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MOTIVATION: MICHAEL’S STRICT INSERTION Ann. Math. 63 (1956)

TFAE for a space X: (1) X is perfectly normal (= perfect + normal).

(2) floomoon

USC

¤ gloomoon
LSC

ñ D h P CpXq : f ¤ h ¤ g and

fpxq   hpxq   gpxq whenever fpxq   gpxq.
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MOTIVATION: MICHAEL’S STRICT INSERTION Topol. Appl. 158 (2011)

TFAE for a space X: (1) X is perfectly normal (= perfect + normal).

(2) floomoon

USC

¤ gloomoon
LSC

ñ D h P CpXq : f ¤ h ¤ g and

fpxq   hpxq   gpxq whenever fpxq   gpxq.

TFAE for a locale L: (1) L is perfectly normal.

(2) floomoon

USC

¤ gloomoon

LSC

ñ D h P CpLq : f ¤ h ¤ g and

ιpf, hq � ιph, gq � ιpf, gq.

p q �ªP p p q ^ p qq   � p q �
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MOTIVATION: MICHAEL’S STRICT INSERTION Topol. Appl. 158 (2011)

TFAE for a space X: (1) X is perfectly normal (= perfect + normal).

(2) floomoon

USC

¤ gloomoon
LSC

ñ D h P CpXq : f ¤ h ¤ g and

fpxq   hpxq   gpxq whenever fpxq   gpxq.

TFAE for a locale L: (1) L is perfectly normal.

(2) floomoon

USC

¤ gloomoon

LSC

ñ D h P CpLq : f ¤ h ¤ g and

ιpf, hq � ιph, gq � ιpf, gq.
ιpf, gq:�ª

pPQpfp—, pq ^ gpp,—qq

  � p q �

September 11, 2012 Perfectness in frames TACT 2012, UNISA – 1
– p. 1



MOTIVATION: MICHAEL’S STRICT INSERTION Topol. Appl. 158 (2011)

TFAE for a space X: (1) X is perfectly normal (= perfect + normal).

(2) floomoon

USC

¤ gloomoon
LSC

ñ D h P CpXq : f ¤ h ¤ g and

fpxq   hpxq   gpxq whenever fpxq   gpxq.

TFAE for a locale L: (1) L is perfectly normal.

(2) floomoon

USC

¤ gloomoon

LSC

ñ D h P CpLq : f ¤ h ¤ g and

ιpf, hq � ιph, gq � ιpf, gq.
ιpf, gq:�ª

pPQpfp—, pq ^ gpp,—qq f   g � ιpf, gq � 1

September 11, 2012 Perfectness in frames TACT 2012, UNISA – 1
– p. 1



MOTIVATION: MICHAEL’S STRICT INSERTION Topol. Appl. 158 (2011)

TFAE for a locale L: (1) L is perfectly normal.

(2) floomoon

USC

¤ gloomoon

LSC

ñ D h P CpLq : f ¤ h ¤ g and

ιpf, hq � ιph, gq � ιpf, gq.
ιpf, gq:�ª

pPQpfp—, pq ^ gpp,—qq f   g � ιpf, gq � 1

 PERFECTNESS?

� P Dp q � ��   �

September 11, 2012 Perfectness in frames TACT 2012, UNISA – 1
– p. 1



MOTIVATION: MICHAEL’S STRICT INSERTION Topol. Appl. 158 (2011)

TFAE for a locale L: (1) L is perfectly normal.

(2) floomoon

USC

¤ gloomoon

LSC

ñ D h P CpLq : f ¤ h ¤ g and

ιpf, hq � ιph, gq � ιpf, gq.
ιpf, gq:�ª

pPQpfp—, pq ^ gpp,—qq f   g � ιpf, gq � 1

 PERFECTNESS?

Charalambous 1974, Gilmour 1984 (σ-frames):

� P Dp q � ��   �

September 11, 2012 Perfectness in frames TACT 2012, UNISA – 1
– p. 1



MOTIVATION: MICHAEL’S STRICT INSERTION Topol. Appl. 158 (2011)

TFAE for a locale L: (1) L is perfectly normal.

(2) floomoon

USC

¤ gloomoon
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ñ D h P CpLq : f ¤ h ¤ g and

ιpf, hq � ιph, gq � ιpf, gq.
ιpf, gq:�ª

pPQpfp—, pq ^ gpp,—qq f   g � ιpf, gq � 1

 PERFECTNESS?

Charalambous 1974, Gilmour 1984 (σ-frames):�a P L DpanqN � L : a �� an and an   a �n.
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AIMS (work in progress)

 to study perfectness further.
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AIMS (work in progress)

 to study perfectness further.

 to understand better the role of perfectness in insertion of functions.

 to unify several insertion results.
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PERFECT SPACES Heath & Michael 1971

A Every closed set is a Gδ-set

� � P
� � P

� � P p q D p q P � p q � � P � �
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A Every closed set is a Gδ-set (� �nPN Un) Gδ-spaces

(by complementation)

B Every open set is an Fσ-set (� �nPN Fn) Fσ-spaces

PERFECTLY NORMAL SPACES = PERFECT + NORMAL

� � U P OpXq D pUnqnPN � OpXq : U � �nPN Un and Un � U �n.

Michael 1956
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BACKGROUND AND NOTATION the frame of sublocales

SpLq

� t p q | P uªP p q � pªP q

p q ^ p q � p ^ q
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BACKGROUND AND NOTATION the frame of sublocales

SpLq
L cL

cL :� tcpaq | a P Luª

iPI cpaiq � cpª
iPI aiq

cpaq ^ cpbq � cpa^ bq
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BACKGROUND AND NOTATION the frame of sublocales

SpLq
L cL

BpSpLqq
oL

oL :� topaq | a P Lu©

iPI opaiq � opª
iPI aiq

opaq _ opbq � opa^ bq
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PERFECTNESS IN LOC

A Every closed sublocale is a Gδ-sublocale: Gδ-locales

� P Dp q � p q �� P p q

� P Dp q � p q �� P p q

ä
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PERFECTNESS IN LOC

A Every closed sublocale is a Gδ-sublocale: Gδ-locales�a P L DpanqN � L : cpaq ��nPN opanq
B Every open sublocale is an Fσ-sublocale: Fσ-locales�a P L DpanqN � L : opaq ��nPN cpanq

(de Morgan) ä

COUNTER-EXAMPLE (a spatial one): the cofinite topology on N.

(T1-space, subfit frame, not fit)

PERFECT

CO-PERFECT
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SOME RESULTS
co-perfect fit
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SOME RESULTS
co-perfect fit

perfect subfit

 to which extent (co-)perfect locales model Gδ-spaces (inside T0)?

TFAE for a T0-space X:

1 X is perfect (=co-perfect).

2 X is TD and the frame OX is co-perfect.

3 X is T1 and the frame OX is co-perfect.
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PERFECT NORMALITY IN LOC = PERFECT + NORMAL

PROPOSITION. TFAE for a normal frame L:
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2 L is co-perfect

3 �a P L DpanqN � L : a �� an and an   a �n.

original GILMOUR’s condition

(� with regular elements an.)

(� with regular elements an.)

(each a is Gδ-regular)
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THE ROLE OF NORMALITY IN INSERTION: (weak) insertion

THEOREM. TFAE for a frame L:

1 L is normal.

2 floomoon

USC

¤ gloomoon

LSC

ñ D h P CpLq : f ¤ h ¤ g .

J. Gutiérrez García & J. P., JPAA (2007)
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THE ROLE OF NORMALITY IN INSERTION: (weak) insertion
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THE ROLE OF NORMALITY IN INSERTION: (weak) insertion

PERFECTNESS double

THEOREM. TFAE for a frame L:

1 L is normal. perfect

2 floomoon

USC

¤ gloomoon

LSC

ñ D pfloomoon
USC

, pgloomoon
LSC

: f ¤ pf ¤ pg ¤ g and

ιpf, gq � ιpf, pfq � ιp pf, pgq � ιppg, gq.

  ñ   p  p 

September 11, 2012 Perfectness in frames TACT 2012, UNISA – 9
– p. 9



THE ROLE OF NORMALITY IN INSERTION: (weak) insertion

PERFECTNESS double

THEOREM. TFAE for a frame L:

1 L is normal. perfect
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¤ gloomoon

LSC

ñ D pfloomoon
USC

, pgloomoon
LSC

: f ¤ pf ¤ pg ¤ g and

ιpf, gq � ιpf, pfq � ιp pf, pgq � ιppg, gq.
In particular: f   g ñ f   pf   pg   g
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(weak) INSERTION + DOUBLE INSERTION = STRICT INSERTION

THEOREM. TFAE for a frame L:

1 L is normal + perfect

2 floomoon

USC

¤ gloomoon

LSC

ñ D pfloomoon
USC

, pgloomoon
LSC

: f ¤ pf ¤ pg ¤ g and

ιpf, gq � ιpf, pfq � ιp pf, pgq � ιppg, gq.
In particular: f   g ñ f   pf   pg   g

D h P CpLq : pf ¤ h ¤ pg

ñ    
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(weak) INSERTION + DOUBLE INSERTION = STRICT INSERTION

THEOREM. TFAE for a frame L:

1 L is normal + perfect

2 floomoon

USC

¤ gloomoon

LSC

ñ D pfloomoon
USC

, pgloomoon
LSC

: f ¤ pf ¤ pg ¤ g and

ιpf, gq � ιpf, pfq � ιp pf, pgq � ιppg, gq.
In particular: f   g ñ f   pf   pg   g

D h P CpLq : pf ¤ h ¤ pg

and thus ñ f   h   g
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A UNIFIED APPROACH: go to SpLq the frame of sublocales

SpLq
L cL

BpSpLqq
oL
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A UNIFIED APPROACH: A -perfectness the frame of sublocales

SpLq
L

A

BpSpLqq
A

c

� � P�� P P
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A UNIFIED APPROACH: A -perfectness the frame of sublocales

SpLq
L

A

BpSpLqq
A

c

L is A -perfect � � A P A c

A ��nPN An (where each An P A )
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A UNIFIED APPROACH: A -normality the frame of sublocales

SpLq
L

A

BpSpLqq
A

c

L is A -normal � For any A,B P A ,

A_B � 1 ñ D U, V P A : U ^ V � 0, A_ U � 1 � B _ V .
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A -SEMICONTINUITY AND A -CONTINUITY f : LpRq Ñ SpLq
f P USCpLq � � p   q DFp,q P cL : fp—, pq ¤ Fp,q ¤ fp—, qq.

p q � �   D P p q ¤ ¤ p qp q � �   D P p q ¤ ¤ p qp q � p q X p q

September 11, 2012 Perfectness in frames TACT 2012, UNISA – 13
– p. 13



A -SEMICONTINUITY AND A -CONTINUITY f : LpRq Ñ SpLq
f P USCpLq � � p   q DFp,q P cL : fp—, pq ¤ Fp,q ¤ fp—, qq.

A -USCpLq � � p   q DFp,q P A : fp—, pq ¤ Fp,q ¤ fp—, qq.

p q � �   D P p q ¤ ¤ p qp q � p q X p q

September 11, 2012 Perfectness in frames TACT 2012, UNISA – 13
– p. 13



A -SEMICONTINUITY AND A -CONTINUITY f : LpRq Ñ SpLq
f P USCpLq � � p   q DFp,q P cL : fp—, pq ¤ Fp,q ¤ fp—, qq.

A -USCpLq � � p   q DFp,q P A : fp—, pq ¤ Fp,q ¤ fp—, qq.
A -LSCpLq � � p   q DFp,q P A : fpq,—q ¤ Fp,q ¤ fpp,—q.

p q � p q X p q

September 11, 2012 Perfectness in frames TACT 2012, UNISA – 13
– p. 13



A -SEMICONTINUITY AND A -CONTINUITY f : LpRq Ñ SpLq
f P USCpLq � � p   q DFp,q P cL : fp—, pq ¤ Fp,q ¤ fp—, qq.

A -USCpLq � � p   q DFp,q P A : fp—, pq ¤ Fp,q ¤ fp—, qq.
A -LSCpLq � � p   q DFp,q P A : fpq,—q ¤ Fp,q ¤ fpp,—q.
A -CpLq � A -LSCpLq XA -USCpLq

September 11, 2012 Perfectness in frames TACT 2012, UNISA – 13
– p. 13



A -SEMICONTINUITY AND A -CONTINUITY f : LpRq Ñ SpLq
f P USCpLq � � p   q DFp,q P cL : fp—, pq ¤ Fp,q ¤ fp—, qq.

A -USCpLq � � p   q DFp,q P A : fp—, pq ¤ Fp,q ¤ fp—, qq.
A -LSCpLq � � p   q DFp,q P A : fpq,—q ¤ Fp,q ¤ fpp,—q.
A -CpLq � A -LSCpLq XA -USCpLq
Clearly: f is upper A -semicontinuous iff it is lower A c-semicont.

f is A c-continuous iff it is A -continuous.
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RESULTS: relative versions

A -perfect normality � A -perfectness � A -normality

(Weak) insertion

for floomoon

A�USC

¤ gloomoon

A�LSC

� �
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RESULTS: relative versions

A -perfect normality � A -perfectness � A -normality

(Weak) insertion

for floomoon

A�USC

¤ gloomoon

A�LSC

Double insertionStrict insertion � �
under mild
conditions on A

c c c

c c

A -LSC A -USC

A -Booleanness A -extremally disc.
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EXAMPLES A1 � tcpaq : a P Lu

 A1-normal frames: normal A c
1

-normal frames: extremally disconnected
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 A1-normal frames: normal A c
1

-normal frames: extremally disconnected

 A1-perfect frames: perfect A c
1

-perfect frames: Boolean
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EXAMPLES A1 � tcpaq : a P Lu

 A1-normal frames: normal A c
1

-normal frames: extremally disconnected

 A1-perfect frames: perfect A c
1

-perfect frames: Boolean

 upper A1-semicontinuous functions: upper semicontinuous lower A1-semicontinuous functions: lower semicontinuous A1-continuous functions: continuous
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 p �q� � p �q� �
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EXAMPLES A2 � tcpa�q : a P Lu

 A2-normal frames: mildly normal A c
2

-normal frames: extremally disconnected

 A2-perfectly normal frames: pm-normal = OZ A c
2

-perfectly normal frames: extremally disconnected

 upper A2-semicontinuous functions: normal upper semicontinuous lower A2-semicontinuous functions: normal lower semicontinuous A2-continuous functions: normal continuouspf�q� � f | pf�q� � f

Dilworth 1950
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EXAMPLES A3 � tcpcozfq : f P CpLqu

 A3-normal frames: all frames A c
3

-normal frames: F -frames

 A3-perfectly normal frames: all frames A c
3

-perfectly normal frames: P -frames

 upper A3-semicontinuous functions: zero upper semicontinuous lower A3-semicontinuous functions: zero lower semicontinuous A3-continuous functions: zero continuous

Stone 1949
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EXAMPLES A4 � tcpaq : a regular Gδu
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EXAMPLES A4 � tcpaq : a regular Gδu

 A4-normal frames: δ-normal A c
4

-normal frames: δ-extremally disconnected

 A4-perfectly normal frames: ??? A c
4

-perfectly normal frames: ???

 upper A4-semicontinuous functions: regular upper semicontinuous lower A4-semicontinuous functions: regular lower semicontinuous A4-continuous functions: regular continuous

Lane 1983
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