
Tutorial on Localic Topology

Jorge Picado

Department of Mathematics

University of Coimbra

PORTUGAL

January 2015 Tutorial on localic topology BLAST 2015 – 0
– p. 0



SPACES versus LOCALES

Top Loc
Lc

Pt

KKK
Sob

SpLoc�
equivalence


X
Pt Lc


Pt LcpXq
“soberification” of a space


L
LcPt


LcPtpLq

“spatialization” of a locale

January 2015 Tutorial on localic topology BLAST 2015 – 1
– p. 1



DOING TOPOLOGY IN Loc Regularity

F 
x

� P p q � P D P p q P � �

� P p q � �t P p q | � u   � � � Y � � � Y �

� p q p q ��t p q | p q � p qu

January 2015 Tutorial on localic topology BLAST 2015 – 2
– p. 2



DOING TOPOLOGY IN Loc Regularity

F 
x
U

V

� P p q � P D P p q P � �

� P p q � �t P p q | � u   � � � Y � � � Y �

� p q p q ��t p q | p q � p qu

January 2015 Tutorial on localic topology BLAST 2015 – 2
– p. 2



DOING TOPOLOGY IN Loc Regularity

F 
x
U

V

�U P OpXq, �x P U, DV P OpXq : x P V � V � U .

� P p q � �t P p q | � u   � � � Y � � � Y �

� p q p q ��t p q | p q � p qu

January 2015 Tutorial on localic topology BLAST 2015 – 2
– p. 2



DOING TOPOLOGY IN Loc Regularity

F 
x
U

V

�U P OpXq, �x P U, DV P OpXq : x P V � V � U .

So X is regular iff�U P OpXq, U � �tV P OpXq | V � Uu

   � � � Y � � � Y �

� p q p q ��t p q | p q � p qu

January 2015 Tutorial on localic topology BLAST 2015 – 2
– p. 2



DOING TOPOLOGY IN Loc Regularity

F 
x
U

V

�U P OpXq, �x P U, DV P OpXq : x P V � V � U .

So X is regular iff�U P OpXq, U � �tV P OpXq | V � Uu
V   U

  � � � Y � � � Y �

� p q p q ��t p q | p q � p qu

January 2015 Tutorial on localic topology BLAST 2015 – 2
– p. 2



DOING TOPOLOGY IN Loc Regularity

F 
x
U

V

�U P OpXq, �x P U, DV P OpXq : x P V � V � U .

So X is regular iff�U P OpXq, U � �tV P OpXq | V � Uu
V   U

V   U � X r V � X r U � X r V Y U � X � V � Y U � X.

� p q p q ��t p q | p q � p qu

January 2015 Tutorial on localic topology BLAST 2015 – 2
– p. 2



DOING TOPOLOGY IN Loc Regularity

F 
x
U

V

�U P OpXq, �x P U, DV P OpXq : x P V � V � U .

So X is regular iff�U P OpXq, U � �tV P OpXq | V � Uu
V   U

V   U � X r V � X r U � X r V Y U � X � V � Y U � X.

In a general locale L: �opaq, opaq ��topbq | opbq � opaqu

January 2015 Tutorial on localic topology BLAST 2015 – 2
– p. 2



DOING TOPOLOGY IN Loc Regularity

F 
x
U

V

�U P OpXq, �x P U, DV P OpXq : x P V � V � U .

So X is regular iff�U P OpXq, U � �tV P OpXq | V � Uu
V   U

V   U � X r V � X r U � X r V Y U � X � V � Y U � X.

In a general locale L: �opaq, opaq ��topbq | opbq � opaqu

January 2015 Tutorial on localic topology BLAST 2015 – 2
– p. 2



RECAP: SPECIAL SUBLOCALES

a P L, cpaq � Òa CLOSED

opaq � taÑ x | x P Lu OPEN

,.- complemented

Properties

(1) a ¤ b iff cpaq � cpbq iff opaq � opbq.
(2)

�

cpaiq � cp� aiq.
(3)

�

opaiq � op� aiq.
(4) cpaq _ cpbq � cpa^ bq.
(5) opaq ^ opbq � opa^ bq.
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In a general locale L: �opaq, opaq ��topbq | opbq � opaqu
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(Conservative extension: X is regular iff the locale OpXq is regular.)
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DOING TOPOLOGY IN Loc partial order  
Properties

1 a   b ñ a ¤ b.

¤   ¤ ñ  

  p � q ñ $&% _   _^   ^

January 2015 Tutorial on localic topology BLAST 2015 – 4
– p. 4



DOING TOPOLOGY IN Loc partial order  
Properties

1 a   b ñ a ¤ b.

2 a ¤ b   c ¤ d ñ a   d.

  p � q ñ $&% _   _^   ^

January 2015 Tutorial on localic topology BLAST 2015 – 4
– p. 4



DOING TOPOLOGY IN Loc partial order  
Properties

1 a   b ñ a ¤ b.

2 a ¤ b   c ¤ d ñ a   d.

3
ai   bi pi � 1, 2q ñ $&% a1 _ a2   b1 _ b2
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DOING TOPOLOGY IN Loc Complete Regularity
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fpxq � 0

f rF s � t1uBy Urysohn’s Lemma,

X is completely regular iff �U P OpXq, U � tV P OpXq | V    Uu

V    U � D pWqqqPQXr0,1s : W0 � V, W1 � U, p   q ñWp  Wq.

[B. Banaschewski (1953)]
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So, for a general locale L:
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DOING TOPOLOGY IN Loc Compactness

� � �

p q
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DOING TOPOLOGY IN Loc Compactness

A � L is a cover of L if

�

A � 1.

A locale L is compact if every cover of L has a finite subcover.

p q
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DOING TOPOLOGY IN Loc An illustrative result

PROPOSITION. Each compact regular locale is completely regular.

 �      � � _ � ��t P |   u

t �u Y t |   u

� _ _ � � � _looooooomooooooon � �  

  p � q ñ  
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compactness
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Further
xi   b pi � 1, . . . , nq ñ c   b. �
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THE (constructive) STONE- Čech compactification

Ideals of L: IpLq (I1) b ¤ a P J ñ b P J , (I2) a, b P J ñ a_ b P J

p q

� � �
� � t� | � � u
 p� q X ��p X q�
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THE (constructive) STONE- Čech compactification
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LEMMA 2. RpLq is a subframe of IpLq, hence compact.

a P L, σpaq � tx P L | x    au.
By interpolation property of   , each σpaq is a regular ideal of L.

LEMMA 3. RpLq is a completely regular compact locale.

PROOF: By the Lemma it suffices to show that RpLq is regular.

For each regular J , J � �tσpaq | a P Ju ��tσpaq | a P Ju.
Now, suffices: b    a in L ñ σpbq   σpaq in RpLq which is easy!
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INTERMEZZO: DENSE MAPS

Dense localic map: f : LÑM such that f rLs is dense in M

P r s � p q �

�p q � � p q � ñ ��p q � ñ � � p q �

p q � ñ �
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INTERMEZZO: DENSE MAPS

Dense localic map: f : LÑM such that f rLs is dense in M

i.e. 0 P f rLs � fp0q � 0.

Frm Loc

f�p1q � 1 � fpaq � 1ñ a � 1

f�paq � 0ñ a � 0 � fp0q � 0

hpaq � 0ñ a � 0
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THE (constructive) STONE- Čech compactification

LEMMA 4. For each completely regular L,

βL : RpLq Ñ L

J ÞÑ �
J

is a dense surjection.
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THE (constructive) STONE- Čech compactification

THEOREM. There is a functor R : CRegFrmÑ CRegFrm

L

h

RpLq
Iphq

M RpMq

Ñ p qp qp q

p q
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THE (constructive) STONE- Čech compactification

THEOREM. There is a functor R : CRegFrmÑ CRegFrm

L

h

RpLq
Iphq

M RpMq
and a natural transformation

β : RÑ Id RpLq βL

Rphq L

h

RpMq βM

M

such that:

p q
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L

h

RpLq
Iphq

M RpMq
and a natural transformation

β : RÑ Id RpLq βL

Rphq L

h

RpMq βM

M

such that:

(1) Each RpLq is compact.
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M RpMq
and a natural transformation

β : RÑ Id RpLq βL

Rphq L

h

RpMq βM

M

such that:

(1) Each RpLq is compact.
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THE (constructive) STONE- Čech compactification

THEOREM. There is a functor R : CRegFrmÑ CRegFrm

L

h

RpLq
Iphq

M RpMq
and a natural transformation

β : RÑ Id RpLq βL

Rphq L

h

RpMq βM

M

such that:

(1) Each RpLq is compact.

(2) Each βL is a dense surjection.

(3) βL is an isomorphism iff L is compact.
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REAL NUMBERS POINTFREELY

The frame of reals:

LpRq ��� Frm xxx pp,—q, p—, qqpp, q P Qq |||

p q ^ p q � ¥p q_ p q �  p q �� ¡ p q

p q ��   p q� PQp q �� PQp q � yyy
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LpRq ��� Frm xxx pp,—q, p—, qqpp, q P Qq ||| (R1) pp,—q^ p—, qq � 0 for p ¥ q,

(R2) pp,—q_ p—, qq � 1 for p   q,
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LpRq ��� Frm xxx pp,—q, p—, qqpp, q P Qq ||| (R1) pp,—q^ p—, qq � 0 for p ¥ q,

(R2) pp,—q_ p—, qq � 1 for p   q,

(R3) pp,—q ��r¡ppr,—q,
(R3) p—, qq ��s qp—, sq,

� PQp q �� PQp q � yyy
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REAL NUMBERS POINTFREELY

The frame of reals:

LpRq ��� Frm xxx pp,—q, p—, qqpp, q P Qq ||| (R1) pp,—q^ p—, qq � 0 for p ¥ q,

(R2) pp,—q_ p—, qq � 1 for p   q,

(R3) pp,—q ��r¡ppr,—q,
(R3) p—, qq ��s qp—, sq,
(R4)

�
pPQpp,—q � 1,

(R4)

�
qPQp—, qq � 1 yyy
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CONTINUOUS REAL FUNCTIONS POINTFREELY f : LpRq Ñ L


 p pRqq� R


p p qq �ÝÑ p p q q


 � pRq p q� p Rq �ÝÑ p p q pRqq

p q � p pRq q
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CONTINUOUS REAL FUNCTIONS POINTFREELY f : LpRq Ñ L
 The spectrum PtpLpRqq� R (usual space of reals).




p p qq �ÝÑ p p q q


 � pRq p q� p Rq �ÝÑ p p q pRqq

p q � p pRq q
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CONTINUOUS REAL FUNCTIONS POINTFREELY f : LpRq Ñ L
 The spectrum PtpLpRqq� R (usual space of reals).
 From the adjunction Top
Lc

Loc
Pt

there is a natural isomorphism

HomToppX,PtpLqq �ÝÑ HomLocpLcpXq, Lq.


 � pRq p q� p Rq �ÝÑ p p q pRqq

p q � p pRq q
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CONTINUOUS REAL FUNCTIONS POINTFREELY f : LpRq Ñ L
 The spectrum PtpLpRqq� R (usual space of reals).
 From the adjunction Top
Lc

Loc
Pt

there is a natural isomorphism

HomToppX,PtpLqq �ÝÑ HomLocpLcpXq, Lq.


 For L � LpRq: CpXq� HomToppX,Rq �ÝÑ HomLocpLcpXq,LpRqq

p q � p pRq q
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CONTINUOUS REAL FUNCTIONS POINTFREELY f : LpRq Ñ L
 The spectrum PtpLpRqq� R (usual space of reals).
 From the adjunction Top
Lc

Loc
Pt

there is a natural isomorphism

HomToppX,PtpLqq �ÝÑ HomLocpLcpXq, Lq.


 For L � LpRq: CpXq� HomToppX,Rq �ÝÑ HomLocpLcpXq,LpRqq

CpLq � HomFrmpLpRq, Lq
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SIDE NOTES The frame of extended reals LpRq
Generators pp,—q, p—, qq, p, q P Q
Relations (R1) pp,—q ^ p—, qq � 0 whenever p ¥ q

(R2) pp,—q _ p—, qq � 1 whenever p   q

(R3) pp,—q ��r¡ppr,—q and p—, qq ��s qp—, sq

(R4)

�

pPQpp,—q � 1 ��qPQp—, qq

p q � p pRq q
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SIDE NOTES The frame of extended reals LpRq
Generators pp,—q, p—, qq, p, q P Q
Relations (R1) pp,—q ^ p—, qq � 0 whenever p ¥ q

(R2) pp,—q _ p—, qq � 1 whenever p   q

(R3) pp,—q ��r¡ppr,—q and p—, qq ��s qp—, sq

(R4)

�

pPQpp,—q � 1 ��qPQp—, qq
Similarly, we have the extended continuous real functions:

CpLq � HomFrmpLpRq, Lq

B. BANASCHEWSKI, J. GUTIÉRREZ GARCÍA & J. P.
Extended real functions in pointfree topology, J. Pure Appl. Algebra 216 (2012)
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SIDE NOTES

Generators pp,—q, p—, qq, p, q P Q
Relations (R1) pp,—q ^ p—, qq � 0 whenever p ¥ q

(R2) pp,—q _ p—, qq � 1 whenever p   q

(R3) pp,—q ��r¡ppr,—q and p—, qq ��s qp—, sq

(R4)

�

pPQpp,—q � 1 ��qPQp—, qq
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SIDE NOTES The frame of partial reals LpIRq
Generators pp,—q, p—, qq, p, q P Q
Relations (R1) pp,—q ^ p—, qq � 0 whenever p ¥ q

(R2) pp,—q _ p—, qq � 1 whenever p   q

(R3) pp,—q ��r¡ppr,—q and p—, qq ��s qp—, sq

(R4)

�

pPQpp,—q � 1 ��qPQp—, qq
PtpL�IR�q is the partial real line.
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SIDE NOTES The frame of partial reals LpIRq
Generators pp,—q, p—, qq, p, q P Q
Relations (R1) pp,—q ^ p—, qq � 0 whenever p ¥ q

(R2) pp,—q _ p—, qq � 1 whenever p   q

(R3) pp,—q ��r¡ppr,—q and p—, qq ��s qp—, sq

(R4)

�

pPQpp,—q � 1 ��qPQp—, qq
Similarly, we have the partial continuous real functions:

ICpLq � HomFrmpLpIRq, Lq

I. MOZO CAROLLO, J. GUTIÉRREZ GARCÍA & J. P.
On the Dedekind completion of function rings, Forum Mathematicum to appear
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(GENERAL) REAL FUNCTIONS POINTFREELY Motivation


 Any f : X ÝÑ R

p p qq p qp q � pp p qq pR qq



p q � p pRq p qq

p pRq p qq
p q � p pRq p qq
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(GENERAL) REAL FUNCTIONS POINTFREELY Motivation


 Any f : X ÝÑ Rp ,PpXqq p ,Tq is continuous.
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i.e. FpXq � HomTopppX,PpXqq, pR,Tqq


 From the adjunction Top
Lc

Loc
Pt
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 Any f : X ÝÑ Rp ,PpXqq p ,Tq is continuous.

i.e. FpXq � HomTopppX,PpXqq, pR,Tqq


 From the adjunction Top
Lc

Loc
Pt

FpXq � HomFrmpLpRq,PpXqq lattice of subspaces of X

HomFrmpLpRq,SpLqq dual lattice of sublocales of L

p q � p pRq p qq
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(GENERAL) REAL FUNCTIONS POINTFREELY Motivation


 Any f : X ÝÑ Rp ,PpXqq p ,Tq is continuous.

i.e. FpXq � HomTopppX,PpXqq, pR,Tqq


 From the adjunction Top
Lc

Loc
Pt

FpXq � HomFrmpLpRq,PpXqq lattice of subspaces of X

HomFrmpLpRq,SpLqq dual lattice of sublocales of L

Natural extension:
FpLq � HomFrmpLpRq,SpLqq
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(GENERAL) REAL FUNCTIONS POINTFREELY f : LpRq ÝÑ SpLq
SpLq is rich enough to allow to segregate the specific classes
of real functions we are interested with in a satisfactory manner:

p q
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(GENERAL) REAL FUNCTIONS POINTFREELY f : LpRq ÝÑ SpLq
SpLq is rich enough to allow to segregate the specific classes
of real functions we are interested with in a satisfactory manner:

FpLq
LSCpLq

p q
p q p q

p q

fpp,—q P cpLq

p q P p q

r pRqs � p q �
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FpLq
LSCpLq

FpLq
USCpLq

p q
p q
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(GENERAL) REAL FUNCTIONS POINTFREELY f : LpRq ÝÑ SpLq
SpLq is rich enough to allow to segregate the specific classes
of real functions we are interested with in a satisfactory manner:

FpLq
LSCpLq

FpLq
USCpLq LSCpLq

CpLq
fpp,—q P cpLqfp—, qq P cpLq

f rLpRqs � cpLq � L

J. GUTIÉRREZ GARCÍA, T. KUBIAK & J. P.
Localic real functions: a general setting, J. Pure Appl. Algebra 213 (2009) 1064-1074
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REGULARIZATIONS OF A REAL FUNCTION f P FpLq
 lower regularization f�

�p q �ª¡ p q �p q �ª  p q�

� P p q � ¤ � ��t P p q | ¤ ut P p q | ¤ u � H � P p q


 � � �p� q�
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REGULARIZATIONS OF A REAL FUNCTION f P FpLq
 lower regularization f�

f�pp,—q �ª

r¡p

fpr,—q f�p—, qq �ª
s q

fps,—q�
Then: f� P LSCpLq

� ¤ � ��t P p q | ¤ ut P p q | ¤ u � H � P p q
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 lower regularization f�

f�pp,—q �ª

r¡p

fpr,—q f�p—, qq �ª
s q

fps,—q�
Then: f� P LSCpLq , f� ¤ f
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s q

fps,—q�
Then: f� P LSCpLq , f� ¤ f , f� ��tg P LSCpLq | g ¤ fu.

If tg P LSCpLq | g ¤ fu � H then f� P LSCpLq.
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REGULARIZATIONS OF A REAL FUNCTION f P FpLq
 lower regularization f�

f�pp,—q �ª

r¡p

fpr,—q f�p—, qq �ª
s q

fps,—q�
Then: f� P LSCpLq , f� ¤ f , f� ��tg P LSCpLq | g ¤ fu.

If tg P LSCpLq | g ¤ fu � H then f� P LSCpLq.


 Dually: the upper regularization f� � �p�fq�

J. GUTIÉRREZ GARCÍA, T. KUBIAK & J. P.
Lower and upper regularizations of frame semicontinuous real functions, Alg. Univ. (2009)
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APPLICATIONS: insertion theorems locale L

TFAE:

(i) L is normal

loomoon ¤ loomoon ñ D P p q ¤ ¤


 �


 � �


 pRq Ñ p q
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APPLICATIONS: insertion theorems locale L

TFAE:

(i) L is normal

(ii) floomoon

USC

¤ gloomoon

LSC

ñ D h P CpLq : f ¤ h ¤ g
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APPLICATIONS: insertion theorems locale L

TFAE:

(i) L is normal

(ii) floomoon

USC

¤ gloomoon

LSC

ñ D h P CpLq : f ¤ h ¤ g


 Classically: L � OX [Katětov-Tong insertion]
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USC

¤ gloomoon

LSC

ñ D h P CpLq : f ¤ h ¤ g


 Classically: L � OX [Katětov-Tong insertion]
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 pRq Ñ p q

January 2015 Tutorial on localic topology BLAST 2015 – 19
– p. 19



APPLICATIONS: insertion theorems locale L

TFAE:

(i) L is normal

(ii) floomoon

USC

¤ gloomoon

LSC

ñ D h P CpLq : f ¤ h ¤ g


 Classically: L � OX [Katětov-Tong insertion]


 Separation: f � χF , g � χA [Urysohn’s Lemma]


 Extension: LpRq Ñ cpaq [Tietze’s Extension Theorem]
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APPLICATIONS: insertion theorems locale L

TFAE:

(i) L is normal———- extremally disconnected

(ii) floomoon

USC

¥ gloomoon

LSC

ñ D h P CpLq : f ¥ h ¥ g


 Classically: L � OX [Lane; Kubiak-de Prada Vicente insertion]


 Separation: f � χF , g � χA [Gillman-Jerison]


 Extension: LpRq Ñ opaq [Gillman-Jerison]
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APPLICATIONS: insertion theorems locale L

TFAE:

(i) L is normal———- completely normal

(ii) f, gloomoon

FpLq , f� ¤ g, f ¤ g� ñ D h P LSCpLq : f ¤ h ¤ h� ¤ g


 Classically: L � OX [General insertion: Kubiak]
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APPLICATIONS: insertion theorems

More: monotone insertion [Kubiak],

strict insertion [Dowker],

bounded insertion [Michael], ...
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