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MAKING THE PICTURE COVARIANT: the category of locales
O ©_ o Q Contravariant
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e OBJECTS: locales = frames (=cHa)

e MORPHISMS: L

frame homomorphisms
taken backwards
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We can put this in a more CONCRETE way:
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MAKING THE PICTURE COVARIANT: the category of locales

We can put this in a more CONCRETE way:
Each h: M — L in Frm has a UNIQUELY defined right adjoint
he: L — M

that can be used as a representation of the h as a mapping
going in the proper direction.

LOCALIC MAP: amap f: L — M that has a left adjoint
f*in Frm, I.e., preserving finite meets:

(1) (1) =
(2) f*(anb) = f*a) A F*(b).
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PROPOSITION. Let f: L — M have a left adjoint f*. Then:
(1) f*(1) =1iff fI[L~{1}] = M ~ {1}.
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(1) f*(1) =1iff fI[L~{1}] = M ~ {1}.
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PROPOSITION. Let f: L — M have a left adjoint f*. Then:
(1) f*(1) =1iff fI[L~{1}] = M ~ {1}.

(2) f*(a Ab) = f*(a) A f*(b) Ya,be L iff
(b) Ya,be L.

Proor: (2) =: = < f(f*(a) > b) Iff f*(z)< f*(a) > b

<. f*lanb)<z Iff a<b-o f(x)= f(f*(b) — x)

iff - f(a) A F*(b) < o

3
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e OBJECTS: locales = frames (=cHa)

e MORPHISMS: L e F(NS) = A f[S]
f e fla)=1=a=1
Y
M
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MAKING THE PICTURE COVARIANT: the category of locales

e OBJECTS: locales = frames (=cHa)

e MORPHISMS: L e FINS) = A fIS]
f ° f(a) =1l=a=1
M o [(f*(a) > b) =a — f(b)
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Top > Frm IS Immediately modifiable to a functor
Lc
Top > Loc
X > O_X U
f Of( \;(Of)*=LC(f) \g
Y > (Y Y N fIX NU]
Why?
fAV]IcU iff VY~ fIX \U] (since f~H—] 4 f[-°]°)

iff Vcint(Y N fIX\NU]) =Y fIXU|
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Q a point z of X is a continuous map {#} — X

%

Loc Le({#}) = 2 —> Le(X)

Extension: a point of a general locale L is a localic map
p:2 — L
1 — 1
0 — a#l.

z Ay <a=p(0) iff p*(z) Ap*(y) <O
= p*(xz) =0 or p*(y) =0
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THE SPECTRUM OF A LOCALE

Q a point z of X is a continuous map {#} — X

%

Loc Le({#}) = 2 —> Le(X)

Extension: a point of a general locale L is a localic map

p:2 — L
1 - 1
0 — a#l.
r Ay <a=p0) iff p*(x) Ap*(y) <0 | a # 1
= p(z) =0 or p*(y) =0 A-IRREDUCIBLES
iff 2 <p(0)=a or y<p(0)=a. | (PRIMEELEMENTS)

Pt(L)
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THE SPECTRUM OF A LOCALE

acl, ¥,={pePt(L)|a<p}

This is a TOPOLOGY in Pt(L): SPECTRUM of L

202@, lept(L), EamszEaAb, UEaizZ\/ai.

D—d
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THE SPECTRUM OF A LOCALE

acl, ¥,={pePt(L)|a<p}

This is a TOPOLOGY in Pt(L): SPECTRUM of L

YYo=, X1 =Pt(L), X403 =3grbs UEaizE\/ai.

D—d

L ~~—~—~~—~~>Pt(L)

f Floecr Localic maps send points to points

Y

M ~—~—~—~—~>Pt(M)

Pt(f)~" (%) = {pePt(L) | bk f(p)} = {p | f*(b) € p} = Xpx)

Tutorial on localic topology BLAST 2015 — 8




SPACES AND LOCALES O > O
<

January 2015 Tutorial on localic topology BLAST 2015 — 9




SPACES AND LOCALES Q > O
<

A frame is SPATIAL if it Is iIsomorphic to some topology.

January 2015 Tutorial on localic topology BLAST 2015 — 9




SPACES AND LOCALES Q > O
<

A frame is SPATIAL if it Is iIsomorphic to some topology.

Lc(X) is always spatial.

January 2015 Tutorial on localic topology BLAST 2015 — 9




SPACES AND LOCALES

.
:

A frame is SPATIAL if it Is iIsomorphic to some topology.

Lc(X) is always spatial.

A space X is SOBER if every meet-irreducible open is of the form

X\@

for a unique x € X. To c Sob < Ty

no relation with T4
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Lc

SPACES AND LOCALES O 1 > O
<

Pt

UNIT: nx: X — Ptlc(X)

r — X~ {x}
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SPACES AND LOCALES Q 1 > O
<

UNIT: nx: X — Ptle(X)

r — X~ {x}

PROPOSITION: nx is a homeomorphism iff X is sober.

COUNIT: er: LePt(L) — L
P — \V{be L |X, € X,}

PROPOSITION: ¢y, Is an isomorphism iff L is spatial.
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SPACES and LOCALES

Top
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SPACES and LOCALES

Lc

Top T Loc

Pt

~
<SS
equivalence

Perception: Sob more representative of all of Top than SpLoc of Loc.
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Lc

Top T Loc

Pt

~
<SS
equivalence

“soberification” of a space
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SPACES and LOCALES

Lc

Top T Loc

Pt

~
<SS
equivalence

“soberification” of a space “spatialization” of a locale
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THE BOOLEAN CASE: non-spatial locales

PROPOSITION: L is spatial iff each a # 1 is a meet of points of L.
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THE BOOLEAN CASE: non-spatial locales

PROPOSITION: L is spatial iff each a # 1 is a meet of points of L.

L has “enough points”

COROLLARY: In a Boolean algebra, every meet-irreducible is a co-
atom. Therefore a Boolean locale B is spatial iff it is atomic.

ProoF: Let p < x, p meet-irreducible. Then

V

P =—-xr<p

-
|
&
>
]
8
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PROPOSITION: L is spatial iff each a # 1 is a meet of points of L.

L has “enough points”

COROLLARY: In a Boolean algebra, every meet-irreducible is a co-
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V

P =—a<p=—za<zr=x=1.

-
|
&
>
]
8
A

Tutorial on localic topology BLAST 2015 — 12




THE BOOLEAN CASE: non-spatial locales

PROPOSITION: L is spatial iff each a # 1 is a meet of points of L.

L has “enough points”

COROLLARY: In a Boolean algebra, every meet-irreducible is a co-
atom. Therefore a Boolean locale B is spatial iff it is atomic.

ProoF: Let p < x, p meet-irreducible. Then

V

P =—a<p=—za<zr=x=1.

-
|
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By the Proposition,

B spatial = each a # 1in B is a meet of co-atoms
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THE BOOLEAN CASE: non-spatial locales

PROPOSITION: L is spatial iff each a # 1 is a meet of points of L.

L has “enough points”

COROLLARY: In a Boolean algebra, every meet-irreducible is a co-
atom. Therefore a Boolean locale B is spatial iff it is atomic.

Proor: Let p < x, p meet-irreducible. Then

V

O=2A—2T<p =—-a<p=—-—"a<r=zc=1.
By the Proposition,

B spatial = each a # 1in B is a meet of co-atoms

< eacha # 1in Bis ajoin of atoms (by complement.). &
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GENERALIZED SUBSPACES: SUBLOCALES

DEFINITION: S < Lis a SUBLOCALE of L if
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(2) Yae L,Vse S, a—seS.

Tutorial on localic topology BLAST 2015 — 14




GENERALIZED SUBSPACES: SUBLOCALES

DEFINITION: S < L is a SUBLOCALE of L if
(1) VAc S, ANAe S,

(2) Yae L,Vse S, a—seS.

Sisitself alocale: Ag = A;, —s=—1L

but | |s; = A{se S|V s <sl
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GENERALIZED SUBSPACES: SUBLOCALES

DEFINITION: S < Lis a SUBLOCALE of L if

(1) VAc S, NAeS,
(2) Yae L,Vse S, a—seS.

Sisitself alocale: A\g = A, —s=—1
but | |s; = A{se S|V s <sl
Motivation for the definition:

PROP:
S < L is asublocale iff the embedding j5: S < L is alocalic map.
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0={1}, 1=L A= |V;Si={A4|Ac, S}
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S/(L): sublocales of L, ordered by <

0={1}, 1=L A= |V;Si={A4|Ac, S}

PROPOSITION. S¢(L) is a co-frame.
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S/(L): sublocales of L, ordered by <

0={1}, 1=L A= |V;Si={A4|Ac, S}

PROPOSITION. S¢(L) is a co-frame. (A v B;) é Av ((Bi)

PROOF:
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S/(L): sublocales of L, ordered by <

0={1}, 1=L A= |V;Si={A4|Ac, S}

PROPOSITION. S¢(L) is a co-frame. (A v B;) é Av ((Bi)

PROOF: Vi, ¢ =a; A b; (a; € A,b; € B;).
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S/(L): sublocales of L, ordered by <

0={1}, 1=L A= |V;Si={A4|Ac, S}

PROPOSITION. S¢(L) is a co-frame. (A v B;) é Av ((Bi)

PROOF: Vi, x =a; Ab; (a; € A,b; € B;). Leta = /\ai e A.
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S/(L): sublocales of L, ordered by <

0={1}, 1=L A= |V;Si={A4|Ac, S}

PROPOSITION. S¢(L) is a co-frame. (A v B;) é Av ((Bi)

PROOF: Vi, x =a; Ab; (a; € A,b; € B;). Leta = /\ai e A.

CBZ/\(CLZ'/\[)Z')ZaA(/\bi)SCL/\bz‘SCLi/\biZCB.

i | I—
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S/(L): sublocales of L, ordered by <

0={1}, 1=L A= |V;Si={A4|Ac, S}

PROPOSITION. S¢(L) is a co-frame. (A v B;) é Av ((Bi)

PROOF: Vi, x =a; Ab; (a; € A,b; € B;). Leta = /\ai e A.

xz/\(ai/\bi)zaf\(/\bi)<a/\bz~<ai/\bi=x.

i | I—

H
Then x =a A b;, Vi (:) a — b; does not depend on s.
—

beﬂ B;
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S/(L): sublocales of L, ordered by <

0={1}, 1=L A= |V;Si={A4|Ac, S}

PROPOSITION. S¢(L) is a co-frame. (A v B;) é Av ((Bi)

PROOF: Vi, x =a; Ab; (a; € A,b; € B;). Leta = /\ai e A.

xz/\(ai/\bz-)zaf\(/\bz-)<a/\bi<ai/\bi=x.

i | I—

H
Then x =a A b;, Vi (:) a — b; does not depend on s.
—

beﬂ B;

(E)a/\(a_)bi):a/\beAv(ﬂBz')- O
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acel, cla)="Ta CLOSED
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SPECIAL SUBLOCALES

acel, cla)="Ta CLOSED
> complemented

o(a)={a—>z|xel} OPEN |

Properties

(1) a<b iff ¢(a) 2¢c(b) iff o(a) S o(b).
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acel, cla)="Ta CLOSED
> complemented

o(a)={a—>z|xel} OPEN |

Properties

(1) a<b iff ¢(a) 2¢c(b) iff o(a) S o(b).
(2) Aclai) = c(V ai).
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SPECIAL SUBLOCALES

acel, cla)="Ta CLOSED
> complemented

o(a)={a—>z|xel} OPEN |

Properties

(1) a<b iff ¢(a) 2¢c(b) iff o(a) S o(b).
(2) Aclai) = c(V ai).
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SPECIAL SUBLOCALES

acel, cla)="Ta CLOSED
> complemented

o(a)={a—>z|xel} OPEN |

Properties

(1) a<b iff ¢(a) 2¢c(b) iff o(a) S o(b).
(2) Aclai) = c(V ai).

(3) Vo(ai) =o(V ai).
(4) c(a) v ¢(b) =c(a A Db).
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SPECIAL SUBLOCALES

acel, cla)="Ta CLOSED
> complemented

o(a)={a—>z|xel} OPEN |

Properties

(1) a < b iff ¢(a) 2¢(b) Iff o(a) < o(D).
(2) Ac(ai) = c(V ai).

(3) Vo(ai) =o(V a;).

(4) c(a) v c(b) =c(a Ab).

(5) o(a) A o(b) =o0(a A b).
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SPECIAL SUBLOCALES It is a co-frame!

o(L) ={o(a) | a€ L}

(a frame)

o(L) = {c(a) | a € L}

(a co-frame)
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SPECIAL SUBLOCALES It is a co-frame!
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o(L) ={o(a) | a€ L}

(a frame)

o(L) = {c(a) | a € L}

(a co-frame)
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CLOSURE and INTERIOR

CLOSURE: S = A{c(a)| S < c(a)}
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CLOSURE: § = Afc(a) | S < c(a)} = c(\V{a]a< ASH =c(AS).
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INTERIOR: intS = \/{o(a) | 0(a) < S}.
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Ta
CLOSURE: S = A{c(a) | S<c(a)} =c(V{a]a< AS}H =c(AS).

INTERIOR: intS = \/{o(a) | o(a) < S}.

EXAMPLE: o(b)

¢(/\o(b)) =c(b— 0)=c(b*).
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Ta
CLOSURE: S = A{c(a) | S<c(a)} =c(V{a]a< AS}H =c(AS).

INTERIOR: intS = \/{o(a) | o(a) < S}.

EXAMPLE: o(b) = ¢(/Ao(b)) = ¢c(b — 0) = c(b*).

By complementation, int ¢(b) = o(b*).
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Ta
CLOSURE: S = A{c(a) | S<c(a)} =c(V{a]a< AS}H =c(AS).

INTERIOR: intS = \/{o(a) | 0(a) < S}.

SisDENSE: S =1L

Tutorial on localic topology BLAST 2015 — 18



Ta
CLOSURE: S = A{c(a) | S<c(a)} =c(V{a]a< AS}H =c(AS).

INTERIOR: intS = \/{o(a) | o(a) < S}.

SisDENSE: S =L < 1(AS) =1L

Tutorial on localic topology BLAST 2015 — 18



Ta
CLOSURE: S = A{c(a) | S<c(a)} =c(V{a]a< AS}H =c(AS).

INTERIOR: intS = \/{o(a) | o(a) < S}.

SiSDENSE: S=L<(AS)=Le AS=0<0¢S5.
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Ta
CLOSURE: S = A{c(a) | S<c(a)} =c(V{a]a< AS}H =c(AS).
INTERIOR: intS = \/{o(a) | o(a) € S}.

SiSDENSE: S=L<(AS)=Le AS=0<0¢S5.

Hence: intersections of dense sublocales are dense,
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Ta
CLOSURE: S = A{c(a) | S<c(a)} =c(V{a]a< AS}H =c(AS).
INTERIOR: intS = \/{o(a) | o(a) € S}.

SiSDENSE: S=L<(AS)=Le AS=0<0¢S5.

Hence: intersections of dense sublocales are dense,

i.e., there exists the smallest dense sublocale of a locale! &)
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Ta
CLOSURE: S = A{c(a) | S<cla)}=c(V{a|a< A\S}) =c(AS).

INTERIOR: intS = \/{o(a) | 0(a) < S}.

SiSDENSE: S=L<(AS)=Le AS=0<0¢S5.

THM. B, ={2* |x € L} = {z | 2™ = z} is the least dense sublocale.
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CLOSURE: S = A{c(a) | S<cla)}=c(V{a|a< A\S}) =c(AS).

INTERIOR: intS = \/{o(a) | 0(a) < S}.

SiSDENSE: S=L<(AS)=Le AS=0<0¢S5.

THM. B, ={2* |x € L} = {z | 2™ = z} is the least dense sublocale.

ProoF: e (0 € By so ‘B, Is dense.
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e Sdense=%;, < S5: z*=x—> 0¢€b.
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CLOSURE: S = A{c(a) | S<cla)}=c(V{a|a< A\S}) =c(AS).

INTERIOR: intS = \/{o(a) | 0(a) < S}.

SiSDENSE: S=L<(AS)=Le AS=0<0¢S5.

THM. B, ={2* |x € L} = {z | 2™ = z} is the least dense sublocale.
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e Sdense=%;, < S5: z*=x—> 0¢€b.

e °B; IS a sublocale:
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CLOSURE: S = A{c(a) | S<cla)}=c(V{a|a< A\S}) =c(AS).

INTERIOR: intS = \/{o(a) | 0(a) < S}.

SiSDENSE: S=L<(AS)=Le AS=0<0¢S5.

THM. B, ={2* |x € L} = {z | 2™ = z} is the least dense sublocale.

ProoF: e (0 € By so ‘B, Is dense.

e Sdense=%;, < S5: z*=x—> 0¢€b.

e °B; IS a sublocale:

Nxi=(\ x;)"
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Ta
CLOSURE: S = A{c(a) | S<cla)}=c(V{a|a< A\S}) =c(AS).

INTERIOR: intS = \/{o(a) | 0(a) < S}.

SiSDENSE: S=L<(AS)=Le AS=0<0¢S5.

THM. B, ={2* |x € L} = {z | 2™ = z} is the least dense sublocale.

ProoF: e (0 € By so ‘B, Is dense.

e Sdense=%;, < S5: z*=x—> 0¢€b.

e °B; IS a sublocale:
Nz =(Vz)*

a—->zx*=a—->(r—>0)=arz—>0=(arx)*. &
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