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e AIM: cover the basics of point-free topology

e Slides give motivation, definitions and results, few proofs
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e AIM: cover the basics of point-free topology

e Slides give motivation, definitions and results, few proofs

e Partl. Frames: the algebraic facet of spaces
e Part Il. Categorical aspects of Frm
e Part lll. Locales: the geometric facet of frames

e Part IV. Doing topology in Loc
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WHAT IS POINT-FREE TOPOLOGY?

e It IS an approach to topology taking the lattices of open sets as the
primitive notion.
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WHAT IS POINT-FREE TOPOLOGY?

e It IS an approach to topology taking the lattices of open sets as the
primitive notion.

e The techniques may hide some geometrical intuition, but often offers
powerful algebraic tools and opens new perspectives.
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WHAT IS POINT-FREE TOPOLOGY? IS developed In the categories

- frames
Frm

~ frame homomorphisms
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~ frame homomorphisms

IS developed In the categories

Loc = Frm®

" locales

' localic maps
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WHAT IS POINT-FREE TOPOLOGY? Is developed in the categories

- frames ~ locales
Frm Loc = Frm®

~ frame homomorphisms | localic maps
‘lattice theory applied to topology’ ‘topology itself’

«The topological structure of a locale cannot live in its points: the points,
If any, live on the open sets rather than the other way about.»

P. T. JOHNSTONE

[The art of pointless thinking, Category Theory at Work (1991)]
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WHAT IS POINT-FREE TOPOLOGY? Is developed in the categories

- frames ~ locales
Frm Loc = Frm®

~ frame homomorphisms | localic maps
‘lattice theory applied to topology’ ‘topology itself’

«(...) what the pointfree formulation adds to the classical theory is a
remarkable combination of elegance of statement, simplicity of proof, and

increase of extent.» R. BALL & J. WALTERS-WAYLAND

[C- and C*-quotients in pointfree topology, Dissert. Math. (2002)]

January 2015 Tutorial on localic topology BLAST 2015 — 2




WHAT IS POINT-FREE TOPOLOGY? Is developed in the categories

- frames ~ locales
Frm Loc = Frm®

~ frame homomorphisms | localic maps
‘lattice theory applied to topology’ ‘topology itself’

«(...) what the pointfree formulation adds to the classical theory is a
remarkable combination of elegance of statement, simplicity of proof, and

increase of extent.» R. BALL & J. WALTERS-WAYLAND

[C- and C*-quotients in pointfree topology, Dissert. Math. (2002)]

MORE: different categorical properties with advantage to the

point-free side.
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SOME HISTORY

The idea of approaching topology via algebra (lattice theory)
goes back to the '30s-40’s:

Stone, McKinsey and Tarski, Wallman, ...
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SOME HISTORY

The idea of approaching topology via algebra (lattice theory)
goes back to the '30s-40’s:

Stone, McKinsey and Tarski, Wallman, ...

e ORIGINS:
Seminar C. Ehresmann (1958) “local lattices”

1st talk (H. Dowker, Prague Top. Symp. 1966)
groundbreaking paper (J. Isbell, Atomless parts of spaces, 1972)
1st book (P. T. Johnstone, Stone Spaces, CUP 1982)
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SOME HISTORY

The idea of approaching topology via algebra (lattice theory)
goes back to the '30s-40’s:

Stone, McKinsey and Tarski, Wallman, ...

e ORIGINS:
Seminar C. Ehresmann (1958) “local lattices”

1st talk (H. Dowker, Prague Top. Symp. 1966)
groundbreaking paper (J. Isbell, Atomless parts of spaces, 1972)
1st book (P. T. Johnstone, Stone Spaces, CUP 1982)

Later: autonomous subject with

e RAMIFICATIONS: category theory, topos theory, logic and
computer science.
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P. T. Johnstone, Stone Spaces, CUP 1982.
S. Vickers, Topology via Logic, CUP 1989.

S. MacLane and I. Moerdijk, Sheaves in Geometry and Logic - A
first introduction to topos theory, Springer 1992.

B. Banaschewski, The real numbers in pointfree topology, Textos
de Matematica, vol. 12, Univ. Coimbra 1997.

R.N. Ball and J. Walters-Wayland, C- and C*-quotients in pointfree
topology, Dissert. Math, vol. 412, 2002.

JP, A. Pultr and A. Tozzi, Locales, Chapter Il in “Categorical
Foundations”, CUP 2004.

JP and A. Pultr, Locales treated mostly in a covariant way, Textos de
Matematica, vol. 41, Univ. Coimbra 2008.
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MAIN BASIC REFERENCES

Frontiers in Mathematics

Frames and

Locales

B Birkhéuser
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PART |. Frames:

the algebraic facet of spaces
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FROM SPACES TO FRAMES

(X,0X)
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FROM SPACES TO FRAMES
Q e complete lattice:

VU =UU;, 0=
UANV=UnNV, 1=X

/\ U; = int(ﬂ UZ)
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FROM SPACES TO FRAMES

e complete lattice:

VU =UU;, 0=
UANV=UnNV, 1=X

/\ U; = int(ﬂ UZ)

more.

(Y,0Y) ~~mnmn (O, C) UAVVi= VUV
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FROM SPACES TO FRAMES

(X,0X) ~mmnn (wli, )

f F -]

(Y, 0Y) ~~n= (OY, ©)
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FROM SPACES TO FRAMES

e complete lattice:

X, 0X) ~mmmm (OX,
(X, 0X) ( A ) UAV=UnV, 1=X

/\ U; = int(ﬂ UZ)

f Y
more.
(Y,0Y) ~mnmn (O, ) UAVVi= VUV

o f~1[—] preserves \/ and A
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e complete lattice L

FROM SPACES TO FRAMES

(X,0X) ~~~~~> (0X,9)
A

f F -]
frame:

(Y, 0~ (OY, ©) an\ b=\ anb)

e frame homomorphisms: h: M — L preserves \/ and A
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FROM SPACES TO FRAMES
O .
Q . O e complete lattice L

frame:

(Y, 0~ (OY, ©) an\ b=\ anb)

e frame homomorphisms: h: M — L preserves \/ and A

Tutorial on localic topology BLAST 2015 — 6




FROM SPACES TO FRAMES
O .
Q - Q o complete lattice L

frame:

(Y, 0~ (OY, ©) an\ b=\ anb)

e frame homomorphisms: h: M — L preserves \/ and A

The algebraic nature of the objects of Frm is obvious.
More about that later on...
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MORE EXAMPLES of frames

e Finite distributive lattices, complete Boolean algebras, complete
chains.
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MORE EXAMPLES of frames

e Finite distributive lattices, complete Boolean algebras, complete

chains.

®
0=1 ‘

1: O 2. @

e subframe of aframe L: S < L closed under arbitrary joins
(in part. 0 € S) and finite meets (in part. 1 € S).
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MORE EXAMPLES of frames

e Finite distributive lattices, complete Boolean algebras, complete

chains.
o
0=1 ‘

1: O 2. @

e subframe of aframe L: S < L closed under arbitrary joins
(in part. 0 € S) and finite meets (in part. 1 € S).

e intervals ofaframe L: a,be L,a<b
[a,b]={a:€L|a<a:<b}, le[O,b], TCLZ[CL,l].
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MORE EXAMPLES of frames

e For any a-semilattice (A, A, 1), D(A) = {down-sets of A} is a
frame:

/\:ﬂv \/:U
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MORE EXAMPLES of frames

e For any a-semilattice (A, A, 1), D(A) = {down-sets of A} is a
frame:

/\:ﬂv \/:U

CEN
SLat Frm
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MORE EXAMPLES of frames

e For any a-semilattice (A, A, 1), D(A) = {down-sets of A} is a
frame:

/\:ﬂv \/:U

D
SLat< é_ >Frm

(forgetful functor)
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MORE EXAMPLES of frames

e For any a-semilattice (A, A, 1), D(A) = {down-sets of A} is a

frame:

/\:ﬂv \/:U

SLat -

>Frm

Q1

(forgetful functor)

HomFrm (@ (A), L)
h
(g: 5= VylS])

HO,TSLat (A, G(L))
(h:a— h(la))
9

11 1¢

Tutorial on localic topology
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MORE EXAMPLES of frames

e For any distributive lattice A, J(A) = {ideals of A} is a frame:
A=), JvK={avbl|laelJbe K}.
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MORE EXAMPLES of frames

e For any distributive lattice A, J(A) = {ideals of A} is a frame:
A=), JvK={avbl|laelJbe K}.

J
DLat = Frm
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MORE EXAMPLES of frames

e For any distributive lattice A, J(A) = {ideals of A} is a frame:
A=), JvK={avbl|laelJbe K}.

>Frm

(inclusion as a non-full
subcategory)

DLat -

& ==
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EXAMPLES of frame homomorphisms

e All homomorphisms of finite distributive lattices.
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EXAMPLES of frame homomorphisms

e All homomorphisms of finite distributive lattices.
e Complete homomorphisms of complete Boolean algebras.

e Foranyframe L, a€ L:

A,: L > la Vo:r L — 1Ta

r — T NQ r = TTVva
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EXAMPLES of frame homomorphisms

e All homomorphisms of finite distributive lattices.

e Complete homomorphisms of complete Boolean algebras.

e Foranyframe L, a€ L:

AL — la VorL — fta

r — T NQ r = T VAa

e For any frame L, there existunique 2 —- L, L — 1.
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EXAMPLES of frame homomorphisms

e All homomorphisms of finite distributive lattices.

e Complete homomorphisms of complete Boolean algebras.
e Foranyframe L, a€ L:

AL — la VorL — fta

r — T NQ r = T VAa

e For any frame L, there existunique 2 —- L, L — 1.

o oo

Initial object terminal object
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EXAMPLES of frame homomorphisms

e All homomorphisms of finite distributive lattices.
e Complete homomorphisms of complete Boolean algebras.

e Foranyframe L, a€ L:

AL — la VorL — fta

r — T NQ r = T VAa

e For any frame L, there existunique 2 —- L, L — 1.

o oo

Initial object terminal object

\/:J3(L) — L \V:®(L) — L
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BACKGROUND: POSETS AS CATEGORIES poset (A4, <)

(A, <) as a thin category
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BACKGROUND: POSETS AS CATEGORIES poset (A4, <)

- OBJECTS: ac A
(A, <) as a thin category

' MORPHISMS: a — b whenever a < b

(there is at most one arrow between any pair of objects)

1

S

SR=s P
-

S

In fact, a preorder suffices:

AN

(2) transitivity: provides the composition of morphisms g o f.

(1) reflexivity: provides the identity morphisms 1,.

N —
<

1
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BACKGROUND: PREORDERS AS CATEGORIES

- OBJECTS: ac A
(A, <) as a thin category

' MORPHISMS: a 3, b whenever a < b

FUNCTORS: f:A—> B
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BACKGROUND: PREORDERS AS CATEGORIES

- OBJECTS: ac A
(A, <) as a thin category

' MORPHISMS: a 3, b whenever a < b

FUNCTORS: f:A—> B

a ~> f(a
l l order-preserving maps
< <

o~ f(a')
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BACKGROUND: PREORDERS AS CATEGORIES

- OBJECTS: ac A
(A, <) as a thin category

' MORPHISMS: a 3, b whenever a < b

FUNCTORS: f:A—> B
a ~> f(a
<l l< order-preserving maps

o~ f(a')
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BACKGROUND: PREORDERS AS CATEGORIES

- OBJECTS: ac A
(A, <) as a thin category

' MORPHISMS: a 3, b whenever a < b

FUNCTORS: f:A—> B

l l order-preserving maps
< <

(binary) PRODUCTS: G<—- 7 —>1}
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BACKGROUND: PREORDERS AS CATEGORIES

- OBJECTS: ac A
(A, <) as a thin category

' MORPHISMS: a 3, b whenever a < b

FUNCTORS: f:A—> B

a ~> f(a
l l order-preserving maps
< <

o~ f(a')

(binary) PRODUCTS: Oa<——agANb—>=b

A meets
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BACKGROUND: PREORDERS AS CATEGORIES

- OBJECTS: ac A
(A, <) as a thin category

' MORPHISMS: a 3, b whenever a < b

FUNCTORS: f:A—B
a ~> f(a
<l l< order-preserving maps

o~ f(a')

(binary) COPRODUCTS: ¢ ———=qgv b<—1%
: joins
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BACKGROUND: PREORDERS AS THIN CATEGORIES

“Existence of limits” means “existence of products”

(because equalizers exist trivially in thin categories)
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BACKGROUND: PREORDERS AS THIN CATEGORIES

“Existence of limits” means “existence of products”
(because equalizers exist trivially in thin categories)

so “existence of limits” (i.e. “complete category”)

means “complete lattice”.

From this point of view: category theory is an extension of lattice th.
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GALOIS ADJUNCTIONS

>(B,<) f(a) <b iff a < g(b)
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Homg(f(a),b) = Hom4(a, g(b))

f

> (B, <) f4g [fla)<biff a<g®)

g
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Homg(f(a),b) = Hom4(a, g(b))

> (B, <) f4g [fla)<biff a<g®)

=|fg<idandid < gf

(“quasi-inverses”)
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Homg(f(a),b) = Hom4(a, g(b))

> (B, <) f4g [fla)<biff a<g®)

=|fg<idandid < gf

(“quasi-inverses”)

Properties

% faf = fandgfg=g.
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Homg(f(a),b) = Hom4(a, g(b))

> (B, <) f4g [fla)<biff a<g®)

=|fg<idandid < gf

(“quasi-inverses”)
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Homg(f(a),b) = Hom4(a, g(b))

> (B, <) f4g [fla)<biff a<g®)

=|fg<idandid < gf

(“quasi-inverses”)

g g[B] ={ae A|gf(a) = a}

g[B] =~  f[4] flA] = {be B| fg(b) = b}
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GALOIS ADJUNCTIONS

ADJOINT FUNCTOR THEOREM.
Let f: A — B be an order-preserving map between posets. Then:
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GALOIS ADJUNCTIONS

ADJOINT FUNCTOR THEOREM.

Let f: A — B be an order-preserving map between posets. Then:

(1) If f has a right adjoint, then f preserves all joins that exist in A.

(2) If A has all joins and f preserves them, then f has a right adjoint g,
uniquely determined by f:

g(b) = \Via € A| f(a) < b}.

ProoF: Let f 4 g, S A, \/ S exists. FOVS) = \V{f(s)|seS)

e Upper bound v
e least upper bound: f(s)<b Vs iff s<g(b) Vs

Tutorial on localic topology
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FRAMES as HEYTING ALGEBRAS

Heyting algebra: lattice L with an extra — satisfying

arnb<c Iff b<a—c
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FRAMES as HEYTING ALGEBRAS

Heyting algebra: lattice L with an extra — satisfying

arnb<c Iff b<a—c
l.e.
an(—)da—(-)

A complete lattice is an Heyting algebra iff it is a frame.

Proof: This is the ADJOINT FUNCTOR THEOREM! @

= a A (—) Is a left adjoint = preserves joins.

<! a A (—) preserves joins (=colimits) = it has a right adjoint.
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FRAMES as HEYTING ALGEBRAS

Heyting algebra: lattice L with an extra — satisfying

arnb<c Iff b<a—c
l.e.
an(—)da—(-)

A complete lattice is an Heyting algebra iff it is a frame.

Proof: This is the ADJOINT FUNCTOR THEOREM! @

= a A (—) Is a left adjoint = preserves joins.

<! a A (—) preserves joins (=colimits) = it has a right adjoint.

frames = cHa. BUT different categories (morphisms).
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Properties
@ oA =Ala—b).
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Properties
2 (B = Aa— b))

a<b—-ociffb<a—ec

@
@
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FRAMES as HEYTING ALGEBRAS

a— (A\b;) = A\la— b).

a<b—-ociffb<a—ec

(V ai) = b= Ala; —b).

0006
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Properties
@ oAb = Ala—b). Biopeiies

@ a<b—-ociffb<a—ec

D (Va)—b=Alai—b).

Pseudocomplement: a* =a — 0= \/{b| b A a =0},
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FRAMES as HEYTING ALGEBRAS

@ = (Ab) = Aa—b)

a<b—-ociffb<a—ec

) (Va)—b= Al —b).

Pseudocomplement: a* =a — 0= \/{b| b A a =0},

Example: U* = int (X \U).
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a— (A\bi) = Nla—by)

a<b—-ociffb<a—ec

) (Va)—b= Al —b).

Pseudocomplement: a* =a — 0= \/{b| b A a =0},

Example: U* = int (X \U).
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@ o~ Ab) = Ala—b),
a<b—-ociffb<a—ec
@  (Va)—b=Ala —b).

Pseudocomplement: a* =a — 0= \/{b| b A a =0},

Example: U* = int (X \U).
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H2 a<b—-sciffb<a—c.

) (Va)—b= Al —b).

Pseudocomplement: a* =a — 0= \/{b| b A a =0},
Example: U* = int (X \U).

(\V a;)* = N(a;)*. De Morgan law (Caution: not for /\)
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PART II.

Categorical aspects of Frm
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ALGEBRAIC ASPECTS OF Frm

% Frm Is equationally presentable I.e.
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ALGEBRAIC ASPECTS OF Frm

% Frm Is equationally presentable I.e.

Objects are described by a (proper class of) operations and equations:

OPERATIONS
e O-ary: 0,1: L’ - L
e binary: L? - L, (a,b) —a Ab

e x-ary (any cardinal k): L* — L, (ai)s — V, a
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ALGEBRAIC ASPECTS OF Frm

% Frm Is equationally presentable I.e.

Objects are described by a (proper class of) operations and equations:

OPERATIONS
e O-ary: 0,1: L’ - L
e binary: L? - L, (a,b) —a Ab
e x-ary (any cardinal k): L* — L, (ai)s — V, a
EQUATIONS

e (L, ,1)is anidempotent commutative monoid
e with a zero O sat. the absorptionlawa A0 =0=0 A a Va.

e Vyai=0,a; A\, .a =aj,an\, .a =\.(ana).
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ALGEBRAIC ASPECTS OF Frm

Then, by general results of category theory

[E. Manes, Algebraic Theories, Springer, 1976]:
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ALGEBRAIC ASPECTS OF Frm

Then, by general results of category theory
[E. Manes, Algebraic Theories, Springer, 1976]:

COROLLARY.
Frm has all (small) limits (i.e., it is a COMPLETE category)

and they are constructed exactly as in Set (i.e., the forgetful func-
tor Frm — Set preserves them).
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ALGEBRAIC ASPECTS OF Frm

Frm has free objects: there is a free functor Set — Frm (i.e., a
left adjoint of the forgetful functor Frm — Set):

January 2015 Tutorial on localic topology BLAST 2015 — 19




ALGEBRAIC ASPECTS OF Frm

Frm has free objects: there is a free functor Set — Frm (i.e., a
left adjoint of the forgetful functor Frm — Set):

m (in two steps):

SLat < forgets \/ Frm
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Set < forgets A SLat < forgets \/ Frm
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ALGEBRAIC ASPECTS OF Frm

Frm has free objects: there is a free functor Set — Frm (i.e., a
left adjoint of the forgetful functor Frm — Set):

m (in two steps):

F

Set KM;T SLat < forgets \/ Frm
X F(X)
f E(f)

Y F(Y)
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ALGEBRAIC ASPECTS OF Frm

Frm has free objects: there is a free functor Set — Frm (i.e., a
left adjoint of the forgetful functor Frm — Set):

m (in two steps):
F

Set fm;? SLat <——— \/ Frm
X F(X)= ({Sc X |Sfinite}, D)
f F(f) f

Y| F(Y) f1S]
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ALGEBRAIC ASPECTS OF Frm

Frm has free objects: there is a free functor Set — Frm (i.e., a
left adjoint of the forgetful functor Frm — Set):

m (in two steps):

F
_— A
Set < forgets A SLat < forgets \/ Frm
THE UNIT: X = F(X)
x {z}
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Frm has free objects: there is a free functor Set — Frm (i.e., a
left adjoint of the forgetful functor Frm — Set):

m (in two steps):

F
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Set < forgets A SLat < forgets \/ Frm
THE UNIT: X = F(X)
x {z}
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Frm has free objects: there is a free functor Set — Frm (i.e., a
left adjoint of the forgetful functor Frm — Set):
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F
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Set < forgets A SLat < forgets \/ Frm
THE UNIT: X = F(X)
13 peSLat
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ALGEBRAIC ASPECTS OF Frm

Frm has free objects: there is a free functor Set — Frm (i.e., a
left adjoint of the forgetful functor Frm — Set):

m (in two steps):

F
/\
Set < forgets A SLat < forgets \/ Frm
THE UNIT: X = F(X) (o @9, ... xn)
13 peSLat
/ g n
A i—1 f(x‘&)
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ALGEBRAIC ASPECTS OF Frm

Frm has free objects: there is a free functor Set — Frm (i.e., a
left adjoint of the forgetful functor Frm — Set):

m (in two steps):
F

)
__— A — A
Set < forgets A SLat < forgets \/ Frm
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ALGEBRAIC ASPECTS OF Frm

Frm has free objects: there is a free functor Set — Frm (i.e., a
left adjoint of the forgetful functor Frm — Set):

m (in two steps):

F D
Set KM;T SLat KMF Frm
Al D(A)
B D (B)
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ALGEBRAIC ASPECTS OF Frm

Frm has free objects: there is a free functor Set — Frm (i.e., a
left adjoint of the forgetful functor Frm — Set):

m (in two steps):
F

)
Setﬁ?SLat{mﬁﬁm
Al DA)={ScA||S=5}
|
B D(B) LhlS]
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ALGEBRAIC ASPECTS OF Frm

Frm has free objects: there is a free functor Set — Frm (i.e., a
left adjoint of the forgetful functor Frm — Set):
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ALGEBRAIC ASPECTS OF Frm

Frm has free objects: there is a free functor Set — Frm (i.e., a
left adjoint of the forgetful functor Frm — Set):

m (in two steps):

F D
_— —
Set < forgets A SLat < forgets \/ Frm
THE UNIT: A G D(A)
a la ™
3! o eFrm
f g
L

Tutorial on localic topology BLAST 2015 — 19




ALGEBRAIC ASPECTS OF Frm

Frm has free objects: there is a free functor Set — Frm (i.e., a
left adjoint of the forgetful functor Frm — Set):

ONSTR @) (in two steps):
F £,
_— — A
Set < forgets A SLat < forgets \/ Frm
THE UNIT: A - D(A) g
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ALGEBRAIC ASPECTS OF Frm

Then, by general results of category theory

[E. Manes, Algebraic Theories, Springer, 1976]:
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ALGEBRAIC ASPECTS OF Frm

Then, by general results of category theory

[E. Manes, Algebraic Theories, Springer, 1976]:

COROLLARY.
Frm is an ALGEBRAIC category. In particular:
(1) It has all (small) colimits (i.e., itisa COCOMPLETE category).
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ALGEBRAIC ASPECTS OF Frm

Then, by general results of category theory

[E. Manes, Algebraic Theories, Springer, 1976]:

COROLLARY.

Frm is an ALGEBRAIC category. In particular:

(1) It has all (small) colimits (i.e., itisa COCOMPLETE category).
(2) Monomorphisms = injective.
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ALGEBRAIC ASPECTS OF Frm

Then, by general results of category theory

[E. Manes, Algebraic Theories, Springer, 1976]:

COROLLARY.

Frm is an ALGEBRAIC category. In particular:

(1) It has all (small) colimits (i.e., itisa COCOMPLETE category).
(2) Monomorphisms = injective.

(3) Epimorphisms need not be surjective;
Regular epis = surjective.
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Then, by general results of category theory

[E. Manes, Algebraic Theories, Springer, 1976]:

COROLLARY.

Frm is an ALGEBRAIC category. In particular:

(1) It has all (small) colimits (i.e., itisa COCOMPLETE category).
(2) Monomorphisms = injective.

(3) Epimorphisms need not be surjective;
Regular epis = surjective.

(4) (RegFEpi, Mono) is a factorization system.
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ALGEBRAIC ASPECTS OF Frm

Then, by general results of category theory

[E. Manes, Algebraic Theories, Springer, 1976]:

COROLLARY.

Frm is an ALGEBRAIC category. In particular:

(1) It has all (small) colimits (i.e., itisa COCOMPLETE category).
(2) Monomorphisms = injective.

(3) Epimorphisms need not be surjective;
Regular epis = surjective.

(4) (RegFEpi, Mono) is a factorization system.

(5) Quotients are described by congruences; there exist presen-
tations by generators and relations.
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EXAMPLE: PRESENTATIONS

PRESENTATIONS BY GENERATORS AND RELATIONS: @

just take the quotient of the free frame on the given set
of generators modulo the congruence generated by the pairs

(u, v) for the given relations u = v.
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EXAMPLE: PRESENTATIONS Frame of reals 2([]?)

generated by all ordered pairs (p, q), p, ¢ € Q, subject to the relations

(R1) (p,q) A (r,s)=(pvr,qns),

- -1

=
A

)
/
!
|
!
)
/
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EXAMPLE: PRESENTATIONS Frame of reals Q([R)

generated by all ordered pairs (p, q), p, ¢ € Q, subject to the relations

(R1) (p,q) A (r,s)=(pVvrgns),
(R2) (p,q) v (r,s) = (p,s) whenever p < r < g < s,

i
w

e Y S

— N\

L
Va

p ' q
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EXAMPLE: PRESENTATIONS Frame of reals Q([R)

generated by all ordered pairs (p, q), p, ¢ € Q, subject to the relations

(R1) (p,q) A (r,s)=(pVvrgns),
(R2) (p,q) v (r,s) = (p,s) whenever p < r < g < s,

(R3) (p,q) = V{(r,s) |p<r<s<qgl,

i~
A

N S
B

N

E/

-
I~
T~
I~
.
N 5%
N %
NS P
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EXAMPLE: PRESENTATIONS Frame of reals Q([R)

generated by all ordered pairs (p, q), p, ¢ € Q, subject to the relations

(R1) (p,q) A (r,s)=(pVvrgns),
(R2) (p,q) v (r,s) = (p,s) whenever p < r < g < s,

(R3) (p,q) = V{(r,s) |p<r<s<qgl,
(R4) \/p,qe(Q(pv Q) — -

el L [ ) A\ AR

AV \ / / J 7))
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EXAMPLE: PRESENTATIONS Frame of reals Q([R)

Nice features: Continuous real functions,

semicontinuous real functions, ...

MORE, In next lectures.
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PART lll. Locales:

the geometric facet of frames
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MAKING THE PICTURE COVARIANT: the category of locales
O ©_ o Q Contravariant

f F-]

(Y,0Y) o (OY, C)
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MAKING THE PICTURE COVARIANT: the category of locales
O ©_ o Q Contravariant
O = Frm® Covariant
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O ©_ o Q Contravariant
O = Frm® Covariant

e OBJECTS: locales = frames (=cHa)
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MAKING THE PICTURE COVARIANT: the category of locales
O ©_ o Q Contravariant
O = Frm® Covariant

e OBJECTS: locales = frames (=cHa)

e MORPHISMS: L
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MAKING THE PICTURE COVARIANT: the category of locales

O O

- @
@ -

e OBJECTS: locales = frames (=cHa)

e MORPHISMS: L

January 2015
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Covariant

preserves \/ (incl. 0)
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MAKING THE PICTURE COVARIANT: the category of locales

O O

- @
@ -

e OBJECTS: locales = frames (=cHa)

e MORPHISMS: L

frame homomorphisms
taken backwards

Tutorial on localic topology
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MAKING THE PICTURE COVARIANT: the category of locales

We can put this in a more CONCRETE way:
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MAKING THE PICTURE COVARIANT: the category of locales

We can put this in a more CONCRETE way:
Each h: M — L in Frm has a UNIQUELY defined right adjoint
he: L — M

that can be used as a representation of the h as a mapping
going in the proper direction.
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MAKING THE PICTURE COVARIANT: the category of locales

We can put this in a more CONCRETE way:
Each h: M — L in Frm has a UNIQUELY defined right adjoint
he: L — M

that can be used as a representation of the h as a mapping
going in the proper direction.

LOCALIC MAP: amap f: L — M that has a left adjoint
f*in Frm, I.e., preserving finite meets:

(1) (1) =
(2) f*(anb) = f*a) A F*(b).
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MAKING THE PICTURE COVARIANT: the category of locales

PROPOSITION. Let f: L — M have a left adjoint f*. Then:
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MAKING THE PICTURE COVARIANT: the category of locales

PROPOSITION. Let f: L — M have a left adjoint f*. Then:
(1) f*(1) =1iff fI[L~{1}] = M ~ {1}.
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MAKING THE PICTURE COVARIANT: the category of locales

PROPOSITION. Let f: L — M have a left adjoint f*. Then:
(1) f*(1) =1iff fI[L~{1}] = M ~ {1}.
(2) f*(anb)= f*(a) A f*(b) VYa,be L iff

f(f*(a) > b) =a— f(b) Va,be L.
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MAKING THE PICTURE COVARIANT: the category of locales

PROPOSITION. Let f: L — M have a left adjoint f*. Then:
(1) f*(1) =1iff fI[L~{1}] = M ~ {1}.
(2) f*(anb)= f*(a) A f*(b) VYa,be L iff

f(f*(a) > b) =a— f(b) Va,be L.

Proor: (1)
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MAKING THE PICTURE COVARIANT: the category of locales

PROPOSITION. Let f: L — M have a left adjoint f*. Then:
(1) f*(1) =1iff fI[L~{1}] = M ~ {1}.
(2) f*(anb)= f*(a) A f*(b) VYa,be L iff

f(f*(a) > b) =a— f(b) Va,be L.

Proor: (1)

= f(a) =1
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MAKING THE PICTURE COVARIANT: the category of locales

PROPOSITION. Let f: L — M have a left adjoint f*. Then:
(1) f*(1) =1iff fI[L~{1}] = M ~ {1}.
(2) f*(anb)= f*(a) A f*(b) VYa,be L iff

f(f*(a) > b) =a— f(b) Va,be L.

Proor: (1)

=i fla)=1 = 1=f*(1)=f*f(a)
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MAKING THE PICTURE COVARIANT: the category of locales

PROPOSITION. Let f: L — M have a left adjoint f*. Then:
(1) f*(1) =1iff fI[L~{1}] = M ~ {1}.
(2) f*(anb)= f*(a) A f*(b) VYa,be L iff

f(f*(a) > b) =a— f(b) Va,be L.

Proor: (1)

=i fl@)=1 = 1=/f*(1)=f*f(a) <a.
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MAKING THE PICTURE COVARIANT: the category of locales

PROPOSITION. Let f: L — M have a left adjoint f*. Then:
(1) f*(1) =1iff fI[L~{1}] = M ~ {1}.
(2) f*(anb)= f*(a) A f*(b) VYa,be L iff

f(f*(a) > b) =a— f(b) Va,be L.

Proor: (1)
=i fla)=1 = 1=f*1)=f*f(a) <a.

<. ff*(1) =1

January 2015 Tutorial on localic topology BLAST 2015 — 4




MAKING THE PICTURE COVARIANT: the category of locales

PROPOSITION. Let f: L — M have a left adjoint f*. Then:
(1) f*(1) =1iff fI[L~{1}] = M ~ {1}.
(2) f*(anb)= f*(a) A f*(b) VYa,be L iff

f(f*(a) > b) =a— f(b) Va,be L.

Proor: (1)
=i fla)=1 = 1=f*1)=f*f(a) <a.

= ffA) =1 = f*(1) =1
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MAKING THE PICTURE COVARIANT: the category of locales

PROPOSITION. Let f: L — M have a left adjoint f*. Then:
(1) f*(1) =1iff fI[L~{1}] = M ~ {1}.
(2) f*(anb)= f*(a) A f*(b) VYa,be L iff

f(f*(a) > b) =a— f(b) Va,be L.

PRrRoOOF: (2) =
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MAKING THE PICTURE COVARIANT: the category of locales

PROPOSITION. Let f: L — M have a left adjoint f*. Then:
(1) f*(1) =1iff fI[L~{1}] = M ~ {1}.
(2) f*(anb)= f*(a) A f*(b) VYa,be L iff

(b) Ya,be L.
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PROPOSITION. Let f: L — M have a left adjoint f*. Then:
(1) f*(1) =1iff fI[L~{1}] = M ~ {1}.
(2) f*(anb)= f*(a) A f*(b) VYa,be L iff

(b) Ya,be L.
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MAKING THE PICTURE COVARIANT: the category of locales

PROPOSITION. Let f: L — M have a left adjoint f*. Then:
(1) f*(1) =1iff fI[L~{1}] = M ~ {1}.

(2) f*(a A b) = f*(a) A F*(b) Ya,be L iff

(b) Ya,be L.

Proor: (2) =: = < f(f*(a) > b) Iff f*(z)< f*(a) > b
Iff  f*(xAa)<b
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MAKING THE PICTURE COVARIANT: the category of locales

PROPOSITION. Let f: L — M have a left adjoint f*. Then:
(1) f*(1) =1iff fI[L~{1}] = M ~ {1}.

(2) f*(a A b) = f*(a) A F*(b) Ya,be L iff

(b) Ya,be L.

Proor: (2) =: = < f(f*(a) > b) Iff f*(z)< f*(a) > b
Iff  f*(xAa)<b
Iff = Aa< f(b)
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MAKING THE PICTURE COVARIANT: the category of locales

PROPOSITION. Let f: L — M have a left adjoint f*. Then:
(1) f*(1) =1iff fI[L~{1}] = M ~ {1}.
(2) f*(anb)= f*(a) A f*(b) VYa,be L iff

(b) Ya,be L.
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MAKING THE PICTURE COVARIANT: the category of locales

PROPOSITION. Let f: L — M have a left adjoint f*. Then:
(1) f*(1) =1iff fI[L~{1}] = M ~ {1}.
(2) f*(anb)= f*(a) A f*(b) VYa,be L iff

(b) Ya,be L.

<. fflanb)<zx
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MAKING THE PICTURE COVARIANT: the category of locales

PROPOSITION. Let f: L — M have a left adjoint f*. Then:
(1) f*(1) =1iff fI[L~{1}] = M ~ {1}.

(2) f*(a Ab) = f*(a) A f*(b) Ya,be L iff
(b) Ya,be L.

Proor: (2) =: = < f(f*(a) > b) Iff f*(z)< f*(a) > b

<= fflanb)<z Iff a<b-—> f(x)
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MAKING THE PICTURE COVARIANT: the category of locales

PROPOSITION. Let f: L — M have a left adjoint f*. Then:
(1) f*(1) =1iff fI[L~{1}] = M ~ {1}.

(2) f*(a Ab) = f*(a) A f*(b) Ya,be L iff
(b) Ya,be L.

Proor: (2) =: = < f(f*(a) > b) Iff f*(z)< f*(a) > b

<. f*lanb)<z Iff a<b-o f(x)= f(f*(b) — x)
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MAKING THE PICTURE COVARIANT: the category of locales

PROPOSITION. Let f: L — M have a left adjoint f*. Then:
(1) f*(1) =1iff fI[L~{1}] = M ~ {1}.

(2) f*(a Ab) = f*(a) A f*(b) Ya,be L iff
(b) Ya,be L.

Proor: (2) =: = < f(f*(a) > b) Iff f*(z)< f*(a) > b

<. f*lanb)<z Iff a<b-o f(x)= f(f*(b) — x)

iff - f(a) A F*(b) < o

3
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MAKING THE PICTURE COVARIANT: the category of locales

e OBJECTS: locales = frames (=cHa)

e MORPHISMS: L o f(AS) = A f[S]
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MAKING THE PICTURE COVARIANT: the category of locales

e OBJECTS: locales = frames (=cHa)

e MORPHISMS: L e F(NS) = A f[S]
f e fla)=1=a=1
Y
M

Tutorial on localic topology BLAST 2015 — 5




MAKING THE PICTURE COVARIANT: the category of locales

e OBJECTS: locales = frames (=cHa)

e MORPHISMS: L e FINS) = A fIS]
f ° f(a) =1l=a=1
M o [(f*(a) > b) =a — f(b)
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MAKING THE PICTURE COVARIANT: the category of locales

O . . ..
Top > Frm IS Immediately modifiable to a functor
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MAKING THE PICTURE COVARIANT: the category of locales

Top > Frm IS Immediately modifiable to a functor
Lc
Top > Loc
X | > 00X
f of (
Y| > QY
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Top > Frm IS Immediately modifiable to a functor
Lc
Top > Loc
X | > 00X
f Of( \;(Of)*=LC(f)
Y| > QY
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MAKING THE PICTURE COVARIANT: the category of locales

O . . ..
Top > Frm IS Immediately modifiable to a functor

Lc

Top > Loc
X | > () X U
f of ( \;(Of)*=LC(f) \g
Y > OY Y~ f[X U]
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MAKING THE PICTURE COVARIANT: the category of locales

O . . ..
Top > Frm IS Immediately modifiable to a functor

Lc

Top > Loc
X | > () X U
f of ( \;(Of)*=LC(f) \g
Y > OY Y~ f[X U]

Why?

fAHV] U iff VY~ fIX\U]

Tutorial on localic topology BLAST 2015 — 6




MAKING THE PICTURE COVARIANT: the category of locales

Top > Frm IS Immediately modifiable to a functor
Lc
Top > Loc
X > O_X U
f Of( \;(Of)*=LC(f) \g
Y > (Y Y N fIX NU]
Why?
fAV]IcU iff VY~ fIX \U] (since f~H—] 4 f[-°]°)

Tutorial on localic topology BLAST 2015 — 6




MAKING THE PICTURE COVARIANT: the category of locales

Top > Frm IS Immediately modifiable to a functor
Lc
Top > Loc
X > O_X U
f Of( \;(Of)*=LC(f) \g
Y > (Y Y N fIX NU]
Why?
fAV]IcU iff VY~ fIX \U] (since f~H—] 4 f[-°]°)

iff Vcint(Y N fIX\NU]) =Y fIXU|
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%
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Extension: a point of a general locale L is a localic map
p:2 — L
1 — 1
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THE SPECTRUM OF A LOCALE

Q a point z of X is a continuous map {#} — X

%

Loc Le({#}) = 2 —> Le(X)

Extension: a point of a general locale L is a localic map

p:2 — L
1 - 1
0 — a#l.
r Ay <a=p0) iff p*(x) Ap*(y) <0 | a # 1
= p(z) =0 or p*(y) =0 A-IRREDUCIBLES
iff 2 <p(0)=a or y<p(0)=a. | (PRIMEELEMENTS)
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THE SPECTRUM OF A LOCALE

acl, ¥,={pePt(L)|a<p}

This is a TOPOLOGY in Pt(L): SPECTRUM of L

202@, lept(L), EamszEaAb, UEaizZ\/ai.

D—d

L ~~—~—~~—~~>Pt(L)

f Floecr Localic maps send points to points

Y

M ~—~—~—~—~>Pt(M)
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THE SPECTRUM OF A LOCALE

acl, ¥,={pePt(L)|a<p}

This is a TOPOLOGY in Pt(L): SPECTRUM of L

YYo=, X1 =Pt(L), X403 =3grbs UEaizE\/ai.

D—d

L ~~—~—~~—~~>Pt(L)

f Floecr Localic maps send points to points

Y

M ~—~—~—~—~>Pt(M)

Pt(f)~" (%) = {pePt(L) | bk f(p)} = {p | f*(b) € p} = Xpx)
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SPACES AND LOCALES

.
:

A frame is SPATIAL if it Is iIsomorphic to some topology.

Lc(X) is always spatial.

A space X is SOBER if every meet-irreducible open is of the form

X\@

for a unique x € X. To c Sob < Ty

no relation with T4
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X\@

for a unique x € X. To c Sob < Ty

no relation with T4
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SPACES AND LOCALES O 1 > O
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Pt
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Lc

SPACES AND LOCALES O 1 > O
<

Pt

UNIT: nx: X — Ptlc(X)

r — X~ {x}
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SPACES AND LOCALES Q N > O
<

UNIT: nx: X — Ptle(X)

r — X~ {x}

PROPOSITION: nx Is a homeomorphism iff X is sober.
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SPACES AND LOCALES Q 1 > O
<

UNIT: nx: X — Ptle(X)

r — X~ {x}

PROPOSITION: nx is a homeomorphism iff X is sober.

COUNIT: er: LePt(L) — L
P — \V{be L |X, € X,}

PROPOSITION: ¢y, Is an isomorphism iff L is spatial.
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SPACES and LOCALES
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SPACES and LOCALES

Lc

Top T Loc

Pt

~
<SS
equivalence

Perception: Sob more representative of all of Top than SpLoc of Loc.
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Lc

Top T Loc

Pt

~
<SS
equivalence

“soberification” of a space
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SPACES and LOCALES

Lc

Top T Loc

Pt

~
<SS
equivalence

“soberification” of a space “spatialization” of a locale
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THE BOOLEAN CASE: non-spatial locales

PROPOSITION: L is spatial iff each a # 1 is a meet of points of L.
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THE BOOLEAN CASE: non-spatial locales

PROPOSITION: L is spatial iff each a # 1 is a meet of points of L.

L has “enough points”

COROLLARY: In a Boolean algebra, every meet-irreducible is a co-
atom. Therefore a Boolean locale B is spatial iff it is atomic.

ProoF: Let p < x, p meet-irreducible. Then

V

P =—-xr<p

-
|
&
>
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THE BOOLEAN CASE: non-spatial locales

PROPOSITION: L is spatial iff each a # 1 is a meet of points of L.

L has “enough points”

COROLLARY: In a Boolean algebra, every meet-irreducible is a co-
atom. Therefore a Boolean locale B is spatial iff it is atomic.

ProoF: Let p < x, p meet-irreducible. Then

V

P =—a<p=—a<zr=x=1.
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THE BOOLEAN CASE: non-spatial locales

PROPOSITION: L is spatial iff each a # 1 is a meet of points of L.

L has “enough points”

COROLLARY: In a Boolean algebra, every meet-irreducible is a co-
atom. Therefore a Boolean locale B is spatial iff it is atomic.

ProoF: Let p < x, p meet-irreducible. Then

V

P =—a<p=—a<zr=x=1.

-
|
&
>
]
8
A

By the Proposition,

B spatial = each a # 1in B is a meet of co-atoms
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THE BOOLEAN CASE: non-spatial locales

PROPOSITION: L is spatial iff each a # 1 is a meet of points of L.

L has “enough points”

COROLLARY: In a Boolean algebra, every meet-irreducible is a co-
atom. Therefore a Boolean locale B is spatial iff it is atomic.

Proor: Let p < x, p meet-irreducible. Then

V

O=2A—2T<p =—-a<p=—-—"ax<r=zc=1.
By the Proposition,

B spatial = each a # 1in B is a meet of co-atoms

< eacha # 1in Bis ajoin of atoms (by complement.).
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PART IV.

Doing topology in Loc

Tutorial on localic topology




GENERALIZED SUBSPACES: SUBLOCALES

DEFINITION: S < Lis a SUBLOCALE of L if
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GENERALIZED SUBSPACES: SUBLOCALES

DEFINITION: S < Lis a SUBLOCALE of L if

(1) VAc S, NAeS,
(2) Yae L,Vse S, a—seS.

Sisitself alocale: A\g = A, —s=—1
but | |s; = A{se S|V s <sl
Motivation for the definition:

PROP:
S < L is asublocale iff the embedding j5: S < L is alocalic map.
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S/(L): sublocales of L, ordered by <
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PROPOSITION. S¢(L) is a co-frame.
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PROOF:
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PROPOSITION. S¢(L) is a co-frame. (A v B;) é Av ((Bi)

PROOF: Vi, ¢ =a; A b; (a; € A,b; € B;).
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0={1}, 1=L A= |V;Si={A4|Ac, S}
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S/(L): sublocales of L, ordered by <

0={1}, 1=L A= |V;Si={A4|Ac, S}

PROPOSITION. S¢(L) is a co-frame. (A v B;) é Av ((Bi)

PROOF: Vi, x =a; Ab; (a; € A,b; € B;). Leta = /\ai e A.

CBZ/\(CLZ'/\[)Z')ZaA(/\bi)SCL/\bz‘SCLi/\biZCB.

i | I—
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S/(L): sublocales of L, ordered by <

0={1}, 1=L A= |V;Si={A4|Ac, S}

PROPOSITION. S¢(L) is a co-frame. (A v B;) é Av ((Bi)

PROOF: Vi, x =a; Ab; (a; € A,b; € B;). Leta = /\ai e A.

xz/\(ai/\bi)zaf\(/\bi)<a/\bz~<ai/\bi=x.

i | I—

H
Then x =a A b;, Vi (:) a — b; does not depend on s.
—

beﬂ B;
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S/(L): sublocales of L, ordered by <

0={1}, 1=L A= |V;Si={A4|Ac, S}

PROPOSITION. S¢(L) is a co-frame. (A v B;) é Av ((Bi)

PROOF: Vi, x =a; Ab; (a; € A,b; € B;). Leta = /\ai e A.

xz/\(ai/\bz-)zaf\(/\bz-)<a/\bi<ai/\bi=x.

i | I—

H
Then x =a A b;, Vi (:) a — b; does not depend on s.
—

beﬂ B;

(E)a/\(a_)bi):a/\beAv(ﬂBz')- O
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SPECIAL SUBLOCALES

acel, cla)="Ta CLOSED
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> complemented
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Properties

(1) a<b iff ¢(a) 2¢c(b) iff o(a) S o(b).
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SPECIAL SUBLOCALES

acel, cla)="Ta CLOSED
> complemented

o(a)={a—>z|xel} OPEN |

Properties

(1) a < b iff ¢(a) 2¢(b) Iff o(a) < o(D).
(2) Ac(ai) = c(V ai).

(3) Vo(ai) =o(V a;).

(4) c(a) v c(b) =c(a Ab).

(5) o(a) A o(b) =o0(a A b).
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SPECIAL SUBLOCALES It is a co-frame!

o(L) ={o(a) | a€ L}

(a frame)

o(L) = {c(a) | a € L}

(a co-frame)
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CLOSURE and INTERIOR

CLOSURE: S = A{c(a)| S < c(a)}
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Ta
CLOSURE: S = A{c(a) | S<c(a)} =c(V{a]a< AS}H =c(AS).

INTERIOR: intS = \/{o(a) | o(a) < S}.

EXAMPLE: o(b)

¢(/\o(b)) =c(b— 0)=c(b*).

Tutorial on localic topology BLAST 2015 — 18




Ta
CLOSURE: S = A{c(a) | S<c(a)} =c(V{a]a< AS}H =c(AS).

INTERIOR: intS = \/{o(a) | o(a) < S}.

EXAMPLE: o(b) = ¢(/Ao(b)) = ¢c(b — 0) = c(b*).

By complementation, int ¢(b) = o(b*).
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CLOSURE: S = A{c(a) | S<c(a)} =c(V{a]a< AS}H =c(AS).

INTERIOR: intS = \/{o(a) | 0(a) < S}.

SisDENSE: S =1L
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Ta
CLOSURE: S = A{c(a) | S<c(a)} =c(V{a]a< AS}H =c(AS).
INTERIOR: intS = \/{o(a) | o(a) € S}.

SiSDENSE: S=L<(AS)=Le AS=0<0¢S5.

Hence: intersections of dense sublocales are dense,

i.e., there exists the smallest dense sublocale of a locale! &)
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Ta
CLOSURE: S = A{c(a) | S<cla)}=c(V{a|a< A\S}) =c(AS).

INTERIOR: intS = \/{o(a) | 0(a) < S}.

SiSDENSE: S=L<(AS)=Le AS=0<0¢S5.

THM. B, ={2* |x € L} = {z | 2™ = z} is the least dense sublocale.
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INTERIOR: intS = \/{o(a) | 0(a) < S}.
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ProoF: e (0 € By so ‘B, Is dense.

e Sdense=%;, < S5: z*=x—> 0¢€b.

e °B; IS a sublocale:
Nz =(Vz)*
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SPACES versus LOCALES

Lc

Top T Loc

Pt

~
<SS
equivalence

“soberification” of a space “spatialization” of a locale
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V < U
V<Ue X Vo2X U« X Vull=X<V*uU=X.
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NN

Tutorial on localic topology BLAST 2015 — 2




RECAP: SPECIAL SUBLOCALES

acel, cla)="Ta CLOSED
> complemented

o(a)={a—>z|xel} OPEN |

Properties

(1) a < b iff ¢(a) 2¢(b) Iff o(a) < o(D).
(2) Ac(ai) = c(V ai).

(3) Vo(ai) =o(V a;).

(4) c(a) v c(b) =c(a Ab).

(5) o(a) A o(b) =o0(a A b).
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Regularity
VUeOX),VrelU, IWVeOX): zeVcVcCU.

So X is regular iff

VUeOX), U=J/{VeOX) |V cU}

V < U
V<Ue X Vo2X U« X Vull=X<V*uU=X.

In a general locale L: |Vo(a), o(a) = \/{o(b) | 0(b) S 0(a)}

b<a=b*va=1 Vae L,a=\/{be L|b< a}

(Conservative extension: X is regular iff the locale O(X) is regular.)
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DOING TOPOLOGY IN Loc partial order <

Properties

a<b = a<hb.

-

O
% a<b<c<d = a<d.
O

CL1\/CL2<b1\/b2
ai<bz- (i=1,2) =

L CL1/\CL2<b1/\b2
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Complete Regularity

[0,1]
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DOING TOPOLOGY IN Loc

By Urysohn’s Lemma,

X Is completely regular iff

Complete Regularity

X

f
F S~

‘ g f(x) =0
fIF] = {1}

[0,1]

VU e OX), U={VeOX)|V<<U)
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Complete Regularity

X

Ia \f/
‘ o fz) =0
fIF] = {1}

X is completely regular iff |[YU e O(X), U ={VeOX) |V << U}

[0,1]

By Urysohn’s Lemma,

V << U = 3 (Wq)qum[O,l]: Wo=V, W1 =U, p<qg=W,<W,.
[B. Banaschewski (1953)]
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Complete Regularity

X [0,1]

Ia \f/
Q o f(x) =0
fIF] = {1}

X is completely regular iff |[YU e O(X), U ={VeOX) |V << U}

By Urysohn’s Lemma,

V << U =the largest INTERPOLATIVE relation contained in <

So, for a general locale L:

L is completely regular if Yae L,a=\/{be L |b << a}.

(Conservative extension: X is c. reg. iff the locale O(X) is c. reg.)
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DOING TOPOLOGY IN Loc An Illustrative result

PROPOSITION. Each compact regular locale is completely regular.

PROOF: Suffices: <=<< (l.e., < interpolates).

leta<b=a*vb=1.

k \\\_\N\’\[zj;/{a?EL|ZE<b}

L
regularity

Therefore {a™} U {z | x < b} is a cover.

compactness
a*vzriv---vze,=1< a<c
&
Further
r;<b(t=1,...,n) = c<b &
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ldeals of L: J(L) (I)b<aeJ=bed, (I12)a,beJ=avbeJ

LEMMA 1. J(L) is a compact locale.

Proor: o A = () (any intersection of ideals is an ideal).

o\/JZ = {\/F|Ff|n|te,F§UJz}

e (\/Ji)n K =\/(J; n K).
Ciz=x1Vv---vaye(VL)nK (zjel;)
(I1) x;<xeK
zjeJi, nK=2e\/(J;nK)

e\/Ji=Ls3l=1=x1Vv- vz, (somecz;eJ,).

Thenle\/_Ji;, = L=\/;_Ji,. &
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THE (constructive) STONE- Cech compactification

Regularideal: (Ir)Vae J3be J: a << b. R(L)

LEMMA 2. R(L) is a subframe of J(L), hence compact.

ac€l, ola)={xe Ll |x<<a}.

By interpolation property of <<, each o(a) is a regular ideal of L.

LEMMA 3. fR(L) is a completely regular compact locale.

Proor: By the Lemma it suffices to show that SR(L) is regular.
For each regular J, J =|J{o(a)|aec J} =\/{o(a)]|ac J}.

Now, suffices: b<<ain L. = o(b) <o(a)inR(L) whichis easy!
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INTERMEZZO: DENSE MAPS

Dense localic map: f: L — M such that f|L] is dense in M

i.e. 0e f[L] < £(0) = 0.

Frm Loc

fH(1) =1 < fla)=1=a=1
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INTERMEZZO: DENSE MAPS

Dense localic map: f: L — M such that f|L] is dense in M

i.e. 0e f[L] < £(0) = 0.

Frm Loc
f*(1) =1 = fla)=1=a=1
f*(a)=0=a=0 = f(0) =0
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THE (constructive) STONE- Cech compactification

LEMMA 4. For each completely regular L,

Br: R(L)

IS a dense surjection.
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THE (constructive) STONE- Cech compactification

THEOREM. There is a functor ‘R: CRegFrm — CRegFrm

R(L)
lj(h)
R(M)
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THE (constructive) STONE- Cech compactification

THEOREM. There is a functor ‘R: CRegFrm — CRegFrm
R(L)
EC

and a natural transformation

g: R — 1Id

such that:

(1) Each %R(L) is compact.

(2) Each 3y, I1s a dense surjection.

(3) Gy, Is an isomorphism iff L iIs compact.
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REAL NUMBERS POINTFREELY

The frame of reals:

L(R) = Frm{(p,—),(—q)(p,q € Q) |
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The frame of reals:
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(R2) (p,—) v (—,q) =1 forp <gq,
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REAL NUMBERS POINTFREELY

The frame of reals:
(R) =Frm{(p,—), () (p,a€ Q) | (R1) (p,—) A (—,q) =0 forp > g,
(R2) (p,—) v (—q) =1 forp < g,
(R3) (0, =) = Vysp(r,—),
(— @) = Vis<y(—9),
(R4) Vpeq(p:—) = 1,

\/qu (_7 Q) =1 >
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The frame of extended reals £(R)

Generators (p,—), (—q), p,qgeR

Relations  (R1) (p,—) A (—,q) = 0 whenever p > q
(R2) (p,—) v (—,q) = 1 whenever p < g
(R3) (p,—) = V,s,p(r,—) @and (—,q) = \V/,_,(—3)
(R Vg (=) =1 = Vg (— )
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SIDE NOTES

The frame of extended reals £(R)

Generators (p,—), (—a), Dp,qeQ
Relations  (R1) (p,—) A (—,q) = 0 whenever p > ¢
(R2) (p,—) v (—,q) = 1 whenever p < q
(R3) (pa_) — \/ p(ra _) and (_7 Q) — \/s<q(_7 S)
peQ\H /T Vge ’

B. BANASCHEWSKI, J. GUTIERREZ GARCIA & J. P.

Extended real functions in pointfree topology,

January 2015 Tutorial on localic topology

J. Pure Appl. Algebra 216 (2012)
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SIDE NOTES

Generators (p,—), (—q), p,qgeR

Relations  (R1) (p,—) A (—,q) = 0 whenever p > ¢
(R2) (p,—) v (—,q) = 1 whenever p < ¢
(R3) (p,—) = V,5p(rs—) and (— q) = V(=)
(RA) Ve —) =1 =V eq(—9)

Tutorial on localic topology
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The frame of partial reals £(IR)

Generators (p,—), (=), p,qeQ

Relations  (R1) (p,—) A (—,q) = 0 whenever p > q
(R2) (p,—) v (—,q) = 1 whenever p < ¢
)

(RB) (pa_ \/'r>p( ) and ( ) — \/S<q(_7 8)
(R4) Vpeq(P,—) =1 =V eq(—9)

Pt(£(IR)) is the partial real line.
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The frame of partial reals £(IR)

Generators (p,—), (=), p,qeQ
Relations  (R1) (p,—) A (—,q) = 0 whenever p > q

Y Y

(R3) (pa_) — \/r>p(rv _) and (_7 Q) — \/s<q(_7 S)
(R4) \/peQ (pa_) =1= \/qu (_7 Q)

Similarly, we have the partial continuous real functions:

|. MOz0O CAROLLO, J. GUTIERREZ GARCIA & J. P.
On the Dedekind completion of function rings, Forum Mathematicum to appear
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(GENERAL) REAL FUNCTIONS POINTFREELY Motivation

e Any f: X —> R
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e From the adjunction Top Loc
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(GENERAL) REAL FUNCTIONS POINTFREELY Motivation

o Any f: (X,P(X)) — (R,%) iscontinuous.
€. F(X) ~ Hompop ((X,P(X)), (R,T))
_ _ Lc
e From the adjunction Top Loc
Pt

F(X) ~ Homprm (£(R), P(X))

Homprm (£(R), S(L))
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(GENERAL) REAL FUNCTIONS POINTFREELY Motivation

o Any f: (X,P(X)) — (R,%) iscontinuous.
€. F(X) ~ Hompop ((X,P(X)), (R,T))
_ _ Lc
e From the adjunction Top Loc

Pt

F(X) > Hompem (£(R), P(X)) lattice of subspaces of X

m R ) '
Homprm (£(R), S(L)) dual lattice of sublocales of L

Natural extension:
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f: 2(R) — (D)

S(L) is rich enough to allow to segregate the specific classes
of real functions we are interested with in a satisfactory manner:
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f: 2(R) — (D)

S(L) is rich enough to allow to segregate the specific classes
of real functions we are interested with in a satisfactory manner:

f(pv_) = C(L)
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f: 2(R) — (D)

S(L) is rich enough to allow to segregate the specific classes
of real functions we are interested with in a satisfactory manner:

f(—q) (L) f(p,—) € e(L)

January 2015 Tutorial on localic topology BLAST 2015 — 17




f: 2(R) — (D)

S(L) is rich enough to allow to segregate the specific classes
of real functions we are interested with in a satisfactory manner:

f(—q) (L) f(p,—) € e(L)

J. GUTIERREZ GARCIA, T. KuBIAK & J. P.
Localic real functions: a general setting, J. Pure Appl. Algebra 213 (2009) 1064-1074
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REGULARIZATIONS OF A REAL FUNCTION feF(L)

e lower regularization f°
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r>p $<q
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e lower regularization f°

oo, —) = \/ f(r,—) f—a) =\ f(s,—)"

r>p $<q

Then: f°¢ e LSC(L)
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REGULARIZATIONS OF A REAL FUNCTION feF(L)

e lower regularization f°

oo, —) = \/ f(r,—) f—a) =\ f(s,—)"

r>p $<q

Then: foeLSC(L), f°

IN
-

Tutorial on localic topology BLAST 2015 — 18




REGULARIZATIONS OF A REAL FUNCTION feF(L)

e lower regularization f°

oo, —) = \/ f(r,—) f—a) =\ f(s,—)"

r>p $<q

Then:  f°cTSC(L), f°<f, f°=\igelSC(L)|g< f}.
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REGULARIZATIONS OF A REAL FUNCTION feF(L)

e lower regularization f°

oo, —) = \/ f(r,—) f—a) =\ f(s,—)"

r>p $<q

Then:  f°cTSC(L), f°<f, f°=\igelSC(L)|g< f}.

If {ge LSC(L) | g < f} # & then f° e LSC(L).
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REGULARIZATIONS OF A REAL FUNCTION feF(L)

e lower regularization f°

oo, —) = \/ f(r,—) f—a) =\ f(s,—)"

r>p s<q

Then:  f°cTSC(L), f°<f, f°=\{gelSC(L)|g< f}.
If {ge LSC(L) | g < f} # & then f°eLSC(L).

e Dually: the upper regularization f~ = —(—f)°

J. GUTIERREZ GARCIA, T. KuBIAK & J. P.
Lower and upper regularizations of frame semicontinuous real functions, Alg. Univ. (2009)
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APPLICATIONS: insertion theorems locale L

TFAE:

() L is normal

January 2015 Tutorial on localic topology BLAST 2015 — 19




APPLICATIONS: insertion theorems locale L

TFAE:

() L is normal

i) f < g = 3IheC(l):f
~— =~
USC LSC

A
>
A

S
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APPLICATIONS: insertion theorems locale L

TFAE:

() L is normal

(i) f < g = dheClL):f<h<g
—— ——
USC LSC
e Classically: L = OX [Katetov-Tong insertion]
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APPLICATIONS: insertion theorems locale L

TFAE:

() L is normal

(ii) f < g = JdheCL):f<h<g
W_/ W_/
USC LSC
e Classically: L = OX [Katetov-Tong insertion]
e Separation: f = xr, g = x4 [Urysohn’s Lemmaj
e Extension: £(R) — ¢(a) [Tietze’s Extension Theorem]
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APPLICATIONS: insertion theorems locale L

TFAE:

() L isrernat extremally disconnected

(i) f = g = dheClL):f=h=>g
W_J W_J
e LSC
e Classically: L = OX [Lane; Kubiak-de Prada Vicente insertion]
e Separation: f = xp, g = x4 [Gillman-Jerison]
o Extension: £(R) — o(a) [Gillman-Jerison]
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APPLICATIONS: insertion theorems locale L

TFAE:

() L is-rermal completely normal

(i) fig,f<g f<g° = FJhelSCL):f<h<h <y
——
F(L)
e Classically: L = OX [General insertion: Kubiak]
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APPLICATIONS: insertion theorems

More: monotone insertion [Kubiak],
strict insertion [Dowker],

bounded insertion [Michael], ...

January 2015 Tutorial on localic topology BLAST 2015 — 20
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