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MOTIVATION normality vs extremal disconnectedness

THEOREM. TFAE for a locale L;:

ext. disc.
% L IS hermak

open
% Every two disjoint €lesed sublocales of L are
completely separated.

_ open
Each elesed sublocale of L is C*-embedded.

A < dheC(L): f<h<gqg.

O 5 <_g = 3heCL): f<h<g
H5€ +5€
LSC USC open ext. disc.

The image of L under any surjective €lesed localic map is rermad.
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MOTIVATION normality vs extremal disconnectedness

This shapes the idea that the two notions are somehow dual

to each other and therefore can be studied in parallel.
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e t0 examine this parallel.

e the proofs of the two insertion results are very different in nature:
Katetov-Tong insertion: extends the standard proof of Urysohn...
Stone insertion: needs the semiregularization...

Can one unify them under the same result (with a single proof) ?

e there is a variety of classical insertion type results
(for several variants of normality).

Can one unify them under a single general result ?
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NORMALITY vs EXTREMAL DISCONNECTEDNESS

Normal: avb=1= JuvelL:uArv=0,avu=1=bvo.
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Extremally disconnected:

a* va*™ =1
< (a Ab)* =a™ v b [De Morgan frames]

Slanb=0= Juvel:uvv=1,aru=0=>bAuv|.

need only fora,be L* (regular) (a Ab=0< a™* A b* =0)

as lattices: L isnormal iff L°P is extremally disconnected.

(FRAME) (Co-FRAME)
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VARIANTS OF NORMALITY
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IDEA: goto S(L), take complements the frame of sublocales
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2/ -normality: EXAMPLES

1 = 1{cla): a e L
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o ={c(a): a € L}

e o7/1-normal frames: normal

o of;-extremally disconnected frames: extremally disconnected
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27 -normality: EXAMPLES

{c(a): a regular Gs}

e o/3-normal: d-normal

o of/3-extremally disconnected: o-extremally disconnected

e o/;-normal: all frames

o o/ -extremally disconnected: F-frames
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f:&R) - S(L)
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f:&R) - S(L)

BACKGROUND: the frame of reals

E(R) = Fm{ (= q), (p,—)(p,q € Q) |
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f:&R) - S(L)

BACKGROUND: the frame of reals

ER) = Fm{ (= q),(P:—)(p,a€ Q)| (1) (=) A (p,—) =0forg <p,
(2) (—4q) v (p,—) = 1for g >p,
(3) (=) = Vey(— ),
(4) Vyeg(—a) =1,
() (0, =) = Visp(r:—),
(6) Vpeo(p,—) =1).
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[+ &R) - S(L)

f(pa_) € cL
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[+ &R) - S(L)

f(—q)€cL f(p,—) € cL
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J. GUTIERREZ GARCIA, T. KUBIAK & J. P.
Localic real functions: a general setting, J. Pure Appl. Algebra 213 (2009)
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J: S(R) — S(L)

feUSC(L) & Vp<q FF,,ecl : f(—p) < Fpqg< f(—q).
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J: S(R) — S(L)

feUSC(L) & Vp<q FF,,ecl : f(—p) < Fpqg< f(—q).

Y

[ =T f(_a Q) — \/r<q f(_7 T) S \/7“<q Ffr,q S f(_’ Q). ]

/-USC(L) =Vp <q 3Fpqe @ f(—p) < Fpq < f(—0)
A-LSC(L)=Vp<q IFpqe o : flq,—) < Fpq < f(p,—).

o/-C(L) = o/-LSC(L) n /-USC(L)

Clearly: f is upper o7-semicont. iff it is lower .o7“-semicont.

f is o/“-continuous Iiff it Is .7 -continuous.
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2/ -semicontinuity and .27 -continuity: EXAMPLES

1 = 1{cla): a e L
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o = {c(a): a € L}

e Upper .o;-semicontinuous functions: upper semicontinuous
e lower .&7;-semicontinuous functions: lower semicontinuous
e .o7|-continuous functions: continuous

oty = {c(a*): a € L}

P <4q: f(_ap) < C(az,q) < f(_7 Q)

e Upper g%-semicontinuous functions: normal upper semicontinuous
e lower .@%,-semicontinuous functions: normal lower semicontinuous
e o/»-continuous functions: normal continuous
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e Upper .o;-semicontinuous functions: upper semicontinuous
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e Upper g%-semicontinuous functions: normal upper semicontinuous
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2/ -semicontinuity and .27 -continuity: EXAMPLES

o = {c(a): a € L}

e Upper .o;-semicontinuous functions: upper semicontinuous
e lower .&7;-semicontinuous functions: lower semicontinuous
e .o7|-continuous functions: continuous

alo = {¢(a®): a €
telat): a.€ L) (=1 1 (=1

e Upper g%-semicontinuous functions: normal upper semicontinuous
e lower .@%,-semicontinuous functions: normal lower semicontinuous
e a/5-continuous functions: normal continuous [Dilworth]
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2/ -semicontinuity and .27 -continuity: EXAMPLES

a3 = {c(a): a regular G

p<q: f(—p) <clapg) < fl—q)

e Upper 3-semicontinuous functions: regular upper semicontinuous
e lower o/3-semicontinuous functions: regular lower semicontinuous
e of/s3-continuous functions: regular continuous [Lane]
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2/ -semicontinuity and .27 -continuity: EXAMPLES

{c(a): a regular Gs}

p<q: f(—p) <clapg) < fl—q)

e Upper 3-semicontinuous functions: regular upper semicontinuous
e lower o/3-semicontinuous functions: regular lower semicontinuous
e of3-continuous functions: regular continuous [Lane]

p<q: f(—p) <clapg) < f(—q)

e Upper «7;-semicontinuous functions: Zero upper semicontinuous
e lower .&Z;-semicontinuous functions: zero lower semicontinuous
e .of/,-continuous functions: zero continuous [Stone]
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MAIN RESULT: Kat étov-Tong insertion = Stone insertion S, T eS(L)

SCyT=dU0ed,IVedt: SKVSUKLT
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MAIN RESULT: Kat étov-Tong insertion = Stone insertion S, T eS(L)

SCyT=3d1U0ed,IVed: SKVSUKLT Katétov relation?

(Kl)Sc,y,T=5<T.
(K2)S'<Sey, T<T' =5, T.
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MAIN RESULT: Kat étov-Tong insertion = Stone insertion S, T eS(L)

SCyT=3d1U0ed,IVed: SKVSUKLT Katétov relation?

K)SE, T=S9<T.
(K2)S'"<Sey, T<T' =5 cyT.

(K3) S€yTand §' €y T= (Sv S) Cuy T. |
(KA Scy,Tand SEC, T'=SCy (T AT").
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MAIN RESULT: Kat etov-Tong insertion = Stone insertion

SCyT=3d1Ued,dVed " S<VSUKLT

K)SE, T=S9<T.
(K2)S'"<Sey, T<T' =5 cyT.

(K3) S€yTand §' €y T= (Sv S) Cuy T. |
(KA Scy,Tand SEC, T'=SCy (T AT").
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MAIN RESULT: Kat étov-Tong insertion = Stone insertion S, T eS(L)

SCyT=3d1U0ed,IVed: SKVSUKLT Katétov relation?

K)SCy,T=S5<T.

(K2)S'"<Sey, T<T' =5 cyT.

(K3) S€yTand S €y T = (Sv )€y T. | s a
KA Sey,Tand SE, T = S Ey (T AT). Katetov class

LEMMA 1. <7 IS a Katétov class if it is
e a sublattice |.ot , a5, o]
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(K2)S'"<Sey, T<T' =5 cyT.

(K3) S€yTand S €y T = (Sv )€y T. | s a
KA Sey,Tand SE, T = S Ey (T AT). Katetov class

LEMMA 1. <7 IS a Katétov class if it is
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MAIN RESULT: Kat étov-Tong insertion = Stone insertion S, T eS(L)

SCyT=3d1U0ed,IVed: SKVSUKLT Katétov relation?

K)SEy T'=S5S<T

(K2) "< SCy, T<T' =5 €, T.

(K3) S €, T and S’ MT:(S\/S’)C%T_ o/ 1S a
Ki)SCyTand SCy T = S Co (T' AT). Katetov class

(K5) SEy T=3UcS(L): SEyUEyT.

LEMMA 1. <7 IS a Katétov class if it is
e a sublattice |.ot , a5, o]

e or closed under binary meets and
Ul,UQE:Q%,Ul\/U2<V€:Q%C:>E|U/EJZ%: Ul\/UgéUlé‘/[%]
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MAIN RESULT: Kat étov-Tong insertion = Stone insertion S, T eS(L)

SCyT=3d1U0ed,IVed: SKVSUKLT Katétov relation?

K)SEsT=S5<T

K2)S'<SeEy, T<T' =58 ¢€yT.

(K3) S € T and 5’ MT:(S\/S’)C%T o is a
Ki)SCyTand SCy T = S Co (T' AT). Katetov class

(KE)SE€y T=3dUeS(L): SCy Ucy,T. o L is «/-normal
LEMMA 2

LEMMA 1. <7 IS a Katétov class if it is
e a sublattice |.ot , a5, o]

e or closed under binary meets and
U1,U2€:527,U1\/U2<V€:527C=>E|U/€W: Ul\/U2<U/<V[%]
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MAIN RESULT: Kat etov-Tong insertion = Stone insertion

We can then apply

KATETOV LEMMA. Let M be a lattice and € a Katétov relation on M.
Let (ap | pe Q), (b, | pe Q) € M such that

p<q = a;<ap b;<b, agChohy.
Then there exists a family (¢, | p € Q) < M such that

p<q = cgC€cp, ayCcp cqChy.
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Let (ap | pe Q), (b, | pe Q) € M such that

p<q = a;<ap b;<b, agChohy.
Then there exists a family (¢, | p € Q) < M such that

p<q = cgC€cp, ayCcp cqChy.

for M=S(L) and €=Cy
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MAIN RESULT: Kat etov-Tong insertion = Stone insertion

We can then apply

KATETOV LEMMA. Let M be a lattice and € a Katétov relation on M.
Let (ap | pe Q), (b, | pe Q) € M such that

p<q = a;<ap b;<b, agChohy.
Then there exists a family (¢, | p € Q) < M such that

p<q = cgC€cp, ayCcp cqChy.

for M=S(L) and €=Cy

whenever &7 is a Katétov class and L is .o7-normal.
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MAIN RESULT: Kat etov-Tong insertion = Stone insertion

THEOREM. TFAE for any Katétov class & < B(S(L)):
% L is «/-normal.
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THEOREM. TFAE for any Katétov class & < B(S(L)):
% L is «/-normal.

% f o< g = 3dheod —CL): f<h<yg.
——
o/ —USC o/ —LSC
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MAIN RESULT: Kat etov-Tong insertion = Stone insertion

THEOREM. TFAE for any Katétov class & < B(S(L)):
% L is «/-normal.

% f o< g = 3dheod —CL): f<h<yg.
~—— ~——
o/ —USC  &/—LSC

Every S, T € o/ such that S vT' = 1 are completely .o7-separated.
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MAIN RESULT: Kat etov-Tong insertion = Stone insertion

THEOREM. TFAE for any Katétov class & < B(S(L)):
% L is «/-normal.

% f o< g = 3dheod —CL): f<h<yg.
——
o/ —USC o/ —LSC

Every S, T € o/ such that S vT' = 1 are completely .o7-separated.

1 «/-continuous h: h(0,—) < S and h(—,1) < T
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MAIN RESULT: Kat etov-Tong insertion = Stone insertion

THEOREM. TFAE for any Katétov class & < B(S(L)):
% L is o/-normal.

O f < g = Jhed =C(L): f<h<g.
= C
o/ —USC o/ —LSC

% Every 5,T € o/ 'suchthat S v T = 1 are completely dfseparated.

Then the dual result for extremal .o/ -disconnectedness follows just by

COMPLEMENTATION
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MAIN RESULT: Kat etov-Tong insertion = Stone insertion

COROLLARY [Stone]. TFAE for any Katétov class o7 < B(S(L)):

% L Is o7-extremally disconnected.

% f o< g = dheod —C(L): f<h<yg.
W_J
o/ —L.SC o/ —USC

Every S, T € o7 suchthat S AT = 0 are completely .o/ -separated.
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EXTENSION: Tietze-type extension = Stone-type extension SeS(L)

CONTINUOUS EXTENSION:
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EXTENSION: Tietze-type extension = Stone-type extension SeS(L)

CONTINUOUS EXTENSION:

T
3 feC(L).7 lﬁo 3/
""“ S

£(R) P > S(9) Tv S
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EXTENSION: Tietze-type extension = Stone-type extension SeS(L)

CONTINUOUS EXTENSION:

S(L) T
- fe C(L)-f \LSOS é

£(R) P > S(9) Tv S

~Y

More generally: f € F(S), fe F(L).
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EXTENSION: Tietze-type extension = Stone-type extension SeS(L)

CONTINUOUS EXTENSION:

S(L) T
- fe C(L)-f \LSOS é

£(R) P > S(9) Tv S

More generally: f € F(S), f e F(L).

(RELATIVE) CONTINUOUS EXTENSION: Aq: Katétov class in S
o/ . Katétov class in L
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EXTENSION: Tietze-type extension = Stone-type extension SeS(L)

CONTINUOUS EXTENSION:

S(L) T
- fe C(L)-f \LSOS é

£(R) P > S(9) Tv S

More generally: f € F(S), f e F(L).

(RELATIVE) CONTINUOUS EXTENSION: Aq: Katétov class in S
o/ . Katétov class in L

S(L)

ar-continuous 37 .7 lﬁos

g(R) = > S(5)

f
a/g-continuous
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EXTENSION: Tietze-type extension = Stone-type extension

ADEQUATE KIND 2 oF KAaTETOV cLASSES Of L:

A = {ots: SeS(L))
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EXTENSION: Tietze-type extension = Stone-type extension

ADEQUATE KIND 2 oF KAaTETOV cLASSES Of L:
A= {als: SeS(L)}

(1) For each S € S(L), @75 is a Katétov class of S.
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EXTENSION: Tietze-type extension = Stone-type extension

ADEQUATE KIND 2 oF KAaTETOV cLASSES Of L:
A= {als: SeS(L)}

(1) For each S € S(L), 75 is a Katétov class of S.
(2) For each S € o7}, o/ < 7.

March 5, 2012 On the duality between normality and extremal disconnectedness Univ. of Florida — 15




EXTENSION: Tietze-type extension = Stone-type extension

ADEQUATE KIND 2 oF KAaTETOV cLASSES Of L:

A = {ots: SeS(L))

(1) For each S € S(L), @75 is a Katétov class of S.

(2) For each S € o7}, o/ < 7.
(3) Foreach Se w71, (T'e o/, =T v S € Ws).
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EXTENSION: Tietze-type extension = Stone-type extension

ADEQUATE KIND 2 oF KAaTETOV cLASSES Of L:
A= {als: SeS(L)}

(1) For each S € S(L), 75 is a Katétov class of S.
(2) For each S € o7}, o/ < 7.
(3) Foreach Se w71, (T'e o/, =T v S € Ws).

THEOREM. Let A = {@Zs: S € S(L)} be an adequate kind of Katétov
classes of L. TFAE:

% L Is @7; -normal.
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EXTENSION: Tietze-type extension = Stone-type extension

ADEQUATE KIND 2 oF KAaTETOV cLASSES Of L:
A= {als: SeS(L)}

(1) For each S € S(L), 75 is a Katétov class of S.
(2) For each S € o7}, o/ < 7.
(3) Foreach Se w71, (T'e o/, =T v S € Ws).

THEOREM. Let A = {@Zs: S € S(L)} be an adequate kind of Katétov
classes of L. TFAE:

% L Is @7; -normal.

For every S e «7;,, each @s-continuous f on .S has an
/1 -continuous extension to L.
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EXTENSION: Tietze-type extension = Stone-type extension

ADEQUATE KIND 2 oF KAaTETOV cLASSES Of L:
A= {als: SeS(L)}

(1) For each S € S(L), 75 is a Katétov class of S.
(2) For each S € o7}, o/ < 7.
(3) Foreach Se w71, (T'e o/, =T v S € Ws).

THEOREM. Let A = {@Zs: S € S(L)} be an adequate kind of Katétov
classes of L. TFAE:

@ Lis o/ -normat extremally disconnected

For every S € (&71)°, each «g-continuous f on S has an
/1 -continuous extension to L.
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PRESERVATION under localic maps localicmap f: L - M

IMAGE fl—=]: S(L) - S(M) (localic map)
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ocalic map L — M
IMAGE fl—=]: S(L) - S(M) (localic map)

PREIMAGE  f_1|—|: S(M) — S(L) (frame homomorphism)
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ocalic map L — M
IMAGE fl—=]: S(L) - S(M) (localic map)

PREIMAGE  f_1|—|: S(M) — S(L) (frame homomorphism)

NN

f_1|T"] :=the largest sublocale contained in f~1[T]; foa[-] 4 f[-]
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IMAGE fl—=]: S(L) - S(M) (localic map)

PREIMAGE  f_1|—|: S(M) — S(L) (frame homomorphism)

NN

f_1|T"] :=the largest sublocale contained in f~1[T]; foa[-] 4 f[-]

A, C B(S(L)), Ay S B(S(M))

THEOREM. Let f: L — M be a surjective localic map such that
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IMAGE fl—=]: S(L) - S(M) (localic map)

PREIMAGE  f_1|—|: S(M) — S(L) (frame homomorphism)

NN

f_1|T"] :=the largest sublocale contained in f~1[T]; foa[-] 4 f[-]
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THEOREM. Let f: L — M be a surjective localic map such that
e f[—] maps elements of < into o, , and

e f_1|—] maps elements of o7}, into 7 .
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ocalic map L — M
IMAGE fl—=]: S(L) - S(M) (localic map)

PREIMAGE  f_1|—|: S(M) — S(L) (frame homomorphism)

NN

f_1|T"] :=the largest sublocale contained in f~1[T]; foa[-] 4 f[-]

A, C B(S(L)), Ay S B(S(M))

THEOREM. Let f: L — M be a surjective localic map such that
e f[—] maps elements of < into o, , and

e f_1|—] maps elements of o7}, into 7 .

If L 1s o/;-normal then M is .o7j,-normal.
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ocalic map L — M
IMAGE fl—=]: S(L) - S(M) (localic map)

PREIMAGE  f_1|—|: S(M) — S(L) (frame homomorphism)

NN

f_1|T"] :=the largest sublocale contained in f~1[T]; foa[-] 4 f[-]

A, C B(S(L)), Ay S B(S(M))

THEOREM. Let f: L — M be a surjective localic map such that
e f[—] maps elements of (<77)° into («/)°, and

e f_1|—] maps elements of o7}, into 7 .

ext. disc. ext. disc.
If L IS o1 -permatlthen M IS o7/ -hermalk,
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SKETCH OF PROOF T, >\

A Bedy, AvB=1
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f
SKETCH OF PROOF T, >\

A Bedy, AvB=1

| D

f-1[A], f1[B] € 7L
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f
SKETCH OF PROOF T, >\

A Bedy, AvB=1

| D

f<1lA]l v f<1|B] = fa[1] =1 f-1lAl, f-1|B] € @
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f
SKETCH OF PROOF T, > M

A Bedy, AvB=1

| D

f<1lA]l v f<1|B] = fa[1] =1 f-1lAl, f-1|B] € @

|, cremmmm

U0, Voe: UgAVo =0, falA] vUo=1=f1[B]v W
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f
SKETCH OF PROOF T, > M

A Bedy, AvB=1
|
f<1lA]l v f<1|B] = fa[1] =1 f-1lAl, f-1|B] € @
|, cremmmm

E|U0, V()EleL' U()AV():O, f_1[A] VU(): 1 =f_1[B] VVb.

j® "\

U= flUyl, V = f]W] € o satisfy:
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f
SKETCH OF PROOF T, >\

A Bedy, AvB=1

| D

f<1lA]l v f<1|B] = fa[1] =1 f-1lAl, f-1|B] € @
|, cremmmm

E|U0, %EﬂL' U()/\Vb=0, f_1[A]VU0=1=f_1[B]VVb.

j® "\

U= flUyl, V = f]W] € o satisfy:

e UAV = f[Us] A f[Vo] = f[Uo A Vo] = £[0] = F[L] = M = 0.
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f
SKETCH OF PROOF T, >\

A Bedy, AvB=1
|
f<1lA]l v f<1|B] = fa[1] =1 f-1lAl, f-1|B] € @
|, cremmmm

E|U0, 0€¢Q7L 0/\%=0 f_[]VU():l:f_l[B]va.

j® "\

U= flUyl, V = f]W] € o satisfy:

o UAV = f[Ud] A f[V] = f[Uo n Vo] = f[0] = F[L] = M = 0.
o U= flUp| = ff_1[A°] = A, i.e. Av U =1 (and similarly for V).
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f
SKETCH OF PROOF T, > M

A Bedy, AvB=1
|
f<1lA]l v f<1|B] = fa[1] =1 f-1lAl, f-1|B] € @
|, cremmmm

E|U0, %EﬂL' U()/\Vb =O, _f_l[A] VU(): 1 =f_1[B] VVb.

j® "\

U= flUyl, V = f]W] € o satisfy:

o UAV = f[Ud] A f[V] = f[Uo n Vo] = f[0] = F[L] = M = 0.
o U= flUp| = ff_1[A°] = A, i.e. Av U =1 (and similarly for V).

f-1[—] preserves complements
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WORK IN PROGRESS: perfectness in frames

Perfectly normal spaces: STrRiCT (OR STRONG) INSERTION [Michael]
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WORK IN PROGRESS: perfectness in frames

Perfectly normal spaces: STrRiCT (OR STRONG) INSERTION [Michael]

e Classically: | f <h<g and f(x) <g(x)= f(z) < h(z) < g(z).
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WORK IN PROGRESS: perfectness in frames

Lis o/-perfect= V Ae &/¢, A= /\,.nA4n (Where each A, € &7).
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WORK IN PROGRESS: perfectness in frames

Lis o/-perfect= V Ae &/¢, A= /\,.nA4n (Where each A, € &7).

o7 -perfect normality = &7-perfectness + .&/-normality
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WORK IN PROGRESS: perfectness in frames

Lis o/-perfect= V Ae &/¢, A= /\,.nA4n (Where each A, € &7).

o7 -perfect normality = &7-perfectness + .&/-normality

Double insertion
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WORK IN PROGRESS: perfectness in frames

Lis o/-perfect= V Ae &/¢, A= /\,.nA4n (Where each A, € &7).

o7 -perfect normality = &7-perfectness + .&/-normality

;I < g = 3 f g : f<f<g<g and
S—— —— —— “——
o —USC  &/—LSC o/ —USC &/ —LSC
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WORK IN PROGRESS: perfectness in frames

Lis o/-perfect= V Ae &/¢, A= /\,.nA4n (Where each A, € &7).

o7 -perfect normality = &7-perfectness + .&/-normality

! !

Double insertion

;I < g = 31 f , g : f<f<g<g and
N~—— N~—— N~—~— Y~
o/ —USC o/ —LSC o/ —USC o/ —LSC
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WORK IN PROGRESS: perfectness in frames

Lis o/-perfect= V Ae &/¢, A= /\,.nA4n (Where each A, € &7).

o7 -perfect normality = &7-perfectness + .&/-normality

! !

m =8 Double insertion JEE

;I < g = 31 f , g : f<f<g<g and
N~—— N~—— N~—~— Y~
o/ —USC o/ —LSC o/ —USC o/ —LSC
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