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FLETCHER CONSTRUCTION IN TOP

(X,7T) [P. Fletcher, 1970]

20 = family of interior-preserving open covers
For each open part A€ A€ let
Epy=(AxA)U(X\AXxX)

R = m Ey (Ae)
AcA

Soi={R4 | A€ A}.

Sy is a subbase for a (transitive) quasi-unif. Egy
on X such that 71(&y) =7

Eqy IS compgtible with the given 7

PROBLEM [Brimmer, 2001]:

How can one express the Fletcher construction
in quasi-uniform frames/locales?




POINTFREE TOPOLOGY

Frm

e frames (locales)

e homomorphisms

f:L—- M

TOPOLOGY

complete lattice

a/\\/bi:\/(a/\bi)

F\a) =V fla;)
fland) = f(a) A f(b)

POINTFREE TOPOLOGY

) Loc l=Frm®P

locale X ~—frame L




THE CATEGORY OF QUASI-UNIFORM FRAMES

[J. P., 1995]

Entourages
FeLa&L EC(LxL,<)

(z,y) < (z,w) € E= (z,y) € E

{z} x SCE= (z,\/S) €E

Sx{z}CE=(\/Sz)€E

such that \/ z=1.
(z,x)eFE

r®y =] (z,y) U{(0,a),(a,0) | ac L}

EoF:=\/{x@y|Elz;&O:x@ng,z@ygF}



Objects| (L,&) & # 0 filter of (Ent(L),C)

(QL)VEcE IFEE:FoFCE

(Q2) Vz e L x=\/{y€L|yglx}

JEcE=EUE T Eo(ydy) Caduo

JEcE: (ydyoECzda

yYy<ox

E
L&) ={zellz=\{yeLl|ly<iz
m

(L, &) € QUFr 0L, £1(E), £2(E))

is a biframe

Morphisms| h: (L,&1) — (M, &)

h&h h h®h

M M@ M M (h @& h)(E) € &
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PROBLEM




THE SUBOBJECT LATTICE Locale X

S(X) is a CO-FRAME

aY

(CL)°P dual of the congruence lattice of L = OX

Vo ={(x,y) |zrVa=yVa} CLOSED
complem.
Ay :={(z,y) |l rAa=yANa} OPEN

VL :={Vq4|a€ L} subframe of €L

L —-VL:a— V,isomorphism

AL =< {Aq|a € L} > subframe of €L

L — AL :a— A4 dual poset embedding

(CL,VL,AL) is a biframe| SKULA BIFRAME of L




MOTIVATING EXAMPLE| [W. Hunsaker, J.P., 2002]

Frame L
(CL,VL,AL)
Eq:=(Va@®1)V(1®Ay) (a€ L)

The E, (a € L) generate a quasi-uniformity P
on €L

(CL,P)

L1(P)=VL=L compatible

The pointfree Csaszar-Pervin quasi-unif. P




FLETCHER CONSTRUCTION IN FRM

Feo:=Nagd1)V((1IPAL) a€lL

A : family of covers of L

Interior-preserving covers

| LOC dual FRM

nt(\U;) = \U; int(\/ Dg;) = \/ Dq,

A/\ 0
I
Ry:= () Ea € Ent(CL)? Ae A
acA
ﬂ

ArUAo—A Ay s Fletcher covers




EXAMPLES

Finite covers

LLocally finite covers| A C L

e 1 cover C' C L s.t., for every c € C,

Ac:={a€ A|laANc# 0} < 0.

Spectra covers| A={an |ne€Z} CL

® an S an_|_1

e \/ Ay, =1 (in particular, A ap = 0).
nel nez

Well-monotone covers| A C L,

e well-ordered by the partial order < of L.
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THE CONSTRUCTION

A = family of int.-pres. Fletcher covers of L
Sp:={Ry|Aec A}

£ 4 = the filter of Ent(CL) generated by Sy

LEMMA. A subbase of L = L1(£4) = VL

PROBLEM]| But, in general, £5(£4) C AL

so (€L, L1(E4), L2(E4)) may not be a biframel!

SOLUTION | €L =<V LUL5(E 4)> subframe of €L

Ry :=RaN(CL' x CL)

S, = {R) | A€ A}

(€L, &’y) is a quasi-uniform frame compatible with L

transitive
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EXAMPLES

Subbase Quasi-unif.
{R4 | A finite cover of L} P
{R4 | A int.-pres. Fletcher cover of L} FT
{R4 | A locally finite cover of L} LF
{R4 | A cover of L, well-ordered by <} W
{R4 | A open spectrum of L} SC




THE CONSTRUCTION ACCOUNTS FOR
ALL TRANSITIVE QUASI-UNIFORMITIES

£ a transitive quasi-unif. on a subframe ¢L' C ¢L,
compatible with L

S transitive subbase, £ € S

st1(0,E) ;= \/{a e €L'|(a,B) € E,BN0 # 0} € L1(£)
=VL

st1(0, E) = Vi for some E[f] € L

CovE := {E[0] | (6,6) € E}

PROPOSITION. For each E € S:
(1) CovFE is an int.-pres. Fletcher cover of L.

(2) |J CovE is a subbase for L.
EeS




A C CovL induces & if {R; |A € A} is a subbase of &£

Each compatible transitive quasi-unif. on
a subframe of €L is induced by a set A of int.-pres.

Fletcher covers of L s.t. |JA is a subbase for L.

Let £ be a compatible transitive quasi-unif.
on a subframe of €L and let

A={A|AeCoL, R €&}
Then:

(1) A is the largest subset of CovL that induces €&.
(2) Each A € A is an int.-pres. Fletcher cover of L.

(3) UA is a base for L.
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