ·,≤) is a commutative f -ring, a subring of (F(L),+, ·,≤)

f ∈ ∋ −f

−f(p, q) = f(−q,−p)

• f ∈ USC(L) ⇔ −f ∈ LSC(L)

The posets (USC(L),≤) and (LSC(L),≤) are order isomorphic.

• What else can be said about (USC(L),+, ·,≤) and (LSC(L),+, ·,≤) ?
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L(R) = Frm〈 (—, q), (p, —)(p, q ∈ Q) | (1) (—, q) ∧ (p, —) = 0 for q ≤ p,

(2) (—, q) ∨ (p, —) = 1 for q > p,

(3) (—, q) =
∨

s<q(—, s),

(4)
∨
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(—, q) Ll(R)







(p, —) Lu(R)







X

X
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THE EXTENDED REALS: L(R)

L(R) = Frm〈 (—, q), (p, —)(p, q ∈ Q) | (1) (—, q) ∧ (p, —) = 0 for q ≤ p,

(2) (—, q) ∨ (p, —) = 1 for q > p,

(3) (—, q) =
∨

s<q(—, s),

(5) (p, —) =
∨

r>p(r, —)〉.

(—, q) Ll(R)
{

(p, —) Lu(R)
{
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EXTENDED REAL FUNCTIONS F(L) = FRM(L(R),SL)

F(L)

F(L) = C(S(L))
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EXTENDED REAL FUNCTIONS F(L) = FRM(L(R),SL)

F(L)

F(L) = C(S(L))

USC(L) USC(L) LSC(L)LSC(L)

C(L)

C(L) f ∈ USC(L)
m

−f ∈ LSC(L)

f ∈ USC(L)
m

−f ∈ LSC(L)
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EXTENDED REAL FUNCTIONS F(L) = FRM(L(R),SL)

F(L)

F(L) = C(S(L))

USC(L) USC(L) LSC(L)LSC(L)

C(L)

C(L) f ∈ USC(L)
m

−f ∈ LSC(L)

f ∈ USC(L)
m

−f ∈ LSC(L)

• QUESTION 2: How to deal with extended real functions ?
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SCALES: constructing real functions C = {cp | p ∈ Q} ⊆ L
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SCALES: constructing real functions C = {cp | p ∈ Q} ⊆ L

Extended scale: p < q ⇒ cq ≺ cp (i.e. cp ∨ c∗q = 1).
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SCALES: constructing real functions C = {cp | p ∈ Q} ⊆ L

Extended scale: p < q ⇒ cq ≺ cp (i.e. cp ∨ c∗q = 1).

f(p, —) =
∨

r>p

cr f(—, q) =
∨

s<q

c∗s
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SCALES: constructing real functions C = {cp | p ∈ Q} ⊆ L

Extended scale: p < q ⇒ cq ≺ cp (i.e. cp ∨ c∗q = 1).

f(p, —) =
∨

r>p

cr f(—, q) =
∨

s<q

c∗s

Then:

C extended scale ⇒ f ∈ C(L).

Scale: extended scale and
∨
{cp | p ∈ Q} = 1 =

∨
{c∗p | p ∈ Q}.
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SCALES: constructing real functions C = {cp | p ∈ Q} ⊆ L

Extended scale: p < q ⇒ cq ≺ cp (i.e. cp ∨ c∗q = 1).
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∨

r>p
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Then:

C extended scale ⇒ f ∈ C(L).

Scale: extended scale and
∨
{cp | p ∈ Q} = 1 =

∨
{c∗p | p ∈ Q}.

C scale ⇒ f ∈ C(L).
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EXAMPLES: constant maps r ∈ Q, r : L(R) → L
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EXAMPLES: constant maps r ∈ Q, r : L(R) → L

r Cr = {cr
p | p ∈ Q} = {. . . , 1, 1, . . . , 1, . . . , 0, 0, . . . , 0, . . .}

↑
p = r
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EXAMPLES: constant maps r ∈ Q, r : L(R) → L

r Cr = {cr
p | p ∈ Q} = {. . . , 1, 1, . . . , 1, . . . , 0, 0, . . . , 0, . . .}

↑
p = r

scale r ∈ C(L)

r(p, —) =
∨

s>p

cr
s = cr

p, r(—, q) =

{
1 if q > r

0 if q ≤ r
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EXAMPLES: constant maps r ∈ Q, r : L(R) → L

r Cr = {cr
p | p ∈ Q} = {. . . , 1, 1, . . . , 1, . . . , 0, 0, . . . , 0, . . .}

↑
p = r

scale r ∈ C(L)

r(p, —) =
∨

s>p

cr
s = cr

p, r(—, q) =

{
1 if q > r

0 if q ≤ r

+∞ C+∞ = {. . . , 1, 1, . . . , 1, . . .}
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EXAMPLES: constant maps r ∈ Q, r : L(R) → L

r Cr = {cr
p | p ∈ Q} = {. . . , 1, 1, . . . , 1, . . . , 0, 0, . . . , 0, . . .}

↑
p = r

scale r ∈ C(L)

r(p, —) =
∨

s>p

cr
s = cr

p, r(—, q) =

{
1 if q > r

0 if q ≤ r

+∞ C+∞ = {. . . , 1, 1, . . . , 1, . . .}

extended scale +∞ ∈ C(L)
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r Cr = {cr
p | p ∈ Q} = {. . . , 1, 1, . . . , 1, . . . , 0, 0, . . . , 0, . . .}

↑
p = r

scale r ∈ C(L)

r(p, —) =
∨

s>p

cr
s = cr

p, r(—, q) =

{
1 if q > r

0 if q ≤ r

+∞ C+∞ = {. . . , 1, 1, . . . , 1, . . .}

extended scale +∞ ∈ C(L)

+∞(p, —) = 1, +∞(—, q) = 0.
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p | p ∈ Q} = {. . . , 1, 1, . . . , 1, . . . , 0, 0, . . . , 0, . . .}

↑
p = r

scale r ∈ C(L)

r(p, —) =
∨

s>p

cr
s = cr

p, r(—, q) =

{
1 if q > r

0 if q ≤ r

+∞ C+∞ = {. . . , 1, 1, . . . , 1, . . .}

extended scale +∞ ∈ C(L)

+∞(p, —) = 1, +∞(—, q) = 0.

−∞ C−∞ = {. . . , 0, 0, . . . , 0, . . .}
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↑
p = r

scale r ∈ C(L)

r(p, —) =
∨

s>p

cr
s = cr

p, r(—, q) =

{
1 if q > r

0 if q ≤ r

+∞ C+∞ = {. . . , 1, 1, . . . , 1, . . .}

extended scale +∞ ∈ C(L)

+∞(p, —) = 1, +∞(—, q) = 0.

−∞ C−∞ = {. . . , 0, 0, . . . , 0, . . .}

extended scale −∞ ∈ C(L)
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EXAMPLES: constant maps r ∈ Q, r : L(R) → L

r Cr = {cr
p | p ∈ Q} = {. . . , 1, 1, . . . , 1, . . . , 0, 0, . . . , 0, . . .}

↑
p = r

scale r ∈ C(L)

r(p, —) =
∨

s>p

cr
s = cr

p, r(—, q) =

{
1 if q > r

0 if q ≤ r

+∞ C+∞ = {. . . , 1, 1, . . . , 1, . . .}

extended scale +∞ ∈ C(L)

+∞(p, —) = 1, +∞(—, q) = 0.

−∞ C−∞ = {. . . , 0, 0, . . . , 0, . . .}

extended scale −∞ ∈ C(L)

−∞(p, —) = 0, −∞(—, q) = 1.
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ALGEBRAIC OPERATIONS in LSC(L) and USC(L) f, g ∈ LSC(L)
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ALGEBRAIC OPERATIONS in LSC(L) and USC(L) f, g ∈ LSC(L)

f(p, —), g(p, —) ∈ cL
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ALGEBRAIC OPERATIONS in LSC(L) and USC(L) f, g ∈ LSC(L)

f(p, —), g(p, —) ∈ cL

• f ∨ g ∈ F(L) is generated by the scale S
f∨g
p = f(p, —) ∨ g(p, —)
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f(p, —), g(p, —) ∈ cL

• f ∨ g ∈ F(L) is generated by the scale S
f∨g
p = f(p, —) ∨ g(p, —)

∀p S
f∨g
p ∈ cL ⇒ f ∨ g ∈ LSC(L).
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f(p, —), g(p, —) ∈ cL

• f ∨ g ∈ F(L) is generated by the scale S
f∨g
p = f(p, —) ∨ g(p, —)

∀p S
f∨g
p ∈ cL ⇒ f ∨ g ∈ LSC(L).

• f ∧ g ∈ F(L) is generated by the scale S
f∧g
p = f(p, —) ∧ g(p, —)
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ALGEBRAIC OPERATIONS in LSC(L) and USC(L) f, g ∈ LSC(L)

f(p, —), g(p, —) ∈ cL

• f ∨ g ∈ F(L) is generated by the scale S
f∨g
p = f(p, —) ∨ g(p, —)

∀p S
f∨g
p ∈ cL ⇒ f ∨ g ∈ LSC(L).

• f ∧ g ∈ F(L) is generated by the scale S
f∧g
p = f(p, —) ∧ g(p, —)

∀p S
f∧g
p ∈ cL ⇒ f ∧ g ∈ LSC(L).

• f + g ∈ F(L) is gen. by the scale S
f+g
p =

∨

r∈Q

f(r, —) ∧ g(p − r, —)
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ALGEBRAIC OPERATIONS in LSC(L) and USC(L) f, g ∈ LSC(L)

f(p, —), g(p, —) ∈ cL

• f ∨ g ∈ F(L) is generated by the scale S
f∨g
p = f(p, —) ∨ g(p, —)

∀p S
f∨g
p ∈ cL ⇒ f ∨ g ∈ LSC(L).

• f ∧ g ∈ F(L) is generated by the scale S
f∧g
p = f(p, —) ∧ g(p, —)

∀p S
f∧g
p ∈ cL ⇒ f ∧ g ∈ LSC(L).

• f + g ∈ F(L) is gen. by the scale S
f+g
p =

∨

r∈Q

f(r, —) ∧ g(p − r, —)

∀p S
f+g
p ∈ cL ⇒ f + g ∈ LSC(L).

December 4, 2009 RINGS OF (EXTENDED) REAL FUNCTIONS IN FRAMES FRAMES – 13



ALGEBRAIC OPERATIONS in LSC(L) and USC(L) f, g ∈ LSC(L)

• If 0 ≤ f, g ∈ LSC(L)
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ALGEBRAIC OPERATIONS in LSC(L) and USC(L) f, g ∈ LSC(L)

• If 0 ≤ f, g ∈ LSC(L) then f · g ∈ F(L) is generated by the scale

S
f ·g
p =

{∨

r>0 f(r, —) ∧ g(p
r
, —) if p ≥ 0

1 if p < 0
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ALGEBRAIC OPERATIONS in LSC(L) and USC(L) f, g ∈ LSC(L)

• If 0 ≤ f, g ∈ LSC(L) then f · g ∈ F(L) is generated by the scale

S
f ·g
p =

{∨

r>0 f(r, —) ∧ g(p
r
, —) if p ≥ 0

1 if p < 0
f · g ∈ LSC(L)

December 4, 2009 RINGS OF (EXTENDED) REAL FUNCTIONS IN FRAMES FRAMES – 13



ALGEBRAIC OPERATIONS in LSC(L) and USC(L) f, g ∈ LSC(L)

• If 0 ≤ f, g ∈ LSC(L) then f · g ∈ F(L) is generated by the scale

S
f ·g
p =

{∨

r>0 f(r, —) ∧ g(p
r
, —) if p ≥ 0

1 if p < 0
f · g ∈ LSC(L)

• And if 0 ≥ f, g ∈ LSC(L) ?
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ALGEBRAIC OPERATIONS in LSC(L) and USC(L) f, g ∈ LSC(L)

• If 0 ≤ f, g ∈ LSC(L) then f · g ∈ F(L) is generated by the scale

S
f ·g
p =

{∨

r>0 f(r, —) ∧ g(p
r
, —) if p ≥ 0

1 if p < 0
f · g ∈ LSC(L)

• And if 0 ≥ f, g ∈ LSC(L) ?

f+ = f ∨ 0, f− = (−f) ∨ 0.

From general properties of ℓ-rings we have f = f+ − f−.
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ALGEBRAIC OPERATIONS in LSC(L) and USC(L) f, g ∈ LSC(L)

• If 0 ≤ f, g ∈ LSC(L) then f · g ∈ F(L) is generated by the scale

S
f ·g
p =

{∨

r>0 f(r, —) ∧ g(p
r
, —) if p ≥ 0

1 if p < 0
f · g ∈ LSC(L)

• And if 0 ≥ f, g ∈ LSC(L) ?

f+ = f ∨ 0, f− = (−f) ∨ 0.

From general properties of ℓ-rings we have f = f+ − f−.

Hence f · g = (f+ · g+) + (f− · g−) − (f+ · g−) − (f− · g+)
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ALGEBRAIC OPERATIONS in LSC(L) and USC(L) f, g ∈ LSC(L)

• If 0 ≤ f, g ∈ LSC(L) then f · g ∈ F(L) is generated by the scale

S
f ·g
p =

{∨

r>0 f(r, —) ∧ g(p
r
, —) if p ≥ 0

1 if p < 0
f · g ∈ LSC(L)

• And if 0 ≥ f, g ∈ LSC(L) ?

f+ = f ∨ 0, f− = (−f) ∨ 0.

From general properties of ℓ-rings we have f = f+ − f−.

Hence f · g = (f+ · g+) + (f− · g−) − (f+ · g−) − (f− · g+)

= f− · g−
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ALGEBRAIC OPERATIONS in LSC(L) and USC(L) f, g ∈ LSC(L)

• If 0 ≤ f, g ∈ LSC(L) then f · g ∈ F(L) is generated by the scale

S
f ·g
p =

{∨

r>0 f(r, —) ∧ g(p
r
, —) if p ≥ 0

1 if p < 0
f · g ∈ LSC(L)

• And if 0 ≥ f, g ∈ LSC(L) ?

f+ = f ∨ 0, f− = (−f) ∨ 0.

From general properties of ℓ-rings we have f = f+ − f−.

Hence f · g = (f+ · g+) + (f− · g−) − (f+ · g−) − (f− · g+)

= f− · g− = (−f)
︸ ︷︷ ︸

USC(L)

· (−g)
︸ ︷︷ ︸

USC(L)

∈ USC(L).

December 4, 2009 RINGS OF (EXTENDED) REAL FUNCTIONS IN FRAMES FRAMES – 13



ALGEBRAIC OPERATIONS in LSC(L) and USC(L)

PROPOSITION. Let f, g ∈ F(L).

(1) If f, g ∈ LSC(L) then f ∨ g, f ∧ g, f + g ∈ LSC(L).
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ALGEBRAIC OPERATIONS in LSC(L) and USC(L)

PROPOSITION. Let f, g ∈ F(L).

(1) If f, g ∈ LSC(L) then f ∨ g, f ∧ g, f + g ∈ LSC(L).

(2) If 0 ≤ f, g ∈ LSC(L) then f · g ∈ LSC(L).
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ALGEBRAIC OPERATIONS in LSC(L) and USC(L)

PROPOSITION. Let f, g ∈ F(L).

(1) If f, g ∈ LSC(L) then f ∨ g, f ∧ g, f + g ∈ LSC(L).

(2) If 0 ≤ f, g ∈ LSC(L) then f · g ∈ LSC(L).

(3) If 0 ≥ f, g ∈ LSC(L) then f · g ∈ USC(L).
...
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ALGEBRAIC OPERATIONS in (F(L),≤) f ∨ g, f ∧ g : EASY!

December 4, 2009 RINGS OF (EXTENDED) REAL FUNCTIONS IN FRAMES FRAMES – 14



ALGEBRAIC OPERATIONS in (F(L),≤) f ∨ g, f ∧ g : EASY!

• f ∨ g ∈ F(L) is generated by the scale

S
f∨g
p = f(p, —) ∨ g(p, —)
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ALGEBRAIC OPERATIONS in (F(L),≤) f ∨ g, f ∧ g : EASY!

• f ∨ g ∈ F(L) is generated by the scale

S
f∨g
p = f(p, —) ∨ g(p, —)

Then: (f ∨ g)(p, —) = f(p, —) ∨ g(p, —)

(f ∨ g)(—, q) = f(—, q) ∧ g(—, q).
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ALGEBRAIC OPERATIONS in (F(L),≤) f ∨ g, f ∧ g : EASY!

• f ∨ g ∈ F(L) is generated by the scale

S
f∨g
p = f(p, —) ∨ g(p, —)

Then: (f ∨ g)(p, —) = f(p, —) ∨ g(p, —)

(f ∨ g)(—, q) = f(—, q) ∧ g(—, q).

• f ∧ g = −((−f) ∨ (−g)) ∈ F(L)

December 4, 2009 RINGS OF (EXTENDED) REAL FUNCTIONS IN FRAMES FRAMES – 14



ALGEBRAIC OPERATIONS in (F(L),≤) f ∨ g, f ∧ g : EASY!

• f ∨ g ∈ F(L) is generated by the scale

S
f∨g
p = f(p, —) ∨ g(p, —)

Then: (f ∨ g)(p, —) = f(p, —) ∨ g(p, —)

(f ∨ g)(—, q) = f(—, q) ∧ g(—, q).

• f ∧ g = −((−f) ∨ (−g)) ∈ F(L)

Then: (f ∧ g)(p, —) = f(p, —) ∧ g(p, —)

(f ∧ g)(—, q) = f(—, q) ∨ g(—, q).
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ALGEBRAIC OPERATIONS in (F(L),≤) f + g, f · g : HARD!
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ALGEBRAIC OPERATIONS in (F(L),≤) f + g, f · g : HARD!

Of course! think on the typical indeterminations

−∞ + ∞, 0 · ∞, . . .
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ALGEBRAIC OPERATIONS in (F(L),≤) f + g, f · g : HARD!

Of course! think on the typical indeterminations

−∞ + ∞, 0 · ∞, . . .

• Sum: for f ∈ F(L), let

a+
f =

∨

q∈Q

f(—, q), a−f =
∨

p∈Q

f(p, —) and af = a+
f ∧ a−f .
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a+
f =

∨

q∈Q

f(—, q), a−f =
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p∈Q

f(p, —) and af = a+
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(classically: the reality f−1(R) of f )
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ALGEBRAIC OPERATIONS in (F(L),≤) f + g, f · g : HARD!

Of course! think on the typical indeterminations

−∞ + ∞, 0 · ∞, . . .

• Sum: for f ∈ F(L), let

a+
f =

∨

q∈Q

f(—, q), a−f =
∨

p∈Q

f(p, —) and af = a+
f ∧ a−f .

(classically: the reality f−1(R) of f )

f, g ∈ F(L) are sum compatible if





(a+
f ∨ a−g ) ∧ (a+

g ∨ a−f ) = 1,

a+
f , a−f , a+

g and a−g are complemented.
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ALGEBRAIC OPERATIONS in (F(L),≤) SUM

If f and g are sum compatible then
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ALGEBRAIC OPERATIONS in (F(L),≤) SUM

If f and g are sum compatible then

Sf+g
p =

∨

r∈Q

f(r, —) ∧ g(p − r, —)
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ALGEBRAIC OPERATIONS in (F(L),≤) SUM

If f and g are sum compatible then

Sf+g
p =

∨

r∈Q

f(r, —) ∧ g(p − r, —)

is an extended scale in S(L).
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ALGEBRAIC OPERATIONS in (F(L),≤) SUM

If f and g are sum compatible then

Sf+g
p =

∨

r∈Q

f(r, —) ∧ g(p − r, —)

is an extended scale in S(L).

It generates f + g ∈ C(S(L)) = F(L), given by:
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ALGEBRAIC OPERATIONS in (F(L),≤) SUM

If f and g are sum compatible then

Sf+g
p =

∨

r∈Q

f(r, —) ∧ g(p − r, —)

is an extended scale in S(L).

It generates f + g ∈ C(S(L)) = F(L), given by:

(f + g)(p, —) =
∨

r∈Q

f(r, —) ∧ g(p − r, —),
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ALGEBRAIC OPERATIONS in (F(L),≤) SUM

If f and g are sum compatible then

Sf+g
p =

∨

r∈Q

f(r, —) ∧ g(p − r, —)

is an extended scale in S(L).

It generates f + g ∈ C(S(L)) = F(L), given by:

(f + g)(p, —) =
∨

r∈Q

f(r, —) ∧ g(p − r, —),

(f + g)(—, q) =
∨

s∈Q

f(—, s) ∧ g(—, q − s).
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ALGEBRAIC OPERATIONS in (F(L),≤) SUM

PROPOSITION. Let f, g ∈ F(L) be sum compatible. Then:

(1) f + g ∈ F(L).
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ALGEBRAIC OPERATIONS in (F(L),≤) SUM

PROPOSITION. Let f, g ∈ F(L) be sum compatible. Then:

(1) f + g ∈ F(L).

(2) If f, g ∈ LSC(L) then f + g ∈ LSC(L).
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ALGEBRAIC OPERATIONS in (F(L),≤) SUM

PROPOSITION. Let f, g ∈ F(L) be sum compatible. Then:

(1) f + g ∈ F(L).

(2) If f, g ∈ LSC(L) then f + g ∈ LSC(L).

(3) If f, g ∈ USC(L) then f + g ∈ USC(L).
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ALGEBRAIC OPERATIONS in (F(L),≤) SUM

PROPOSITION. Let f, g ∈ F(L) be sum compatible. Then:

(1) f + g ∈ F(L).

(2) If f, g ∈ LSC(L) then f + g ∈ LSC(L).

(3) If f, g ∈ USC(L) then f + g ∈ USC(L).

(4) If f, g ∈ C(L) then f + g ∈ C(L).
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ALGEBRAIC OPERATIONS in (F(L),≤) PRODUCT
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ALGEBRAIC OPERATIONS in (F(L),≤) PRODUCT

• Product: for f ∈ F(L), let coz (f) = f((—, 0) ∨ (0, —)).
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ALGEBRAIC OPERATIONS in (F(L),≤) PRODUCT

• Product: for f ∈ F(L), let coz (f) = f((—, 0) ∨ (0, —)).

f, g ∈ F(L) are product compatible if
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ALGEBRAIC OPERATIONS in (F(L),≤) PRODUCT

• Product: for f ∈ F(L), let coz (f) = f((—, 0) ∨ (0, —)).

f, g ∈ F(L) are product compatible if




(coz f ∨ ag) ∧ (coz g ∨ af ) = 1,

coz f, af , coz g and ag are complemented.
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ALGEBRAIC OPERATIONS in (F(L),≤) PRODUCT

• Product: for f ∈ F(L), let coz (f) = f((—, 0) ∨ (0, —)).

f, g ∈ F(L) are product compatible if




(coz f ∨ ag) ∧ (coz g ∨ af ) = 1,

coz f, af , coz g and ag are complemented.

PROPOSITION. Let f, g ∈ F(L) be product compatible. Then:

(1) f · g ∈ F(L).
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ALGEBRAIC OPERATIONS in (F(L),≤) PRODUCT

• Product: for f ∈ F(L), let coz (f) = f((—, 0) ∨ (0, —)).

f, g ∈ F(L) are product compatible if




(coz f ∨ ag) ∧ (coz g ∨ af ) = 1,

coz f, af , coz g and ag are complemented.

PROPOSITION. Let f, g ∈ F(L) be product compatible. Then:

(1) f · g ∈ F(L).

(2) If 0 ≤ f, g ∈ LSC(L) then f · g ∈ LSC(L).
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ALGEBRAIC OPERATIONS in (F(L),≤) PRODUCT

• Product: for f ∈ F(L), let coz (f) = f((—, 0) ∨ (0, —)).

f, g ∈ F(L) are product compatible if




(coz f ∨ ag) ∧ (coz g ∨ af ) = 1,

coz f, af , coz g and ag are complemented.

PROPOSITION. Let f, g ∈ F(L) be product compatible. Then:

(1) f · g ∈ F(L).

(2) If 0 ≤ f, g ∈ LSC(L) then f · g ∈ LSC(L).

(3) If 0 ≥ f, g ∈ LSC(L) then f · g ∈ USC(L).
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ALGEBRAIC OPERATIONS in (F(L),≤) PRODUCT

• Product: for f ∈ F(L), let coz (f) = f((—, 0) ∨ (0, —)).

f, g ∈ F(L) are product compatible if




(coz f ∨ ag) ∧ (coz g ∨ af ) = 1,

coz f, af , coz g and ag are complemented.

PROPOSITION. Let f, g ∈ F(L) be product compatible. Then:

(1) f · g ∈ F(L).

(2) If 0 ≤ f, g ∈ LSC(L) then f · g ∈ LSC(L).

(3) If 0 ≥ f, g ∈ LSC(L) then f · g ∈ USC(L).
...

(6) If f, g ∈ C(L) then f · g ∈ C(L).
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APPLICATIONS

• classical proofs pointfree proofs
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APPLICATIONS

• classical proofs pointfree proofs

≪But what the pointfree formulation adds to the classical theory is a
remarkable combination of elegance of statement, simplicity of proof,
and increase of extent.≫

[R. Ball, J. Walters-Wayland, C- and C∗-quotients in pointfree topol.]
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APPLICATIONS

• classical proofs pointfree proofs

≪But what the pointfree formulation adds to the classical theory is a
remarkable combination of elegance of statement, simplicity of proof,
and increase of extent.≫

[R. Ball, J. Walters-Wayland, C- and C∗-quotients in pointfree topol.]

• study of D(L)= {f ∈ C(L) | af is dense}
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APPLICATIONS

• classical proofs pointfree proofs

≪But what the pointfree formulation adds to the classical theory is a
remarkable combination of elegance of statement, simplicity of proof,
and increase of extent.≫

[R. Ball, J. Walters-Wayland, C- and C∗-quotients in pointfree topol.]

• study of D(L)= {f ∈ C(L) | af is dense}

Recall: af = a+
f ∧ a−f =

∨

q∈Q

f(—, q) ∧
∨

p∈Q

f(p, —) =
∨

p<q

f(p, q).

(the reality of f )
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APPLICATIONS

• classical proofs pointfree proofs

≪But what the pointfree formulation adds to the classical theory is a
remarkable combination of elegance of statement, simplicity of proof,
and increase of extent.≫

[R. Ball, J. Walters-Wayland, C- and C∗-quotients in pointfree topol.]

• study of D(L)= {f ∈ C(L) | af is dense}

Recall: af = a+
f ∧ a−f =

∨

q∈Q

f(—, q) ∧
∨

p∈Q

f(p, —) =
∨

p<q

f(p, q).

(the reality of f )

(Classically: D(X) = {f | f−1(R) is dense in X} ...)
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APPLICATIONS: D(L)

• f ∈ D(L) iff −f ∈ D(L) (because a−f = af ).
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APPLICATIONS: D(L)

• f ∈ D(L) iff −f ∈ D(L) (because a−f = af ).

• Let f, g ∈ D(L).
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APPLICATIONS: D(L)

• f ∈ D(L) iff −f ∈ D(L) (because a−f = af ).

• Let f, g ∈ D(L). Then: af∨g = (af ∧ a+
g ) ∨ (ag ∧ a+

f ),
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APPLICATIONS: D(L)

• f ∈ D(L) iff −f ∈ D(L) (because a−f = af ).

• Let f, g ∈ D(L). Then: af∨g = (af ∧ a+
g ) ∨ (ag ∧ a+

f ),

so (af∨g)
∗ = (af ∧ a+

g )∗ ∧ (ag ∧ a+
f )∗
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APPLICATIONS: D(L)

• f ∈ D(L) iff −f ∈ D(L) (because a−f = af ).

• Let f, g ∈ D(L). Then: af∨g = (af ∧ a+
g ) ∨ (ag ∧ a+

f ),

so (af∨g)
∗ = (af ∧ a+

g )∗ ∧ (ag ∧ a+
f )∗

= (a+
g )∗ ∧ (a+

f )∗ ≤ a∗g ∧ a∗f = 0.
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APPLICATIONS: D(L)

• f ∈ D(L) iff −f ∈ D(L) (because a−f = af ).

• Let f, g ∈ D(L). Then: af∨g = (af ∧ a+
g ) ∨ (ag ∧ a+

f ),

so (af∨g)
∗ = (af ∧ a+

g )∗ ∧ (ag ∧ a+
f )∗

= (a+
g )∗ ∧ (a+

f )∗ ≤ a∗g ∧ a∗f = 0.

∴ f ∨ g ∈ D(L).
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APPLICATIONS: D(L)

• f ∈ D(L) iff −f ∈ D(L) (because a−f = af ).

• Let f, g ∈ D(L). Then: af∨g = (af ∧ a+
g ) ∨ (ag ∧ a+

f ),

so (af∨g)
∗ = (af ∧ a+

g )∗ ∧ (ag ∧ a+
f )∗

= (a+
g )∗ ∧ (a+

f )∗ ≤ a∗g ∧ a∗f = 0.

∴ f ∨ g ∈ D(L). By inversion f ∧ g = −((−f) ∨ (−g)) ∈ D(L).

∴ D(L) is a lattice with inversion
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APPLICATIONS: D(L)

• Sum, product: f + g, f · g ∈ D(L) ?
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APPLICATIONS: D(L)

• Sum, product: f + g, f · g ∈ D(L) ? Not necessarily, BUT:

PROP. If L is extremally disconnected then D(L) is an ℓ-ring.
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APPLICATIONS: D(L)

• Sum, product: f + g, f · g ∈ D(L) ? Not necessarily, BUT:

PROP. If L is extremally disconnected then D(L) is an ℓ-ring.

Proof:
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APPLICATIONS: D(L)

• Sum, product: f + g, f · g ∈ D(L) ? Not necessarily, BUT:

PROP. If L is extremally disconnected then D(L) is an ℓ-ring.

Proof:

L(R)
f

g

f̃

g̃

L ↓(af ∧ ag)
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APPLICATIONS: D(L)

• Sum, product: f + g, f · g ∈ D(L) ? Not necessarily, BUT:

PROP. If L is extremally disconnected then D(L) is an ℓ-ring.

Proof:

L(R)
f

g

f̃

g̃

L ↓(af ∧ ag)L(R)
f

g

f̃

g̃

L
c ↓(af ∧ ag)
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• Sum, product: f + g, f · g ∈ D(L) ? Not necessarily, BUT:

PROP. If L is extremally disconnected then D(L) is an ℓ-ring.

Proof:

L(R)
f

g

f̃

g̃

L ↓(af ∧ ag)L(R)
f

g

f̃

g̃

L
c ↓(af ∧ ag)L(R)

f
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f̃

g̃

L
c ↓(af ∧ ag)
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APPLICATIONS: D(L)

• Sum, product: f + g, f · g ∈ D(L) ? Not necessarily, BUT:

PROP. If L is extremally disconnected then D(L) is an ℓ-ring.

Proof:

L(R)
f

g

f̃

g̃

L ↓(af ∧ ag)L(R)
f

g

f̃

g̃

L
c ↓(af ∧ ag)L(R)

f

g

f̃

g̃

L
c ↓(af ∧ ag)

a
f̃

=
∨

p<q

f̃(p, q) =
∨

p<q

f(p, q) ∧ af ∧ ag = af ∧ ag = 1↓(af∧ag)
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APPLICATIONS: D(L)

• Sum, product: f + g, f · g ∈ D(L) ? Not necessarily, BUT:

PROP. If L is extremally disconnected then D(L) is an ℓ-ring.

Proof:

L(R)
f

g

f̃

g̃

L ↓(af ∧ ag)L(R)
f

g

f̃

g̃

L
c ↓(af ∧ ag)L(R)

f

g

f̃

g̃

L
c ↓(af ∧ ag)

a
f̃

=
∨

p<q

f̃(p, q) =
∨

p<q

f(p, q) ∧ af ∧ ag = af ∧ ag = 1↓(af∧ag)

Hence: f̃ , g̃ ∈ C(↓(af ∧ ag))
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APPLICATIONS: D(L)

• Sum, product: f + g, f · g ∈ D(L) ? Not necessarily, BUT:

PROP. If L is extremally disconnected then D(L) is an ℓ-ring.

Proof:

L(R)
f

g

f̃

g̃

L ↓(af ∧ ag)L(R)
f

g

f̃

g̃

L
c ↓(af ∧ ag)L(R)

f

g

f̃

g̃

L
c ↓(af ∧ ag)

a
f̃

=
∨

p<q

f̃(p, q) =
∨

p<q

f(p, q) ∧ af ∧ ag = af ∧ ag = 1↓(af∧ag)

Hence: f̃ , g̃ ∈ C(↓(af ∧ ag)) ⇒ f̃ + g̃ ∈ C(↓(af ∧ ag))
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APPLICATIONS: D(L)

• Sum, product: f + g, f · g ∈ D(L) ? Not necessarily, BUT:

PROP. If L is extremally disconnected then D(L) is an ℓ-ring.

Proof:

L(R)
f

g

f̃

g̃

L ↓(af ∧ ag)L(R)
f

g

f̃

g̃

L
c ↓(af ∧ ag)L(R)

f

g

f̃

g̃

L
c ↓(af ∧ ag)

a
f̃

=
∨

p<q

f̃(p, q) =
∨

p<q

f(p, q) ∧ af ∧ ag = af ∧ ag = 1↓(af∧ag)

Hence: f̃ , g̃ ∈ C(↓(af ∧ ag)) ⇒ f̃ + g̃ ∈ C(↓(af ∧ ag))

[Stone extension th.]
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APPLICATIONS: D(L)

• Sum, product: f + g, f · g ∈ D(L) ? Not necessarily, BUT:

PROP. If L is extremally disconnected then D(L) is an ℓ-ring.

Proof:

L(R)
f

g

f̃

g̃

L ↓(af ∧ ag)L(R)
f

g

f̃

g̃

L
c ↓(af ∧ ag)L(R)

f

g

f̃

g̃

L
c ↓(af ∧ ag)

a
f̃

=
∨

p<q

f̃(p, q) =
∨

p<q

f(p, q) ∧ af ∧ ag = af ∧ ag = 1↓(af∧ag)

Hence: f̃ , g̃ ∈ C(↓(af ∧ ag)) ⇒ f̃ + g̃ ∈ C(↓(af ∧ ag))

[Stone extension th.] ⇒ ∃1 extension f + g ∈ C(L).
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