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We can put this in a more CONCRETE way:

Ñ � Ñ
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Each h : M Ñ L in Frm has a UNIQUELY defined right adjoint

h� : LÑM

that can be used as a representation of the h as a mapping
going in the proper direction.

LOCALIC MAP: a map f : L Ñ M that has a left adjoint
f� in Frm, i.e., preserving finite meets:

(1) f�p1q � 1.

(2) f�pa^ bq � f�paq ^ f�pbq.
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THE SPECTRUM OF A LOCALE

Top a point x of X is a continuous map t�u ÝÑ X

pt�uq � 2 ÝÑ p q
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���� �^
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A space X is SOBER if every meet-irreducible open is of the form
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for a unique x P X. T2 � Sob � T0
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UNIT: ηX : X Ñ Pt LcpXq

x ÞÑ X r txu
PROPOSITION: ηX is a homeomorphism iff X is sober.

COUNIT: εL : LcPtpLq Ñ L

Σa ÞÑ �tb P L | Σb � Σau

PROPOSITION: εL is an isomorphism iff L is spatial.
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Top Loc
Lc

Pt

KKK
Sob

SpLoc�
equivalence

Perception: Sob more representative of all of Top than SpLoc of Loc.
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THE BOOLEAN CASE: non-spatial locales

PROPOSITION: L is spatial iff each a � 1 is a meet of points of L.

  � ^ ¤ ñññ  ¤ ñññ  ¤ ñññ �

ñññ ���� �
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PART IV.

Doing topology in Loc
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GENERALIZED SUBSPACES: SUBLOCALES

DEFINITION: S � L is a SUBLOCALE of L if

� � � P� P � P Ñ P







�



� �� Ñ �Ñ� ��t P |� ¤ u

� �
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S

S is itself a locale:

�

S ��L, ÑS�ÑL

but

�

si ��ts P S |� si ¤ su.
Motivation for the definition:

PROP:

S � L is a sublocale iff the embedding jS : S � L is a localic map.
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THE SUBLOCALE LATTICE SℓpLq: sublocales of L, ordered by �

� t u � � � � � � t� | � � u

p q �p _ q � _ p� q

� � ^ P P �� P��p ^ q � ^ p� q ¤ ^ ¤ ^ �

� ^ � ñ ÑloomoonPPP���� ^ p Ñ q � ^ P _ p� q
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SPECIAL SUBLOCALES

a P L, cpaq � Òa CLOSED

p q � t Ñ | P u
,.-

¤ p q � p q p q � p q� p q � p� q� p q � p� qp q _ p q � p ^ qp q ^ p q � p ^ q
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,.- complemented

Properties

(1) a ¤ b iff cpaq � cpbq iff opaq � opbq.
(2)

�

cpaiq � cp� aiq.
(3)

�

opaiq � op� aiq.
(4) cpaq _ cpbq � cpa^ bq.
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SPECIAL SUBLOCALES It is a co-frame!

SℓpLq
L opLq

cpLq
complemented

opLq � topaq | a P Lu

(a frame)

cpLq � tcpaq | a P Lu
(a co-frame)

�
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CLOSURE and INTERIOR

CLOSURE: S ��tcpaq | S � cpaqu

� p�t | ¤� uq � p� qÒ
��t p q | p q � u

p q � p� p qq � p Ñ q � p �qp q � p �q
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CLOSURE and INTERIOR

CLOSURE: S ��tcpaq | S � cpaqu � cp�ta | a ¤�Suq � cp�Sq.Òa
INTERIOR: intS ��topaq | opaq � Su.
EXAMPLE: opbq � cp� opbqq � cpbÑ 0q � cpb�q.

p q � p �q
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CLOSURE and INTERIOR

CLOSURE: S ��tcpaq | S � cpaqu � cp�ta | a ¤�Suq � cp�Sq.Òa
INTERIOR: intS ��topaq | opaq � Su.
EXAMPLE: opbq � cp� opbqq � cpbÑ 0q � cpb�q.

By complementation, int cpbq � opb�q.
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ISBELL’S DENSITY THEOREM

CLOSURE: S ��tcpaq | S � cpaqu � cp�ta | a ¤�Suq � cp�Sq.Òa
INTERIOR: intS ��topaq | opaq � Su.
S is DENSE: S � L

� Òp� q � �� � � P
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INTERIOR: intS ��topaq | opaq � Su.
S is DENSE: S � L� Òp�Sq � L��

S � 0� 0 P S.

Hence: intersections of dense sublocales are dense,
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ISBELL’S DENSITY THEOREM

CLOSURE: S ��tcpaq | S � cpaqu � cp�ta | a ¤�Suq � cp�Sq.Òa
INTERIOR: intS ��topaq | opaq � Su.
S is DENSE: S � L� Òp�Sq � L��

S � 0� 0 P S.

Hence: intersections of dense sublocales are dense,

i.e., there exists the smallest dense sublocale of a locale!
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ISBELL’S DENSITY THEOREM

CLOSURE: S ��tcpaq | S � cpaqu� cp�ta | a ¤�Suq � cp�Sq.Òa
INTERIOR: intS ��topaq | opaq � Su.
S is DENSE: S � L� Òp�Sq � L��

S � 0� 0 P S.

THM. BL � tx� | x P Lu � tx | x�� � xu is the least dense sublocale.


 P
 ñ � � � Ñ P P
 � � � p� q�Ñ � � Ñ p Ñ q � ^ Ñ � p ^ q�
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CLOSURE: S ��tcpaq | S � cpaqu� cp�ta | a ¤�Suq � cp�Sq.Òa
INTERIOR: intS ��topaq | opaq � Su.
S is DENSE: S � L� Òp�Sq � L��

S � 0� 0 P S.

THM. BL � tx� | x P Lu � tx | x�� � xu is the least dense sublocale.

PROOF: 
 0 P BL so BL is dense.
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INTERIOR: intS ��topaq | opaq � Su.
S is DENSE: S � L� Òp�Sq � L��

S � 0� 0 P S.

THM. BL � tx� | x P Lu � tx | x�� � xu is the least dense sublocale.

PROOF: 
 0 P BL so BL is dense.
 S dense ñ BL � S: x� � xÑ 0PS P S.
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PROOF: 
 0 P BL so BL is dense.
 S dense ñ BL � S: x� � xÑ 0PS P S.
 BL is a sublocale:
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PROOF: 
 0 P BL so BL is dense.
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ISBELL’S DENSITY THEOREM

CLOSURE: S ��tcpaq | S � cpaqu� cp�ta | a ¤�Suq � cp�Sq.Òa
INTERIOR: intS ��topaq | opaq � Su.
S is DENSE: S � L� Òp�Sq � L��

S � 0� 0 P S.

THM. BL � tx� | x P Lu � tx | x�� � xu is the least dense sublocale.

PROOF: 
 0 P BL so BL is dense.
 S dense ñ BL � S: x� � xÑ 0PS P S.
 BL is a sublocale:�
x�i � p�xiq�.

aÑ x� � aÑ pxÑ 0q � a^ xÑ 0 � pa^ xq�. �
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