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Ann. Math. 63 (1956)

TFAE for a space X: (1) X is perfectly normal (= perfect + normal).

(2) f < g = JdheCX):f<h<g and

f(x) < h(z) < g(x) whenever f(x) < g(x).
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Topol. Appl. 158 (2011)

TFAE for alocale L: (1) L is perfectly normal.
(2) f < g = dheC): f<h<g and
~— =~
usc LSC

(f,h) = u(h,g) = u(f,9).
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Topol. Appl. 158 (2011)

TFAE for a locale L: (1) L is perfectly normal.

2) f < g = dheCL): f<h<g and
~— =~
USC LSC

o(f, h) = u(h, g9) = u(f,9)-

!(f,9):=\/ (f(=p) » g(p,—)) f<g=ufg9) =1

peEQ

e PERFECTNESS?

September 11, 2012 Perfectness in frames TACT 2012, UNISA —1




Topol. Appl. 158 (2011)

TFAE for a locale L: (1) L is perfectly normal.

2) f < g = dheCL): f<h<g and
~— =~
USC LSC

(f,h) = u(h,g) = u(f,9)

!(f,9):=\/ (f(=p) » g(p,—)) f<g=ufg9) =1

peEQ

e PERFECTNESS?

Charalambous 1974, Gilmour 1984 (o-frames):.

September 11, 2012 Perfectness in frames TACT 2012, UNISA —1
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TFAE for a locale L: (1) L is perfectly normal.

2) f < g = dheCL): f<h<g and
~— =~
USC LSC

(f,h) = u(h,g) = u(f,9)

!(f,9):=\/ (f(=p) » g(p,—)) f<g=ufg9) =1

peEQ

e PERFECTNESS?

Charalambous 1974, Gilmour 1984 (o-frames):.

Vae L I(ap)NnE L: a=\a, and a, < a Yn.

September 11, 2012 Perfectness in frames TACT 2012, UNISA —1




AIMS (work in progress)

e to study perfectness further.
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AIMS (work in progress)

e to study perfectness further.

e t0o understand better the role of perfectness in insertion of functions.

e to unify several insertion results.
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Heath & Michael 1971

Every closed set is a Gs-set
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Heath & Michael 1971
Every closed setis a Gs-set (= [),,en Un)

1 (by complementation)

Every open setis an F,-set (= U,.en 1)

PERFECTLY NORMAL SPACES = PERFECT + NORMAL

& YU eO(X)I (Unen € O(X): U =, Un and T, < U Vn.

Michael 1956
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BACKGROUND AND NOTATION the frame of sublocales

cL := {c(a)
\/ ¢(ai) = c«(\/ @)
1€l 1€l

c(a) A c(b) =c(a A D)
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PERFECTNESS IN LOC

CO-PERFECT

Every closed sublocale is a GGs-sublocale: Gs-locales
Vae L I(an)y S L: ¢(a) = /ey 0(an) (de Morgan) lL JF

Every open sublocale is an F,-sublocale: F_-locales

Va e L 3(an)y S L: o(a) = /\,en €(an)

PERFECT

COUNTER-EXAMPLE (a spatial one): the cofinite topology on N.

(13 -space, subfit frame, not fit)
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SOME RESULTS

co-perfect —— fit
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| |

perfect —— subfit

e to which extent (co-)perfect locales model GG5-spaces (inside 1j)?

TFAE for a Ty-space X
% X Is perfect (=co-perfect).

% X Is Tp and the frame OX is co-perfect.

X Is T and the frame OX is co-perfect.
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= PERFECT + NORMAL
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= PERFECT + NORMAL

PROPOSITION. TFAE for a normal frame L:

% L Is perfect (= with regular elements a,,.)

% L is co-perfect (= with regular elements a,,.)

) YaelL (ap)nEL: a=Va, and a, < a Vn.

S

original GILMOUR’s condition
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= PERFECT + NORMAL

PROPOSITION. TFAE for a normal frame L:

% L Is perfect (= with regular elements a,,.)

% L is co-perfect (= with regular elements a,,.)

) YaelL (ap)nEL: a=Va, and a, < a Vn.

S

original GILMOUR’s condition (each a Is Gs-regular)
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THE ROLE OF NORMALITY IN INSERTION: (weak) insertion

THEOREM. TFAE for a frame L;:

% L 1s normal.

% f < g = JheCL): f<h<yg.
N~—— N~——
USC LSC

J. Gutierrez Garcia & J. P., JPAA (2007)
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THE ROLE OF WCRWVIALITY IN INSERTION: (wean) insertion

PERFECTNESS double

THEOREM. TFAE for a frame L;:

% L 1s normal.

% f < g = JdheC): f<h<g.
~_
USC LSC

J. Gutierrez Garcia & J. P., JPAA (2007)
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THE ROLE OF WCRWVIALITY IN INSERTION: (wean) insertion

PERFECTNESS double

THEOREM. TFAE for a frame L;:

% L is nrermal.  perfect

® f < g =3 [, 3§ :f<f<i<yg and
USC LSC USC  LSC
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THE ROLE OF WCRWVIALITY IN INSERTION: (wean) insertion

PERFECTNESS double

THEOREM. TFAE for a frame L;:

% L is nrermal.  perfect

® f < g =3 [, 3§ :f<f<i<yg and
USC LSC USC  LSC

f<g=f<f<g<yg
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(weak) INSERTION + DOUBLE INSERTION = STRICT INSERTION

THEOREM. TFAE for a frame L;:

% L is normal + perfect

® 5 < g9 =3 7,3 :f<f<ji<g and
— = ~— ~-
USC LSC USC LSC

f<g=f<f<g<yg
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(weak) INSERTION + DOUBLE INSERTION = STRICT INSERTION

THEOREM. TFAE for a frame L;:

% L is normal + perfect

® 5 < g9 =3 7,3 :f<f<ji<g and
— = ~— ~-
USC LSC USC LSC

f<g=f<f<g<yg

= f<h<g
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A UNIFIED APPROACH: go to S(L) the frame of sublocales
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A UNIFIED APPROACH: <7 -perfectness

Lis o/-perfect=V A e &/

September 11, 2012

A= /A,y An (Where each A4, € &)

Perfectness in frames

the frame of sublocales

TACT 2012, UNISA —-11



A UNIFIED

APPROACH: .&7-normality the frame of sublocales

Lis «/-normal = Forany A, B € «/,

AvB=1=3dUVeagd:UAV =0 AvU=1=BvV.

September 11, 2012
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J: S(R) — S(L)

feUSC(L) & Vp<q FF,,ecl : f(—p) < Fpqg< f(—q).
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J: S(R) — S(L)
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J: S(R) — S(L)

feUSC(L) & Vp<q FF,,ecl : f(—p) < Fpqg< f(—q).

/-USC(L) =Vp<q IFpqed : f(—p) < Fpq< f(—0q).
o/-LSC(L)=Vp<q FF,5e o f(qg,—) < Fpq < f(p,—).

o/-C(L) = o/-LSC(L) n 2/-USC(L)

Clearly: | f is upper .o7-semicontinuous Iiff it is lower <7“-semicont.

f is @/“-continuous Iiff it Is .o7-continuous.
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RESULTS: relative versions

a7 -perfect normality = o/-perfectness + <o/-normality

for f < g
~— ~—
o/ —USC  &/—LSC
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RESULTS: relative versions

</ -Booleanness o7 -extremally disc.

C C C
a7 -perfect normality = o/-perfectness + <o/-normality
under mild
conditions on </
m =8 Double insertion JEa (Weak) insertion

for f < g
C’ C’
#=USC &/ =LSC

o/ -LSC  &7-USC
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EXAMPLES
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EXAMPLES

e .o/1-normal frames: normal

e .o/--normal frames: extremally disconnected

e ofi-perfect frames: perfect

o o/ -perfect frames: Boolean

e Upper 1 -semicontinuous functions: upper semicontinuous
¢ lower .27;-semicontinuous functions: lower semicontinuous

e .o/|-continuous functions: continuous
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EXAMPLES
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EXAMPLES

e o/h-normal frames: mildly normal

e o/, -normal frames: extremally disconnected

o o/r-perfectly normal frames: pm-normal = OZ

o o/ -perfectly normal frames: extremally disconnected

e Upper g-semicontinuous functions: normal upper semicontinuous
e lower .@%-semicontinuous functions: normal lower semicontinuous
e o/»-continuous functions: normal continuous

)~ =r5 1 U)r=7

Dilworth 1950
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oty = {c(cozf): f e CL)}
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EXAMPLES

e o/3-normal frames: all frames

o o/ -normal frames: F-frames

o o/3-perfectly normal frames: all frames

o o/ -perfectly normal frames: P-frames

e Upper g3-semicontinuous functions: Zero upper semicontinuous
e lower .273-semicontinuous functions: zero lower semicontinuous
e of3-continuous functions: Zero continuous

Stone 1949
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EXAMPLES : a regular G
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{c(a): a regular Gs}

e o7;-normal frames: d-normal

o o/, -normal frames: o-extremally disconnected

o o/4-perfectly normal frames: 277

o o/ -perfectly normal frames: 27?7

e Upper 7;-semicontinuous functions: regular upper semicontinuous
e lower .@7;-semicontinuous functions: regular lower semicontinuous
e o/,-continuous functions: regular continuous
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