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Regularity
VUeOX),VrelU, IWVeOX): zeVcVcCU.

So X is regular iff

VUeOX), U=J/{VeOX) |V cU}

V < U
V<Ue X Vo2X U« X Vull=X<V*uU=X.
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RECAP: SPECIAL SUBLOCALES

acel, cla)="Ta CLOSED
> complemented

o(a)={a—>z|xel} OPEN |

Properties

(1) a < b iff ¢(a) 2¢(b) Iff o(a) < o(D).
(2) Ac(ai) = c(V ai).

(3) Vo(ai) =o(V a;).

(4) c(a) v c(b) =c(a Ab).

(5) o(a) A o(b) =o0(a A b).
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V < U
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Regularity
VUeOX),VrelU, IWVeOX): zeVcVcCU.

So X is regular iff

VUeOX), U=J/{VeOX) |V cU}

V < U
V<Ue X Vo2X U« X Vull=X<V*uU=X.

In a general locale L: |Vo(a), o(a) = \/{o(b) | 0(b) S 0(a)}

b<a=b*va=1 Vae L,a=\/{be L|b< a}

(Conservative extension: X is regular iff the locale O(X) is regular.)
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DOING TOPOLOGY IN Loc partial order <

Properties

% a<b = a<hb.
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DOING TOPOLOGY IN Loc partial order <

Properties

a<b = a<hb.

-

O
% a<b<c<d = a<d.
O

CL1\/CL2<b1\/b2
ai<bz- (i=1,2) =

L CL1/\CL2<b1/\b2
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Complete Regularity

X
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Complete Regularity

[0,1]
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DOING TOPOLOGY IN Loc

By Urysohn’s Lemma,

X Is completely regular iff

Complete Regularity

X

f
F S~

‘ g f(x) =0
fIF] = {1}

[0,1]

VU e OX), U={VeOX)|V<<U)
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Complete Regularity

X

Ia \f/
‘ o fz) =0
fIF] = {1}

X is completely regular iff |[YU e O(X), U ={VeOX) |V << U}

[0,1]

By Urysohn’s Lemma,

V << U = 3 (Wq)qum[O,l]: Wo=V, W1 =U, p<qg=W,<W,.
[B. Banaschewski (1953)]
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Complete Regularity

X [0,1]

Ia \f/
Q o f(x) =0
fIF] = {1}

X is completely regular iff |[YU e O(X), U ={VeOX) |V << U}

By Urysohn’s Lemma,

V << U =the largest INTERPOLATIVE relation contained in <

So, for a general locale L:

L is completely regular if Yae L,a=\/{be L |b << a}.

(Conservative extension: X is c. reg. iff the locale O(X) is c. reg.)
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DOING TOPOLOGY IN Loc An Illustrative result

PROPOSITION. Each compact regular locale is completely regular.
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regularity
Therefore {a™} U {z | x < b} is a cover.

compactness
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DOING TOPOLOGY IN Loc An Illustrative result

PROPOSITION. Each compact regular locale is completely regular.

PROOF: Suffices: <=<< (l.e., < interpolates).

leta<b=a*vb=1.

k \\\_\N\’\[zj;/{a?EL|ZE<b}

L
regularity

Therefore {a™} U {z | x < b} is a cover.

compactness
a*vzriv---vze,=1< a<ec.
&
Further
r;<b(t=1,...,n) = c<b &
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THE (constructive) STONE- Cech compactification
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Proor: o A = () (any intersection of ideals is an ideal).
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THE (constructive) STONE- Cech compactification

ldeals of L: J(L) (I)b<aeJ=bed, (I12)a,beJ=avbeJ

LEMMA 1. J(L) is a compact locale.

Proor: o A = () (any intersection of ideals is an ideal).

o\/JZ = {\/F|Ff|n|te,F§UJz}

e (\/Ji)n K =\/(J; n K).
Ciz=x1Vv---vaye(V)nK (zjel;)
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zjeJi, nK=2e\/(J;nK)

Tutorial on localic topology BLAST 2015 — 8




THE (constructive) STONE- Cech compactification

ldeals of L: J(L) (I)b<aeJ=bed, (I12)a,beJ=avbeJ

LEMMA 1. J(L) is a compact locale.

Proor: o A = () (any intersection of ideals is an ideal).

o\/JZ = {\/F|Ff|n|te,F§UJz}

e (\/Ji)n K =\/(J; n K).
Ciz=x1Vv---vaye(V)nK (zjel;)
(I1) x;<xeK
zjeJi, nK=2e\/(J;nK)

e\/Ji=Ls3l=1=x1Vv- vz, (somecz;eJ).

Thenle\/_Ji, = L=\/;_Ji,. &
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THE (constructive) STONE- Cech compactification

Regularideal: (Ir)Vae J3be J: a << b. R(L)

LEMMA 2. R(L) is a subframe of J(L), hence compact.

ac€l, ola)={xe Ll |x<<a}.

By interpolation property of <<, each o(a) is a regular ideal of L.

LEMMA 3. fR(L) is a completely regular compact locale.

Proor: By the Lemma it suffices to show that SR(L) is regular.
For each regular J, J =|J{o(a)|aec J} =\/{o(a)]|ac J}.

Now, suffices: b<<ain L. = o(b) <o(a)inR(L) whichis easy!
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Dense localic map: f: L — M such that f|L] is dense in M

i.e. 0e f[L] < £(0) = 0.

Frm Loc

fH(1) =1 < fla)=1=a=1
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INTERMEZZO: DENSE MAPS

Dense localic map: f: L — M such that f|L] is dense in M

i.e. 0e f[L] < £(0) = 0.

Frm Loc
f*(1) =1 = fla)=1=a=1
f*(a)=0=a=0 = f(0) =0
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THE (constructive) STONE- Cech compactification

LEMMA 4. For each completely regular L,

Br: R(L)

IS a dense surjection.
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THE (constructive) STONE- Cech compactification

THEOREM. There is a functor ‘R: CRegFrm — CRegFrm

R(L)
lj(h)
R(M)
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THE (constructive) STONE- Cech compactification

THEOREM. There is a functor ‘R: CRegFrm — CRegFrm
R(L)
EC

and a natural transformation

g: R — 1Id

such that:

(1) Each %R(L) is compact.

(2) Each 3y, I1s a dense surjection.

(3) Gy, Is an isomorphism iff L iIs compact.
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REAL NUMBERS POINTFREELY

The frame of reals:

L(R) = Frm{(p,—), (—q)(p,q € Q) |
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REAL NUMBERS POINTFREELY

The frame of reals:
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REAL NUMBERS POINTFREELY

The frame of reals:
E(R) =Frm{(p,—), (—)(p,a€ Q) | (R1) (p,—) A (—,q) =0 forp > g,
(R2) (p,—) v (—q) =1 forp < g,
(R3) (0, =) = Vysp(r,—),
(— @) = Vis<y(—9),
(R4) Vpeq(p:—) = 1,

\/qu (_7 Q) =1 >
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The frame of extended reals £(R)

Generators (p,—), (—q), p,qgeR

Relations  (R1) (p,—) A (—,q) = 0 whenever p > q
(R2) (p,—) v (—,q) = 1 whenever p < g
(R3) (p,—) = V,s,p(r,—) @and (—,q) = \V/,_,(—3)
(R Vg (=) =1 = Vg (— )
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SIDE NOTES

The frame of extended reals £(R)

Generators (p,—), (—a), Dp,qeQ
Relations  (R1) (p,—) A (—,q) = 0 whenever p > ¢
(R2) (p,—) v (—,q) = 1 whenever p < q
(R3) (pa_) — \/ p(ra _) and (_7 Q) — \/s<q(_7 S)
peQ\H /T Vge ’

B. BANASCHEWSKI, J. GUTIERREZ GARCIA & J. P.

Extended real functions in pointfree topology,

January 2015 Tutorial on localic topology
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SIDE NOTES

Generators (p,—), (—q), p,qgeR

Relations  (R1) (p,—) A (—,q) = 0 whenever p > ¢
(R2) (p,—) v (—,q) = 1 whenever p < ¢
(R3) (p,—) = V,5p(rs—) and (— q) = V(=)
(RA) Ve —) =1 =V eq(—9)

Tutorial on localic topology
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The frame of partial reals £(IR)

Generators (p,—), (=), p,qeQ

Relations  (R1) (p,—) A (—,q) = 0 whenever p > q
(R2) (p,—) v (—,q) = 1 whenever p < ¢
)

(RB) (pa_ \/'r>p( ) and ( ) — \/S<q(_7 8)
(R4) Vpeq(P,—) =1 =V eq(—9)

Pt(£(IR)) is the partial real line.
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The frame of partial reals £(IR)

Generators (p,—), (=), p,qeQ
Relations  (R1) (p,—) A (—,q) = 0 whenever p > q

Y Y

(R3) (pa_) — \/r>p(rv _) and (_7 Q) — \/s<q(_7 S)
(R4) \/peQ (pa_) =1= \/qu (_7 Q)

Similarly, we have the partial continuous real functions:

|. MOz0O CAROLLO, J. GUTIERREZ GARCIA & J. P.
On the Dedekind completion of function rings, Forum Mathematicum to appear
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(GENERAL) REAL FUNCTIONS POINTFREELY Motivation

e Any f: X —> R
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(GENERAL) REAL FUNCTIONS POINTFREELY Motivation

o Any f: (X,P(X)) — (R,%) iscontinuous.

i.e. F(X) ~ Homrop ((X, P(X)), (R, %))
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(GENERAL) REAL FUNCTIONS POINTFREELY Motivation

o Any f: (X,P(X)) — (R,%) iscontinuous.
€. F(X) ~ Hompop ((X,P(X)), (R,T))
_ _ Lc
e From the adjunction Top Loc
Pt

F(X) ~ Hompem (£(R), P(X))
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(GENERAL) REAL FUNCTIONS POINTFREELY Motivation

o Any f: (X,P(X)) — (R,%) iscontinuous.
€. F(X) ~ Hompop ((X,P(X)), (R,T))
_ _ Lc
e From the adjunction Top Loc
Pt

F(X) ~ Hompem (£(R), P(X))

Homprm (£(R), S(L))
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(GENERAL) REAL FUNCTIONS POINTFREELY Motivation

o Any f: (X,P(X)) — (R,%) iscontinuous.
€. F(X) ~ Hompop ((X,P(X)), (R,T))
_ _ Lc
e From the adjunction Top Loc

Pt

F(X) > Homprm (£(R), P(X)) lattice of subspaces of X

m R ) '
Homprm (£(R), S(L)) dual lattice of sublocales of L

Natural extension:
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f: 2(R) — (D)

S(L) is rich enough to allow to segregate the specific classes
of real functions we are interested with in a satisfactory manner:
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f: 2(R) — (D)

S(L) is rich enough to allow to segregate the specific classes
of real functions we are interested with in a satisfactory manner:

f(pv_) = C(L)

January 2015 Tutorial on localic topology BLAST 2015 — 17




f: 2(R) — (D)

S(L) is rich enough to allow to segregate the specific classes
of real functions we are interested with in a satisfactory manner:

f(—q) (L) f(p,—) € e(L)
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f: 2(R) — (D)

S(L) is rich enough to allow to segregate the specific classes
of real functions we are interested with in a satisfactory manner:

f(—q) (L) f(p,—) € e(L)

J. GUTIERREZ GARCIA, T. KuBIAK & J. P.
Localic real functions: a general setting, J. Pure Appl. Algebra 213 (2009) 1064-1074
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REGULARIZATIONS OF A REAL FUNCTION feF(L)

e lower regularization f°
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e lower regularization f°

oo, —) = \/ f(r,—) f—a) =\ f(s,—)"

r>p $<q
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REGULARIZATIONS OF A REAL FUNCTION feF(L)

e lower regularization f°

oo, —) = \/ f(r,—) f—a) =\ f(s,—)"

r>p $<q

Then: f°¢ e LSC(L)
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REGULARIZATIONS OF A REAL FUNCTION feF(L)

e lower regularization f°

oo, —) = \/ f(r,—) f—a) =\ f(s,—)"

r>p $<q

Then: foeLSC(L), f°

IN
-
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REGULARIZATIONS OF A REAL FUNCTION feF(L)

e lower regularization f°

oo, —) = \/ f(r,—) f—a) =\ f(s,—)"

r>p $<q

Then:  f°cTSC(L), f°<f, f°=\igelSC(L)|g< f}.
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REGULARIZATIONS OF A REAL FUNCTION feF(L)

e lower regularization f°

oo, —) = \/ f(r,—) f—a) =\ f(s,—)"

r>p $<q

Then:  f°cTSC(L), f°<f, f°=\igelSC(L)|g< f}.

If {ge LSC(L) | g < f} # & then f° e LSC(L).
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REGULARIZATIONS OF A REAL FUNCTION feF(L)

e lower regularization f°

oo, —) = \/ f(r,—) f—a) =\ f(s,—)"

r>p s<q

Then:  f°cTSC(L), f°<f, f°=\{gelSC(L)|g< f}.
If {ge LSC(L) | g < f} # & then f°eLSC(L).

e Dually: the upper regularization f~ = —(—f)°

J. GUTIERREZ GARCIA, T. KuBIAK & J. P.
Lower and upper regularizations of frame semicontinuous real functions, Alg. Univ. (2009)
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APPLICATIONS: insertion theorems locale L

TFAE:

() L is normal
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APPLICATIONS: insertion theorems locale L

TFAE:

() L is normal

i) f < g = 3IheC(l):f
~— =~
USC LSC

A
>
A

S
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APPLICATIONS: insertion theorems locale L

TFAE:

() L is normal

(i) f < g = dheClL):f<h<g
—— ——
USC LSC
e Classically: L = OX [Katetov-Tong insertion]
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TFAE:

() L is normal

(i) f < g = dheClL):f<h<g
W_/ W_/
e LSC
e Classically: L = OX [Katetov-Tong insertion]
e Separation: f = xr, g = x4 [Urysohn’s Lemmaj
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APPLICATIONS: insertion theorems locale L

TFAE:

() L is normal

(ii) f < g = JdheCL):f<h<g
W_/ W_/
USC LSC
e Classically: L = OX [Katetov-Tong insertion]
e Separation: f = xr, g = x4 [Urysohn’s Lemmaj
e Extension: £(R) — ¢(a) [Tietze’s Extension Theorem]
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APPLICATIONS: insertion theorems locale L

TFAE:

() L isrernat extremally disconnected

(i) f = g = dheClL):f=h=>g
W_J W_J
e LSC
e Classically: L = OX [Lane; Kubiak-de Prada Vicente insertion]
e Separation: f = xp, g = x4 [Gillman-Jerison]
o Extension: £(R) — o(a) [Gillman-Jerison]
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APPLICATIONS: insertion theorems locale L

TFAE:

() L is-rermal completely normal

(i) fig,f<g f<g° = FJhelSCL):f<h<h <y
——
F(L)
e Classically: L = OX [General insertion: Kubiak]
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APPLICATIONS: insertion theorems

More: monotone insertion [Kubiak],
strict insertion [Dowker],

bounded insertion [Michael], ...

January 2015 Tutorial on localic topology BLAST 2015 — 20
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