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POINTFREE SPACES: examples

e Topological spaces (X,0X)
(spatial locales)
f
Y
(Y,0Y)

e complete Boolean algebras
e complete chains

e finite distributive lattices
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<(...) what the pointfree formulation adds to the classical theory is a
remarkable combination of elegance of statement, simplicity of proof,
and increase of extent.>

R. BALL & J. WALTERS-WAYLAND

C- and C*-guotients in pointfree topology, Dissert. Math. 412 (2002)
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THE REALS: £(R) OR (usual topology) OR
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EXTENDED REAL FUNCTIONS ON L

Any f: (X, P(X))— (R,%) is continuous

.e. F(X) ~ Top((X,P(X)),(R,%))

~ Frm(£(R), P(X))

Frm(£(R),S(L))

MOTIVATES: F(L) := Frm(&(R),S(L))
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Scale: extended scale and \/{c, | p € Q} =1 =\/{c, | p € Q}.

Then:

C extended scale = f € C(L).
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ALGEBRA in C(L) SUM f + g

IS an extended scale in L IFF

f and g are sum compatible.

It generates f + g € C(L), given by:

(f+ 9= =\ fr,—) Aglp—r—),
reQ

(f+9)(=a) =\ fl=r)Agl—aq—r).
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e Product: for f € C(L), let coz (f) = f((—,0) Vv (0,—)).

f,g € C(L) are product compatible if |as V coz(g) = a, V coz (f) = 1

IS an extended scale in L IFF
f and g are product compatible.

It generates f - g € C(L), given by:

p=>0: (f-9)p,—) = \/f(rv_)/\g(ga_)a p<0: (f-g9)p,—)=1
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ALGEBRA in C(L)

PRODUCT f - g

e Product: for f € C(L), let coz (f) = f((—,0) Vv (0,—)).

f,g € C(L) are product compatible if |as V coz(g) = a, V coz (f) = 1

It generates f - g € C(L), given by:

P20 (f-9)p—) = \/ F(r.—) A g(2,—),

IS an extended scale in L IFF
f and g are product compatible.

p<0: (f-g)(p,—) =1

p<0: (f9)(—q) =
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ALGEBRA in F(L) f:2(R)— S(L)

F(L) V, A
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ALGEBRA in F(L) f:2(R)— S(L)

F(L) \/7/\ _f A f
(A > 0)
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F(L) V, A —f Afo| ftyg
(\ > 0)
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c(L)

July 29, 2011 Extended real functions in pointfree topology 26th Summer Topology Conf. — 10



ALGEBRA in F(L) f:2(R)— S(L)

comp.  comp.

F(L) V, A —f Afo| fty feg
(A > 0)

LSC(L)

USC(L)

c(L)

July 29, 2011 Extended real functions in pointfree topology 26th Summer Topology Conf. — 10



ALGEBRA in F(L)

f:L£(R)— S(L)

comp.  comp.

F(L) Vi A ~f ANfo| frg | feg
(A > 0)

LSC(L)

USC(L)

C(L)

July 29, 2011

Extended real functions in pointfree topology

26th Summer Topology Conf. — 10




ALGEBRA in F(L) f:2(R)— S(L)

comp. comp.

F(L) V, A —f Af | f+yg fg
(A > 0)

LSC(L) || sublat.

USC(L) || sublat.

C(L) sublat.
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ALGEBRA in F(L)

f:L£(R)— S(L)

comp. comp.
B /g
F(L) Vi A —f Afo) ftg o (fig=0)
(A > 0)

closed
LSC(L) || sublat. | € USC(L) | closed | closed

closed
USC(L) || sublat. | € LSC(L) | closed | closed
C(L) sublat. | closed closed | closed | closed
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ALGEBRA in F(L) f:2(R)— S(L)

comp. comp.
B /-9
F(L) Vi A —f ANfol ftg | (fig20)
(A >0) (f,9 <0)
closed
LSC(L) || sublat. | € USC(L) | closed | closed | € USC(L)
closed
USC(L) || sublat. | € LSC(L) | closed | closed | € LSC(L)
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ALGEBRA in F(L)

f:L£(R)— S(L)

comp. comp.
B /-9
F(L) V, A —f AfoL fHg | (f,g=0)
(A >0) (f,9 <0)
closed
LSC(L) || sublat. | € USC(L) | closed | closed | € USC(L)
closed
USC(L) || sublat. | € LSC(L) | closed | closed | € LSC(L)
C(L) sublat. | closed closed | closed | closed

B. BANASCHEWSKI, J. GUTIERREZ GARCIA & J. P.
Extended real functions in pointfree topology, submitted
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ALMOST REAL FUNCTIONS locale L

D(L)={f € C(L) | as is dense}
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ALMOST REAL FUNCTIONS locale L

D(L)={f € C(L) | as is dense} (a} = 0)

Recall: ar CL}'_ /\aj_f — \/ f(_a Q) A \/ f(pa_) — \/ f(p7 Q)

qeQ peQ p<q

(the reality of f)
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ALMOST REAL FUNCTIONS locale L

D(L)={f € C(L) | as is dense} (a} = 0)

Recall: af

a}"_/\a; — \/ f(_7Q)/\ \/ f(pa_) — \/f<p7Q)

qeQ peQ p<q

(the reality of f)

L=0X: DX)={f: X - R| f(R)is dense in X}.
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ALMOST REAL FUNCTIONS locale L

D(L)={f € C(L) | as is dense} (a} = 0)

D(L) is a sublattice with inversion of C(L)
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ALMOST REAL FUNCTIONS locale L

D(L)={f € C(L) | as is dense} (a} = 0)

D(L) is a sublattice with inversion of C(L)

o feD(L)iff —f € D(L) (because a_¢ = ay).

o Let f,g € D(L).
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ALMOST REAL FUNCTIONS locale L

D(L)={f € C(L) | as is dense} (a} = 0)

D(L) is a sublattice with inversion of C(L)

o feD(L)iff —f € D(L) (because a_f = ay).
elet f,ge D(L). Then: ajyy = (ayAaf)V(agA a?),

SO (afvg)" = (ay Aaf)" A (ag A a}r)*

fVvgeD(L).| Byinversion| fAg=—((—f)V(—g)) € D(L).
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ALMOST REAL FUNCTIONS

Sum, product: f+g, f-g€ D(L)?
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(2) The operations are total iff L is quasi-F.
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ALMOST REAL FUNCTIONS

Sum, product: f+g, f-g € D(L)? Notnecessarily, BUT:

RESULTS.
(1) There are partial operations of + and -

(2) The operations are total iff L is quasi-F.

(3) There is an inversion lattice embedding ¢, : D(L) — C(®8L) that
preserves the partial operations.

(4) 61, I1s an isomorphism iff L is extremal disconnectedness; then
the partial operations are total and D(L) becomes an

order-complete archimedean f-ring with unit
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