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MORE: different categorical properties with advantage to the
point-free side.
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Later: autonomous subject with

e RAMIFICATIONS: category theory, topos theory, logic and

computer science.
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FROM SPACES TO FRAMES

@

(X, QX))

(Y, Q(Y))

— @

-1

(€Q(Y), <)

(Q(X), ©)

e complete lattice L

frame:

aANV\ibi=\aAb;)

e frame homomorphisms: h: M — L preserves \/ and A

The algebraic nature of the category Frm is obvious.

More about that later on...
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MORE EXAMPLES of frames

¢ Finite distributive lattices, complete Boolean algebras, complete

chains.
0=1 T
1: @ 2: @

e subframe of a frame L: S C L closed under arbitrary joins
(in part. 0 € S) and finite meets (in part. 1 € S).

e intervalsofaframel: a,bel,a<b
[a,b]={x€L|a<x<b}, [b=[0,b], Ta=]a,1].
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e For any A-semilattice (A, A, 1), D(A) = {down-sets of A} is a
frame:

A=, V=U

D
SLat <JG‘— Frm (forgetful functor)

Hompm(D(A),L) = Homsgpat(4, G(L))
h (Y (E: aw— h(la))
(g:S—VgIS) < g
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MORE EXAMPLES of frames: relatives of Frm

e For any distributive lattice A, 3(A) = {ideals of A} is a frame:
A=, JvVK={avb|ae] beK}.

R

DLat é- Frm (inclusion as a non-full

subcategory)
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EXAMPLES of frame homomorphisms

e All homomorphisms of finite distributive lattices.

Complete homomorphisms of complete Boolean algebras.

For any frame L, a € L:

AL — a Vo:L — Ta
X = XxAa X = xVa

For any frame L, there exist unique 2 —L, L —1.

A~ A~~~

initial object terminal object

\V:3(L) — L V:D(L) — L
] - /] S — \/S
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OBJECTS: a € A
(A, <) as a thin category
MORPHISMS: a i) b whenevera < b

(there is at most one arrow between any pair of objects)

—_
—_
<

V
a

—_—

=)

In fact, a preorder suffices: g°

(1) reflexivity: provides the identity morphisms 1,.

Coe——=
oq

(2) transitivity: provides the composition of morphisms g o f.

—_
o
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BACKGROUND: PREORDERS AS CATEGORIES

OBJECTS: a € A
(A, <) as a thin category
MORPHISMS: a i) b whenevera < b

FUNCTORS: f:A—B

0 ~~—> f (g) .
l order—preservmg maps
< <

) ~ f(a’)

(binary) COPRODUCTS: a ———=aVb<~——b
joins
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“Existence of limits” means “existence of coproducts”
(because equalizers exist trivially in thin categories)

so “existence of limits” (i.e. “complete category”)

means “complete lattice”.

From this point of view:

CATEGORY THEORY is an extension of LATTICE THEORY
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f
(&) VRS I—(: )
U g Ul g[Bl={acAl|gfla)=a}
g[B] = flA] flAl={beB| fg(b) =b}
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ADJOINT FUNCTOR THEOREM

Let f: A — B be an order-preserving map between posets. Then:

(1) If f has aright adjoint, then f preserves all joins that exist in A.

(2) If A has all joins and f preserves them, then f has a right adjoint
g, uniquely determined by f:
— 8(b) =Vi{a €Al f(a) < b}

ProoF: ?

fla)<b iff a<g(b)
=: obvious by the definition of g.

= a<gb) = fla)< fgb)=f(V{aeAl|fla) <b})
=V{f(a)| f(a) < b} <.
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FRAMES as HEYTING ALGEBRAS

Heyting algebra: lattice L with an extra — satisfying
anb<c iff b<a—c
ie.
an(=)4a—(-).
A complete lattice is an Heyting algebra iff it is a frame.
Proof: This is the ADJOINT FUNCTOR THEOREM! ©
=: a A (—) is a left adjoint = preserves joins.
&: a A (—) preserves joins (=colimits) = it has a right adjoint. m

frames = cHa. BUT different categories (morphisms).
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000600660600

2= (Ab) = Aa — b)),
a<b-ociffb<a—c.

(Vai) = b= A = b).

a—b=a— (anb).

aAN(a—b)=aAb.

aANb=aAciffa -b=a—c.
(@aAnb)>c=a—-(b—-c)=b—(a—0).
a=(@Vvb)ADd —a).

a<(a—b)—>b.

((a >b)—>b)—>b=a—b.
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@ o-iner=na- roperic]
@ a<b—-ciffb<a—c.

D (Vo) o= A —b).

Pseudocomplement: a* =a — 0= \/{b | b Aa =0}
in Q(X): U* = int(X \ U).

@ v~ e D

@ (Vai) =A\a. [De Morgan law]  (Caution: not for /\)
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Q O Contravariant

(X, Q(X) = (Q(X), ©)

f -1

(Y, Q(Y) = (Q(Y), ©)



MAKING THE PICTURE COVARIANT: the category of locales
Q
Q - O Contravariant

Q = Frm? Covariant



MAKING THE PICTURE COVARIANT: the category of locales
Q
Q - O Contravariant

Q = Frm? Covariant

e OBJECTS: locales = frames (=cHa)



MAKING THE PICTURE COVARIANT: the category of locales
Q
Q - O Contravariant

Q = Frm? Covariant

e OBJECTS: locales = frames (=cHa)

e MORPHISMS: L



MAKING THE PICTURE COVARIANT: the category of locales
Q
Q - O Contravariant

Q = Frm? Covariant

e OBJECTS: locales = frames (=cHa)
¢ MORPHISMS: L L

frame homomorphisms preserves \/ (incl. o)
f| taken backwards L
A (incl. 1)

M M
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We can put this in a more CONCRETE way:
Each i: M — L in Frm has a UNIQUELY defined right adjoint
h.:L —- M

that can be used as a representation of the /1 as a mapping going in
the proper direction.

LOCALIC MAP:
amap f: L — M thathasaleftadjoint f*in Frm, i.e., preserving
finite meets:

() =1
(@) f(anb)=fa)A fr(b).
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Let f: L — M have a left adjoint f*. Then:
(1) f*1) =1 iff fI[LN{1}] S M\ {1}.
(2) ff(@aAb)= f(a)A f*(b) Va,beL iff

f(f'(a) > b)=a— f(b) Ya,belL.

Proor: (2) =: x < f(f*(a) = b) iff f*(x)< f*(a)—>Db
iff f*(xAa)<b
ifft xAa < f(b)
iff x <a— f(b).
& fflanb)<x iff a<b—> f(x)=f(f"(b) - x)
iff  f*(a) A fr(b) < x. |
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e MORPHISMS: L e F(NS) = A fISI
f e f(a)=1=a=1

M o f(f*(a) = b)=a— f(b)
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Top Frm  is immediately modifiable to a functor
Lc
Top Loc
X —Q(X) U
f[ Q(f)< Q(f)=Lel) é,
v —_—
Y ———=Q(Y) Y\ fIX N\ U]
Why?
fHv]icUu iff VoY~ fIX\U] (since f71[-] 4 f[-°]9)

iff Vaint(YN fIX\U]) =Y\ fIX\U]
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Lc

O Q((+)) =2 — Q)
Abstraction: a point of a general locale L is a localic map
p:2 — L
1 —» 1
0 —» a#l
x Ay <a=p0) iff p'(x)Ap'(y) <0 a#l

= p'(x)=0 or p(y)=0
iff x <p(0)=a or y <p(0)=a.

A-IRREDUCIBLES

(PRIME ELEMENTS)

P(L)
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acl, Z,={pePt(l)|a£p}

This is a TOPOLOGY in Pt(L): SPECTRUM of L

Z‘O = (Dr Z'1 = Pt(L)I Z‘a N Zb = Za/\b/ Uzai = Z\/ai-

D——D

L~ PH(L)

f Fionty Localic maps send points to points

M

Pt(M)

P (Ze) ={p e PL) [ b £ f(p)} ={p | f'(b) £ p} = Zr0).
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A space X is SOBER if every meet-irreducible open is of the form

X\m

for a unique x € X. T, C Sob C T

no relation with Ty
Pt(L) is always sober.



SPACES AND LOCALES

UNIT: nx: X — Ptle(X)

xHX\m



SPACES AND LOCALES

UNIT: nx: X — Ptle(X)

xHX\m

PROPOSITION. 1y is a homeomorphism iff X is sober.



SPACES AND LOCALES

UNIT: nx: X — Ptle(X)

x > X\ m
PROPOSITION. 1y is a homeomorphism iff X is sober.

COUNIT: e LePt(L) — L
X, — \{beL|X, CL}



SPACES AND LOCALES

UNIT: nx: X — PtLla(X)

xHX\m

PROPOSITION. 1y is a homeomorphism iff X is sober.

COUNIT: e LePt(L) — L
X, — \{beL|X, CL}

PROPOSITION. ¢r is an isomorphism iff L is spatial.
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T T~ Loc

oPt Lc(X)

equivalence

“sobrification” of a space “spatialization” of a locale
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POINT-FREE REPRESENTATION OF TOPOLOGICAL DATA

Each SOBER space can be reconstructed from the lattice Q(X).

Moreover:

Top(X, Y) Loc(Q2(X), (Y))

for SOBER Y: ~

MORE: axiom Tp characterizes other facts...

Singletons are locally closed i.e. each {x} is closed in some open U:

Vx e X Elopenl,lax:{x}:umm. @

T (™) @ To
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L has “enough points”

PROPOSITION. L is spatial iff each a # 1 is a meet of points of L.

COROLLARY. In a Boolean algebra, every meet-irreducible is a co-
atom. Therefore a Boolean locale B is spatial iff it is atomic.

Proor: Let p < x, p meet-irreducible. Then

O=xA—-x<p X<Sp >-x<x=>x=1
By the Proposition,

B spatial = each a # 1in B is a meet of co-atoms

& eacha # 1in B is a join of atoms (by complement.). ®
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Generalized subspaces: SUBLOCALES

S € Lisa SUBLOCALE of L if:

(S1)VACS, NA€S.

(S2)VaeL,Vse€S,a —>s€S.

S isitself a locale: Ag = A\;, —s=—1r

but | |si=A{s€S|Vs;<s}.

Motivation for the definition:

S C L is a sublocale iff the embedding js: S C L is a localic map.
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THE SUBLOCALE LATTICE

S(L): sublocales of L, ordered by C

0:{1}/ 1=1L, /\:ﬂ/ \/le:{/\AlAgUzsl}

PROPOSITION. S(L) is a co-frame. N(A V B)) é AV (N Bi)

Proor: Vi, x =a; ANb;j(a; € A,b; € Bj). Leta= \a; € A.

x=N@aiAbi))=aAN(A\bi))<aAb;<a;Ab;=x.
| I—

1

6
Then x=aAb;, Vi = a— b;doesnotdepend oni.
N——
beN B;

(25)a/\(a—>bi)=ﬂ/\b€AV(ﬂBi)' .
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O Frm is equationally presentable i.e.

Objects are described by a (proper class of) operations and equations:

OPERATIONS:
- o-ary: O, 1: LO — L
— binary: L2 =L, (a,b)r—>anb
— x-ary (any cardinal «): L* = L, (ai)x — Vyai
EQUATIONS:

- (L, A, 1) is an idempotent commutative monoid
— with a zero 0 sat. the absorptionlaw a AO=0=0Aa Va.
- Voai=0,aAVai=aj,aNV\a; =\ (aAa;).
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Then, by general results of category theory
[E. Manes, Algebraic Theories, Springer, 1976]:

COROLLARY

Frm has all (small) limits (i.e., it is a cOMPLETE category)
and they are constructed exactly as in Set
(i.e., the forgetful functor Frm — Set preserves them).
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Frm has free objects: there is a free functor Set — Frm (i.e., a left
adjoint of the forgetful functor Frm — Set):

ONSTR S (in two steps):
F
T
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ALGEBRAIC ASPECTS OF Frm

Frm has free objects: there is a free functor Set — Frm (i.e., a left
adjoint of the forgetful functor Frm — Set):

ONSIR S (in two steps):
F D
T — T
Set forgets A SLat forgets \/ Frm
THE UNIT: A o D(A) S
a la
3! ¢ €Frm
L V f(s)

seS
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Then, by general results of category theory
[E. Manes, Algebraic Theories, Springer, 1976]

COROLLARY

Frm is MONADIC OVER sETs. In particular:

(1) It has all (small) colimits (i.e., it is a cocOMPLETE category).
(2) Monomorphisms = injective.
(3) Epimorphisms need not be surjective; Regular epis = surjective.

)

)

(4) (RegEpi, Mono) is a factorization system.

(5) Quotients are described by congruences.
)

(6) And there exist presentations by generators and relations:
just take the quotient of the free frame on the given set of

generators modulo the congruence generated by the pairs (u, v)
for the given relations u = v.
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Generators: ordered pairs (p,q), p,q€Q,

Relations:
R1) (p,q) A(r,8)=(pVrT,qANS8),
(R2) (p,q) VvV (r,s) =(p,s) wheneverp <r < g <s,
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Frame of reals £(R)
Generators: ordered pairs (p,q), p,q€Q,

Relations:
R1) (p,q) A(r,8)=(pVrT,qANS8),
(R2) (p,q) VvV (r,s) =(p,s) wheneverp <r < g <s,
R3) (p,q9) = VA(r,s) | p<r<s<gq},
Rg) V (p,q)=1
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EXAMPLE 1: PRESENTATIONS

Frame of reals £(R)

Nice features: (1) Rings C(L) of continuous real functions,

(2) Semicontinuous real functions, ...
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EXAMPLE 2: PRESENTATIONS

The product L x M of L and M

L
Generators: pairsa®b, a€L, beM | |
Relations: S -
| |
R1) 1®1=1, ‘ ‘

(R2) a®0=0®0=0,
R3) @@ A(@@V)=(@@Aa’)® (b AD),
(R4) V(@@i®b)=(Va)®b, V@a®b)=a® (V).
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COPRODUCTS in Frm concretely

like tensor products... @)

The coproduct L @ M of L and M:

e [R=R (down-sets)

cp-idealsof LxM | {x}xU, CR= (x,\/U) €R

RebxXM e xR (VU y er

a®b:=l(a,b)u[(1,00U][(@0,1)

ur,

L LoM-—2" M
A~~~ 01
1®b ~——~~b




PRODUCTS in Loc

like tensor products... @)

Nice features: (1) Tychonoff’s Theorem is Choice-free,

fully constructive (in the sense of topos theory).

(2) Paracompactness and Lindeldfness are

productive properties, ...

... behave better than products of spaces!



PART IV.
Doing topology in Loc
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ael, ca)="Ta CLOSED
complemented
o(a)={a - x|xeL} OPEN

eycca)nofa) a<y=a—-x & lAha=a<xe 1<a—-x.

eVxel, x D (xVva)A(a—x) €c(a)Vola).

Properti
(1) a < b iff ¢(a) 2 c(b) iff o(a) C o(b).
(2) Nelai) =V ai).
(3) Vo(a) = o(V ).
(4) c(a) Ve(b) =c(a ADb).
(5) o(a) No(b) =o(a A D).



SPECIAL SUBLOCALES

It is a co-frame!

September 2019: Summer School Frames and locales -2-



SPECIAL SUBLOCALES

It is a co-frame!

September 2019: Summer School Frames and locales -2-



SPECIAL SUBLOCALES

It is a co-frame!

V o(ai) = o(V a;)
o(a) No(b) =o(a A D)

September 2019: Summer School Frames and locales -2-



SPECIAL SUBLOCALES

It is a co-frame!

V o(ai) = o(V a;)
o(a) No(b) =o(a A D)

September 2019: Summer School Frames and locales -2-



SPECIAL SUBLOCALES

It is a co-frame!

V o(a;) = o(V a;)
o(a) No(b) =o(a A D)

Nelai) =V ai)
c(a)ve()=clanb)
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Starting doing topology: CLOSURE and INTERIOR operators

Ta
CLOSURE: S = A{c(@)|SCc@)}=c(\V{a|a< NS} =c(AS).

INTERIOR: intS = \/{o(a) | o(a) C S}.
EXAMPLE
0(b) = c(A o(b)) = (b — 0) = c(b).

By complementation, intc¢(b) = o(b*).

[M.M. Clementino, PhD Thesis, 1992]



ISBELL'S DENSITY THEOREM!

Ta
CLOSURE: S = A{c(@)|SCc@)}=c(\V{a|a< NS} =c(AS).

INTERIOR: intS = \/{o(a) | o(a) C S}.

Sis DENSE: S =L



ISBELL'S DENSITY THEOREM!

Ta
CLOSURE: S = A{c(@)|SCc@)}=c(\V{a|a< NS} =c(AS).

INTERIOR: intS = \/{o(a) | o(a) C S}.

SisDENSE: S=L & T(AS) =L



ISBELL'S DENSITY THEOREM!

Ta
CLOSURE: S = A{c(@)|SCc@)}=c(\V{a|a< NS} =c(AS).

INTERIOR: intS = \/{o(a) | o(a) C S}.

SisDENSE: S=Le (AS)=Le AS=0<0¢eS.



ISBELL'S DENSITY THEOREM!

Ta
CLOSURE: S = A{c(@)|SCc@)}=c(\V{a|a< NS} =c(AS).

INTERIOR: intS = \/{o(a) | o(a) C S}.

SisDENSE: S=Le (AS)=Le AS=0<0¢eS.

Hence: intersections of dense sublocales are dense,



ISBELL'S DENSITY THEOREM!

Ta
CLOSURE: S = A{c(@)|SCc@)}=c(\V{a|a< NS} =c(AS).

INTERIOR: intS = \/{o(a) | o(a) C S}.
SisDENSE: S=Le (AS)=Le AS=0<0¢eS.

Hence: intersections of dense sublocales are dense,

i.e., there exists the smallest dense sublocale of a locale! ©



ISBELL'S DENSITY THEOREM!

Ta
CLOSURE: S = A{c(@)|SCc@)}=c(\V{a|a< NS} =c(AS).

INTERIOR: intS = \/{o(a) | o(a) C S}.

SisDENSE: S=Le (AS)=Le AS=0<0¢eS.

THEOREM []. Isbell, 1972]

By ={x*| x € L} = {x | x™ = x} is the least dense sublocale.



ISBELL'S DENSITY THEOREM!

Ta
CLOSURE: S = A{c(@)|SCc@)}=c(\V{a|a< NS} =c(AS).

INTERIOR: intS = \/{o(a) | o(a) C S}.

SisDENSE: S=Le (AS)=Le AS=0<0¢eS.

THEOREM []. Isbell, 1972]

By ={x*| x € L} = {x | x™ = x} is the least dense sublocale.

Proof: e ®B; isasublocale: A x;=(Vx)"



ISBELL'S DENSITY THEOREM!

Ta
CLOSURE: S = A{c(@)|SCc@)}=c(\V{a|a< NS} =c(AS).

INTERIOR: intS = \/{o(a) | o(a) C S}.

SisDENSE: S=Le (AS)=Le AS=0<0¢eS.

THEOREM []. Isbell, 1972]

By ={x*| x € L} = {x | x™ = x} is the least dense sublocale.

Proof: e ®B; isasublocale: A x;=(Vx)"

a—->x"=a—->(x—>0=aAx—>0=(aAx).



ISBELL'S DENSITY THEOREM!

Ta
CLOSURE: S = A{c(@)|SCc@)}=c(\V{a|a< NS} =c(AS).

INTERIOR: intS = \/{o(a) | o(a) C S}.

SisDENSE: S=Le (AS)=Le AS=0<0¢eS.

THEOREM []. Isbell, 1972]

By ={x*| x € L} = {x | x™ = x} is the least dense sublocale.

Proof: e ®B; isasublocale: A x;=(Vx)"
a—->x"=a—->(x—>0=aAx—>0=(aAx).

e 0 € B; so By is dense.



ISBELL'S DENSITY THEOREM!

Ta
CLOSURE: S = A{c(@)|SCc@)}=c(\V{a|a< NS} =c(AS).

INTERIOR: intS = \/{o(a) | o(a) C S}.

SisDENSE: S=Le (AS)=Le AS=0<0¢eS.

THEOREM []. Isbell, 1972]

By ={x*| x € L} = {x | x™ = x} is the least dense sublocale.

Proof: e ®B; isasublocale: A x;=(Vx)"
a—->x"=a—->(x—>0=aAx—>0=(aAx).
e 0 € B; so By is dense.

e S dense = B; C S: x*:x—>|9|€S. [ |
€S
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ISBELL'S DENSITY THEOREM: consequences

jrYCSX =  h: QX)) —» Q)

\Q Uu - uny

he: Q) — QX)
V b int[(X\Y)UV]

The sublocale induced by Y IEVENN[010'8)

|X =R, Y1=0Q, Y,=1I (irrationals)| Sy,, Sy, dense sublocales

U

Sy, N Sy, is a dense sublocale of Q(R)

in Frm

in Loc

BUT, of course, Sy, N Sy, is a pointless sublocale:

Pt(Sy, NSy,) S Y1 NY2=0.
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INTERMEZZO: points as sublocales

The smallest sublocale that contains a: b(a)={x - a|xeL}

(The b(a), a € L, are precisely the Boolean sublocales of L.)

1 x<p
X —p=
p x£p

For each p € Pt(L),

thus
b(p) ={1,p} one-point sublocales.

Conversely, if b(a) = {1,a} thena € Pt(L):

ifxAy<aandx £a(ie x >a£1l)theny <x —a=a.

p € Pt(L) iff b(p) is a one-point sublocale
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IMAGES

L ;) M localic map f: Sl — M
js] regular mono S
5o i fIS] is a sublocale of M

the image of S under f

fle(a)] is closed for every a € L
& f[Ta]=Tb forsomeb € M; ofcourse, b = f(a).

f[o(a)] is open for every a € L
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PREIMAGES

localicmap f: L — M

for any A C L closed under meets: {1} C A ul
SicA=VSicA T
{AB|BcUSi}
So there is the largest sublocale contained in A:  sloc(A)
L——m f-alT] = sloe(f7HT])
;

T T

closed under meets (since f preserve meets)

fal=1: (M) — S(L)

PrREIMAGE MAP:
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Properties of the PREIMAGE MAP

[M.M. Clementino, PhD Thesis, 1992]

(LB f1[c(0)] = /' e(D)] = c(f*(b))
b)) <x & b < f(x).

Q) f-1[0(b)] = o(f*(b))

o o(f*(a)) € f[o(a)]: f(f (@) = x)=a — f(x) € o(a).
¢S C fo(a)] = S C o(f(a)): Lets € S. Then

(f'(a) —>s)—=seScfo@)]= f((f(a) —>s)—s)=

=a — f((f(a) = s) = s) = f(f(a) = ((f(a) > s) > 5s)) =
f((f @) A (f (@) = 5)) = 5) = f((f'(@) As) = s) = f(1)=1.

= (f*(a) — s) — s =1, thatis, f*(a) —> s =s.
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fISICT & Sc fT] & Sc f4[T].

L S(L) AS IT SHOULD BE! (@
e | 4|l
M S(M)

co-localic map co-frame homomorphism
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THEOREM

TFAE for a localic map f: L — M:
(1) f is open.
(2) f*: M — Lis a complete Heyting homomorphism.
(3) f*admits a left adjoint f; that satisfies the (Frobenius) identity
filan f5(b)) = fila) Ab VaeL,beM.
(4) f* admits a left adjoint f that satisfies the identity

fa—> f (b)) =fila)>b VaeLbeM.
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f1(b) = f(y)=fb—y)
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Proor. (3) & (4):

fila A f1(b)) = fia) A b

Le——M

an(-) # fila) A (=)

L——M

fi

RiGHT ADJOINTS

f
e —

M
# | i(a) = (=)

M

a—(-)

~—
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fla— (b)) = fila) = b




JOYAL-TIERNEY THEOREM

Prookr. (1) = (3): By assumption, Va € L 3b € M: f[o(a)] = o(D).

The b is necessarily unique so we have amap fi: L — M (a — D).



JOYAL-TIERNEY THEOREM

Prookr. (1) = (3): By assumption, Va € L 3b € M: f[o(a)] = o(D).
The b is necessarily unique so we have amap fi: L — M (a — D).

ADJUNCTION: fi(a) < b < o(fi(a)) C o(b)
flo(a)]



JOYAL-TIERNEY THEOREM

Prookr. (1) = (3): By assumption, Va € L 3b € M: f[o(a)] = o(D).
The b is necessarily unique so we have amap fi: L — M (a — D).

ADJUNCTION: fi(a) < b & o(fi(a)) C o(b) < o(a) C f1[o(b)] = o(f*(b))
flo(a)]



JOYAL-TIERNEY THEOREM

Prookr. (1) = (3): By assumption, Va € L 3b € M: f[o(a)] = o(D).
The b is necessarily unique so we have amap fi: L — M (a — D).
ADJUNCTION: fi(a) < b & o(fi(a)) € o(b) < o(a) € f-1[o(b)] = o(f*(D))
FROBENIUS: St
o(fila A f1(b))) = flola A f1(B)] = flo(a) N o(f*(b))] =
= flo(@)] N o(b) = o(fi(a) A b).



JOYAL-TIERNEY THEOREM

Prookr. (1) = (3): By assumption, Va € L 3b € M: f[o(a)] = o(D).
The b is necessarily unique so we have amap fi: L — M (a — b).

ADJUNCTION: fi(a) < b & o(fi(a)) C o(b) < o(a) C f1[o(b)] = o(f*(b))

flo(a)]
FROBENIUS:

o(fi(a A f1(b)) = flo(a A f* ()] = flo(a) No(f*(b))] =
= f[o(a)] N o(b) = o(fi(a) A b).

LEMMA. f[o(a) N o(f*(b))] = flo(a)] N o(b)

Proof.



JOYAL-TIERNEY THEOREM

Prookr. (1) = (3): By assumption, Va € L 3b € M: f[o(a)] = o(D).
The b is necessarily unique so we have amap fi: L — M (a — b).

ADJUNCTION: fi(a) < b & o(fi(a)) C o(b) < o(a) C f1[o(b)] = o(f*(b))

flo(a)]
FROBENIUS:

o(fi(a A f1(b)) = flo(a A f* ()] = flo(a) No(f*(b))] =
= f[o(a)] N o(b) = o(fi(a) A b).

LEMMA. f[o(a) N o(f*(b))] = flo(a)] N o(b)

Proof. C: flo(f*(b))] = f f-1[o(b)] C o(b).



JOYAL-TIERNEY THEOREM

Prookr. (1) = (3): By assumption, Va € L 3b € M: f[o(a)] = o(D).
The b is necessarily unique so we have amap fi: L — M (a — b).

ADJUNCTION: fi(a) < b & o(fi(a)) C o(b) < o(a) C f1[o(b)] = o(f*(b))

flo(a)]
FROBENIUS:

o(fi(a A f1(b)) = flo(a A f* ()] = flo(a) No(f*(b))] =
= f[o(a)] N o(b) = o(fi(a) A b).

LEMMA. f[o(a) N o(f*(b))] = flo(a)] N o(b)

Proof. C: f[o(f*(b))] = f f-1[o(b)] S o(b).
2: If y € flo(a)]No(b) thenb — y =y and y = f(a — x) (some x).



JOYAL-TIERNEY THEOREM

Prookr. (1) = (3): By assumption, Va € L 3b € M: f[o(a)] = o(D).
The b is necessarily unique so we have amap fi: L — M (a — b).
ADJUNCTION: fi(a) < b < o(fi(a)) € o(b) & o(a) C f1[o(b)] = o(f*(D))
FROBENIUS: St
o(fila A f7(0)) = flo(a A f1(0))] = flo(a) N o(f7(D))] =
= flo(a)] No(b) = o(fi(a) A D).

LEMMA. f[o(a) N o(f*(b))] = flo(a)] N o(b)

Proof. C: f[o(f*(b))] = f f-1[o(b)] S o(b).
2: If y € flo(a)]No(b) thenb — y =y and y = f(a — x) (some x).

Theny=b—->y=b— f(a—x)=f(f(b) = (a - x))
= f((f*(b) Aa) — x)



JOYAL-TIERNEY THEOREM

Prookr. (1) = (3): By assumption, Va € L 3b € M: f[o(a)] = o(D).
The b is necessarily unique so we have amap fi: L — M (a — b).
ADJUNCTION: fi(a) < b < o(fi(a)) € o(b) & o(a) C f1[o(b)] = o(f*(D))
FROBENIUS: St
o(fila A f7(0)) = flo(a A f1(0))] = flo(a) N o(f7(D))] =
= flo(a)] No(b) = o(fi(a) A D).

LEMMA. f[o(a) N o(f*(b))] = flo(a)] N o(b)

Proof. C: f[o(f*(b))] = f f-1[o(b)] S o(b).
2: If y € flo(a)]No(b) thenb — y =y and y = f(a — x) (some x).

Theny=b—->y=b— f(a—x)=f(f(b) = (a - x))
= f((f'(B)na) = x)

— — ino(@A fi(b)) = o(a) N o(f*(b))



JOYAL-TIERNEY THEOREM

Proor. (4) = (1):

Suffices: f[o(a)] = o(fi(a)) for every a € L.



JOYAL-TIERNEY THEOREM

Proor. (4) = (1):

Suffices: f[o(a)] = o(fi(a)) for every a € L.

> fila) > x 2 fa— f(x) € flo@).



JOYAL-TIERNEY THEOREM

Proor. (4) = (1):

Suffices: f[o(a)] = o(fi(a)) for every a € L.

I

fi) > x 2 fla > f(x) € flo(a)].

N

Need: f(a — x) € o(fi(a)) i.e. fi(a) = f(a = x) < f(a — x).



JOYAL-TIERNEY THEOREM

Proor. (4) = (1):

Suffices: f[o(a)] = o(fi(a)) for every a € L.

I

fi) > x 2 fla > f(x) € flo(a)].

N

Need: f(a — x) € o(fi(a)) i.e. fi(a) = f(a = x) < f(a — x).

file) = fla— 02 fla > ffa— x)
< fla = (a > x))

= f(a — x).



A REMARK: Localic maps as continuous maps

THEOREM

TFAE for any mapping f: L — M between locales:

1) f is localic.

(2) fisarightadjointand f_i[o(b)] = o(f*(b)) Vb € M.
(3) VbeM3aeL: fec(b)] =c(a)and f_1[o(b)] = o(a).
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A=X\T
VAeQX), VxeA, Ve QX): xeVCVCA. !
1 |,' ‘|

& |[VAeQX), A={VeQX)|VcCA}
V<A

(V<A © X\V2X\A & (X\V)UA=X & V'UA=X)

¥o(a), o(a) = V{o(b) | o(b)  o(a)}

In a general locale L:
c(b*Vva)=c(1)

YaelL a=\{beL|b<a}

b<a=sb'va=1
(Conservative extension: X is regular iff the locale Q)(X) is regular)
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Properti

e a<b = a<bh.

e a<b<c<d = a<d.

e a1 Var <byV b

a;<b;(i=1,2) =
a1 Aax < by A by
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X is completely regular iff |VU € (X), U={V e UX) |V << U}

By Urysohn’s Lemma,

<< = the largest INTERPOLATIVE relation contained in <

Thus, for a general locale L:

L is completely regularif |VaeL,a=\{belL|b<<a}

(Conservative extension: X is c. regular iff Q(X) is c. regular)
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partial order <<

Properti
e a<<b = a<b.
e a<<b = dc:a<<c=<<b. [interpolative]

e << is the largest interpolative partial order contained in <.
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ACLisacoverof Lif \/A=1.

A frame L is compact if every cover of L has a finite subcover.

(Conservative extension: X is compact iff the frame ((X) is compact)
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Doing topology in Loc: an illustrative result

PROPOSITION

Each compact regular locale is completely regular.

Proof: Suffices: <=<< (i.e., < interpolates).
Leta<b=a*Vvb=1.
b=\{xeL|x<b}
regularity

Therefore {a*} U {x | x < b} is a cover.

g compactness

a*VxiV---Vx, =1 & a<c.

On the other hand

©
x;<b(@=1,...,n) = c<b. [ |
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The (constructive) STONE-CECH compactification of locales
Ideals of L: 3(L) In)b<ae]=be], I2)a,be]=aVvbe]

LEMMA 1. J3(L) is a compact frame.

Proof:

e /\ = () (any intersection of ideals is an ideal).
eV Ji={VF|F finite, F C U Ji}.

« (V)N K = V(i nK.
C:x=x1V:---Vxy E(\/L’)ﬂK (ij]i/)

(I1) U xj<xeK
Xj e]l-].ﬂK:>xe \V(Ji N K)

eVJi=L31=1=x3V:--Vx,(somex; € ).

Then 1 € \/7:1 ]ij = L= \/7:1 ]z’]-- |
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Regularideal: (I3)Vae€ J,3b € J:a <<b. R(L)
EXAMPLES:a € L, ={xeL|x <<a}.

(Just by the interpolation property of <<)

LEMMA 2

R(L) is a subframe of I(L), hence compact.

Proof:
e intersections of regular ideals are (obviously) regular.

e Ji regular ideals,a € \/J; = a=x1V---Vx,, somex;€ Jij-
ThenJy; € Ji;: xj <<y;. Henceb=y1V---y, €V Jianda <<b
(since < is a sublattice of L X L).

e subframes of compact frames are (obviously) compact.
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LEMMA 3

R(L) is completely regular.

Proof: By the Proposition it suffices to show that R(L) is regular.

For each | € R(L),
J=U{alae]t=V{{alac]}
CV{KeR(L)|K=<]J}C].

|

a<<binL = [a<|binR(L)

(easy to check...) [ |
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LEMMA 4

For each completely regular locale L,

Br: L —— B(L) :==NR(L)
a+— la

is a dense embedding.

Localic embedding: Letvr: J € R(L) — \/ ] € L. Clearly:

e v fr(a) =aand frvr(]) 2 J. In particular: vy, 4 z; fr. is injective.
e v (L)=1.

cevr(JoAvi(D)=V{xAylxef,yeh<V{z|lze1in]}=
=vr(J1 N J2).
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LEMMA 4

For each completely regular locale L,

Br: L —— B(L) :==NR(L)
a+— la

is a dense embedding.

Density:
f: L — M such that f[L] is dense in M

ie.0€e f[L] ® f(0)=0. m
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The (constructive) STONE-CECH compactification of locales

THEOREM

There is a functor f: CRegloc — CRegloc
L —— p(L)

fl 5

and a natural transformation Id 5 B

L — B(L)

fl } |#n

such that: b B A0

(1) Each B(L) is compact.
(2) Each py, is a dense embedding.
(3) Pr is an isomorphism iff L is compact. (]
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The (constructive) STONE-CECH compactification of locales

PROOF

&: If Lis compact then frvi(J) € | and vy, is the inverse of fr:

compactness
xepru(J]) = x<V] e xvVyj=1 =

=x*"VaiV:---Va,=1 = x<ae] = xe]. [ ]

ae]

Ji ‘T> B(L)

(3) Pr is an isomorphism iff L is compact. ©



