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topology In the category Loc

Loc = Frm®

localic maps

1

- frames:  a A\ b =\(aAb)

the category Frm | frame homomorphisms: preserve

\V, 0

|

Algebraic category: presentations by generators and relations.
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REAL NUMBERS POINTFREELY

[B. Banaschewski, The real numbers in pointfree topology, 1997]

The frame of reals:
L(R) = Frm{(p,—), (—a)(p,q € Q) [ (R1) (p,—) A (—,q) =0 forp > g,
(R2) (p,—) v (—q) =1 forp <gq,
(R3) (p,—) = Vysp (1),
(— @) = Vg ),
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REAL NUMBERS POINTFREELY

[B. Banaschewski, The real numbers in pointfree topology, 1997]

The frame of reals:
L(R) =Frm{(p,—),(—q)(p,q€ Q) | (R1) (p,—) A (—,q) =0 forp > g,
(R2) (p,—) v (—q) =1 forp <q,

(RS) (pv_) — \/r>p(ra _);
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[B. Banaschewski, The real numbers in pointfree topology, 1997]

e The spectrum X £(R) =~ R (usual space of reals).

O
e From the (dual) adjunction Top Frm

>

there is a natural isomorphism Top(X,YL) — Frm(L, O X).

o For L = £(R): C(X)= Top(X,R) — Frm(£(R),OX)

Natural extension:
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[B. Banaschewski, The real numbers in pointfree topology, 1997]

C(L) is a lattice-ordered ring partially ordered by

f

<

g

Iff

Iff

9(—q) < f(—,q) Vg€ Q.
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ALGEBRAIC OPERATIONS IN C(L) f: £R) - L
[B. Banaschewski, The real numbers in pointfree topology, 1997]

C(L) is a lattice-ordered ring partially ordered by

f<g it f(p,—) <gp,—)VpeQ

iff  g(—q) < f(—,q) Yge Q.

Foro =+, A, V.

Fop)pm) = \/ Fr—) ngls,—) =
roS>p

(Fo)d) = \/ Forr) ngleys) =
ros<q

[JGG & JP, Rings of real functions in pointfree topology, TAA 2011]
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THE PROBLEM: ORDER COMPLETENESS OF C(L)

C(L) fails to be Dedekind complete:

non-void sets of continuous real functions in C(L),

bounded above, need not have a least upper bound in C(L).

BACKGROUND:

Definition. A poset P is Dedekind complete (=conditionally complete)

If every bounded ¢ # A < P has a supremum and an infimum in P.

(more useful since we are dealing with l.o. groups withno L and T)
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THE PROBLEM: ORDER COMPLETENESS OF C(L)

C(L) fails to be Dedekind complete:

non-void sets of continuous real functions in C(L),

bounded above, need not have a least upper bound in C(L).

BACKGROUND:
A Dedekind completion of P is a join- and meet-dense embedding
¢: P — D(P)

In a Dedekind complete poset.

D(P) D(P)
VpeDP) |p=\V {®@) | 2@ <p}= A {®2@) ]| (@) = p}
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THE PROBLEM: ORDER COMPLETENESS OF C(L)

C(L) fails to be Dedekind complete. But ... WHY?

Let {fi}ier = C(L) and f € C(L) such that f; < f foralli e I.

Natural candidate:

= \/ filp,—) and h(— \/</\fz_8)

1€l s<q el
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C(L) fails to be Dedekind complete. But ... WHY?

h(p,—) = \/iel filp,—) and Nh(—q) = \/s<q (/\iel fi(—, S))

( (R1)if p > q, then h(p,—) A h(—,q) =0
(R2) if p < ¢, then h(p,—) v h(—, ) =1

(R3) h(p,—) = \/ h(r,—) and h(—,q) = \/ h(—,s)

r>p $<q

L (R4) \/peQ hip,—) =1= \/qu h(—,q)

heC(L) < <
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THE PROBLEM: ORDER COMPLETENESS OF C(L)

C(L) fails to be Dedekind complete. But ... WHY?

h(p,—) = \/iel filp,—) and Nh(—q) = \/s<q (/\iel fi(—, S))

[ (R1) if p > ¢, then h(p,—) A h(—,q) = RV =0
(R2) if p < ¢, then h(p,—) v h(—, ) =1

(R3) h(p,—) = \/ h(r,—) and h(—,q) = \/ h(—,s)

r>p s<q

\ (R4) \/pe(@ h(pa _) =1= \/qu h(_a Q)

heC(L) < <

(R2) if p < q, then h(p,—) v h(—, q) # 1 in general.
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THE PROBLEM: ORDER COMPLETENESS OF C(L)

C(L) fails to be Dedekind complete. But ... WHY?

h(p,—) = \/iel filp,—) and Nh(—q) = \/s<q (/\iel fi(—, S))

[ (R1) if p > ¢, then h(p,—) A h(—,q) = RV =0
(R2) if p < ¢, then h(p,—) v h(—, ) =1

(R3) h(p,—) = \/ h(r,—) and h(—,q) = \/ h(—,s)

r>p s<q

\ (R4) \/pe(@ h(pa _) =1= \/qu h(_a Q)

heC(L) < <

C(L) fails to be Dedekind complete because of (R2)!

On the completion of pointfree function rings TOLOIV -6




Approach I
Partial real functions

J. GUTIERREZ GARCIA, |. Mozo CAROLLO & JP
On the Dedekind completion of function rings, Forum Math., in press.
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IDEA: DELETE RELATION (R2)

Generators (p,—), (—q), p,qe@Q

Relations  (R1) (p,—) A (—,q) = 0 whenever p > ¢
(R2) (p,—) v (—,q) = 1 whenever p < ¢
(R3) (p,—) = V,5p(rs—) @and (—q) = V(=)
(RA) Vo —) =1 =V eg(—14)
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Relations  (R1) (p,—) A (—,q) = 0 whenever p > ¢
(R2) (p,—) v (—,q) = 1 whenever p < ¢
(R3) (p,—) = V,5p(rs—) @and (—q) = V(=)
(RA) Vo —) =1 =V eg(—14)

S £(IR) is the partial real line:
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The frame of partial reals £(IR)

Generators (p,—), (—4q), p,qeqQ

Relations  (R1) (p,—)
(R2}-H{p—)v
(R3) (p,—)
(R4) V peo (P,

—,q) = 0 whenever p > ¢
—,q) = 1 whenever p < ¢

(
(
Visp(r:—) and (—q) = V(=)
—) = 1=V eo(—9)

S £(IR) is the partial real line:

! [R ={a:=[a,al] =R |a,aeRanda < a}
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The frame of partial reals £(IR)

Generators (p,—), (—4q), p,qeqQ

Relations  (R1) (p,—)
(R2}-H{p—)v
(R3) (p,—)
(R4) V peo (P,

—,q) = 0 whenever p > ¢
—,q) = 1 whenever p < ¢

(
(
Visp(r:—) and (—q) = V(=)
—) = 1=V eo(—9)

S £(IR) is the partial real line:

a,a € Randa < a}

‘ [R = {a—[aa]gR
aCb iff J[a,a]2

|
[b,b| (interval-domain)
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The frame of partial reals £(IR)

Generators (p,—), (—4q), p,qeqQ

Relations  (R1) (p,—)
(R2}-H{p—)v
(R3) (p,—)
(R4) V peo (P,

—,q) = 0 whenever p > ¢
—,q) = 1 whenever p < ¢

(
(
Visp(r:—) and (—q) = V(=)
—) = 1=V eo(—9)

S £(IR) is the partial real line:

={a:=|a,a) SR |a,ae Rand a < a}
acb iff [a,a]2|bb| (interval-domain)
> £(IR) ~ IR with the Scott topology on (IR, =)
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PARTIAL CONTINUOUS REAL FUNCTIONS POINTFREELY

e The spectrum X £(IR) =~ IR (interval-domain space).

O
e From the (dual) adjunction Top Frm

>

there is a natural isomorphism Top(X,¥L) — Frm(L, O X).

o For L = £(IR): IC(X)= Top(X,IR) — Frm(£(IR), O X)

Natural extension:

IC(L) = Frm(£(IR), L)

f: £(IR) — L
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A SIDE NOTE

The frame of extended reals £(R)

Generators (p,—), (—q), p,qe@Q

Relations  (R1) (p,—) A (—,q) = 0 whenever p > ¢
(R2) (p,—) v (—,q) = 1 whenever p < ¢
(R3) (p,—) = V,5p(rs—) @and (—q) = V(=)
(RGN pegtor—) ==V ept—=9)
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A SIDE NOTE

The frame of extended reals £(R)

Generators (p,—), (—4a), p,qeQ
Relations  (R1) (p,—) A (—,q) = 0 whenever p > ¢
(R2) (p,—) v (—,q) = 1 whenever p < ¢
(R3) (pa_) — \/r>p(ra _) and (_7 Q) — \/s<q(_7 S)

B. BANASCHEWSKI, J. GUTIERREZ GARCIA & J. P.
Extended real functions in pointfree topology, J. Pure Appl. Algebra 216 (2012)

June 2014
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DEDEKIND COMPLETENESS OF IC(L)

Let {fi}ier € IC(L) and f e IC(L) such that f; < f foralli e I.
Does there exist \/,_; f; in IC(L)?
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DEDEKIND COMPLETENESS OF IC(L)

Let {f;}ier € IC(L) and f € IC(L) such that f; < fforallie I.

Does there exist \/,_; f; in IC(L)? Natural candidate (again):

h(p,—) = \/iel filp,—) and Nh(—q) = \/s<q (/\iel fi(—, S))

( (R1)if p < q,then h(—,p) A h(q,—) =0
(R3) h(pa _) — \/ h(rr? _) and h(_v Q) — \/ h(_v S)

r>p s<q

. (R4) \/peQ h(p,—) =1= \/qu h(—,q)

helC(L) <

—_—
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DEDEKIND COMPLETENESS OF IC(L)

Let {f;}ier € IC(L) and f € IC(L) such that f; < fforallie I.

Does there exist \/,_; f; in IC(L)? Natural candidate (again):

h(p,—) = \/iel filp,—) and Nh(—q) = \/s<q (/\iel fi(—, S))

( (R1) if p < ¢, then h(—, p) A h(q,—) = RV =
0?3)}Mf%_0:: \/‘h@ﬁ—f)and‘hC—>Q)::\V/h(—ws)

r>p s<q

\ (R4) \/Z?EQ hp,—) =1 = \/qu h(—,q)

helC(L) <

—_—

Hence h € IC(L). Moreover, h = \/'C(L fi-

el
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DEDEKIND COMPLETENESS OF IC(L)

Let {fi}ier € IC(L) and f e IC(L) such that f; < f foralli e I.

Does there exist \/,_; f; in IC(L)? Natural candidate (again):

h(p,—) = \/iel filp,—) and Nh(—q) = \/3<q (/\iel fi(—, S)>

( (R1) if p < ¢, then h(—, p) A h(q,—) = RV =
GQB)h(pf—)==\vlhcn—{)andiué—ﬂﬂ== \/}K_US)

r>p s<q

\ (R4) VPEQ hp,—) =1 = \/qu h(—,q)

helC(L) <

—_—

THEOREM. IC(L) is Dedekind complete.
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THE DEDEKIND COMPLETION OF C(L)

Of course, we may consider C(L) as a subset of IC(L):

IC(L)

C(L) = {helC(L) [ h(p,—) v h(—q) =1

for every p < ¢}
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THE DEDEKIND COMPLETION OF C(L)
Of course, we may consider C(L) as a subset of IC(L):
IC(L)

D(C(L)) = ?

C(L) = theIC(L) | h(p,—) v h(—q) =1

for every p < ¢}

Since IC(L) is Dedekind complete, it must contain the Dedekind

completion of C(L).
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From now on: L = completely regular frame

(no loss of generality [Banaschewski & Hong, 2003])
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THE DEDEKIND COMPLETION OF C(L)

From now on: L = completely regular frame

(no loss of generality [Banaschewski & Hong, 2003])

Remark_

(R2) h(p,—) v h(—q) =1 = (RZ’){

Vp<q

*

h(p7 _)
h(_7 Q)

*
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THE DEDEKIND COMPLETION OF C(L)

From now on: L = completely regular frame

(no loss of generality [Banaschewski & Hong, 2003])

h(pa_)

(R2) h(p.—) v h(—p) =1 = ‘RZ'){M— q)*j

*

Vp<q

THEOREM. The Dedekind completion D(C(L)) of C(L) is given by
(helC(L) | (1) 3f,geC(L): f<h<g

(2) h(p,—)* < h(—q) and h(—,q)* < h(p,—) Vp < ¢}
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THE DEDEKIND COMPLETION OF C(L)

From now on: L = completely regular frame

(no loss of generality [Banaschewski & Hong, 2003])

h(pa_)*

R2) h(p,—) v h(—q) =1 = (R2
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From now on: L = completely regular frame

(no loss of generality [Banaschewski & Hong, 2003])

h(pa_)*

(R2) h(p,—) v i(—q) =1 = (RZ’){
= Y g h(_7 q
Vp<q

If L is extremally disconnected (¢* v a** = 1, Va) then (R2) < (R2).

COROLLARY. C(L) is Dedekind complete iff L is extr. disconnected.

[Banaschewski & Hong, 2003]
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Approach II:
Semicontinuous real functions

J. GUTIERREZ GARCIA, |. Moz0o CAROLLO & JP
Normal semicontinuity and
the Dedekind completion of pointfree function rings, 2014, submitted.
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(GENERAL) REAL FUNCTIONS POINTFREELY Motivation

o Any f: (X,P(X)) — (R,%) iscontinuous.
.e. F(X) ~ Top((X,P(X)), (R, F))
O
e From the (dual) adjunction Top Frm
by

F(X) =~ Frm(E(R),P. (.X. ) lattice of subspaces of X

Fm{L{R), S |attice of sublocales of L

Natural extension:
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(GENERAL) REAL FUNCTIONS POINTFREELY Motivation

BUT in the pointfree setting the situation is somewhat distinct:

e Inspaces, P(X) is e.d. and thus F(X) is Dedekind complete.
So one may find D(C(X)) inside F(X)

(classical approach of [Dilworth, Hornl).

e S(L)is NOT e.d. in general and so

F(L) is NOT necessarily Dedekind complete...

On the completion of pointfree function rings TOLO IV —13
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f 2(R) — (1)

S(L) is rich enough to allow to segregate the specific classes
of real functions we are interested with in a satisfactory manner:

f(—q) (L) f(p,—) € e(L)

J. GUTIERREZ GARCIA, T. KuBIAK & J. P.
Localic real functions: a general setting, J. Pure Appl. Algebra 213 (2009) 1064-1074
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REGULARIZATIONS OF A REAL FUNCTION feF(L)

e lower regularization f°

=) = \/ fr,—) [o(—=aq) =\ fs.=)"

r>p s<q

Then:  foelLSC(L), f°<f, f°=V{gelSCL)|g< f}.
If {e LSC(L) | g < f} # & then f°eLSC(L).

e Dually: the upper regularization f~ = —(—f)°

J. GUTIERREZ GARCIA, T. KUBIAK & J. P.
Lower and upper regularizations of frame semicontinuous real functions, Alg. Univ. (2009)
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f°, f~ € F(L) (and thus also belong to F*(L)) U‘

!

o LOCALLY BOUNDED: \/ o f(p,—) = 1=V o f(— ) Fi°(L)

L Is a cb-frame iff H
(every f e F*(L) is bounded above by a continuous g)

e CONTINUOUSLY BOUNDED: 3 hq,ho € C(L): h1 < f < hy FP(L)

Ul

e BOUNDED: dp<gq: f(p,—) =1= f(—,q) F*(L)

< dp<qg:p<f<gq
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feF(L)isnormallscif f-eF(L)and (f7)° = f. NLSC(L)
normal usc if f° e F(L) and (f°)~ = f. NUSC(L)

Important role here:

(Weak cb-framesD every f € LSC'’(L) is bounded above by a continuous ¢

& LSC?(L) = LSC*(L) « USC®(L) = USC*(L) - --

PROPOSITION. TFAE for a frame L:
(1) L is weak cb.

(2) NLSC®(L) = NLSC!®(L) = NLSC(L).

(3) NUSC®(L) = NUSC®(L) = NUSC(L).

On the completion of pointfree function rings TOLO IV —18
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feF(L)isnormallscif f-eF(L)and (f7)° = f. NLSC(L)
normal usc if f° e F(L) and (f°)~ = f. NUSC(L)

Important role here:

(Weak cb-framesD every f € LSC'’(L) is bounded above by a continuous ¢

& LSC?(L) = LSC*(L) « USC®(L) = USC*(L) - --

PROPOSITION. TFAE for a frame L:

(1) L is extremally disconnected.

(2) NLSC(L) = C(L).

(3) NUSC(L) = C(L).
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THE DEDEKIND COMPLETION OF C(L) Note: for any directed poset

Pwithno L, D(P)={AcC P|AY = A, & # A# P}

FL) o -
e AeD(C(L)) ~rs (\/ A> e NLSC®(L)

£

e {geC(L)|g=> f}eD(C(L)) <~~~ [feNLSC®(L)

THEOREM. Let L be a completely regular frame. Then:

(1) D(C(L)) ~ NLSC®(L). (2) D(C*(L)) ~ NLSC*(L).

COROLLARIES.
(1) If L is weak cb then D(C(L)) ~ NLSC(L).

(2) L is extremally disconnected iff C(L) is Dedekind complete.

On the completion of pointfree function rings TOLO IV —19




THE COMPLETION AS A FUNCTION RING

QUESTION: Is D(C(L)) isomorphic to some C(M) ?

June 2014 On the completion of pointfree function rings TOLO IV - 20




THE COMPLETION AS A FUNCTION RING bounded case

QUESTION: Is D(C(L)) isomorphic to some C(M) ? YES!

June 2014 On the completion of pointfree function rings TOLO IV - 20




THE COMPLETION AS A FUNCTION RING bounded case

QUESTION: Is D(C(L)) isomorphic to some C(M) ? YES!

M =95(L)={aeL|a™* =a) Booleanization of L

(the largest dense quotient of L)

On the completion of pointfree function rings TOLO IV - 20




THE COMPLETION AS A FUNCTION RING bounded case

QUESTION: Is D(C(L)) isomorphic to some C(M) ? YES!

M =95(L)={aeL|a™* =a) Booleanization of L

(the largest dense quotient of L)

o feNLSC*(L) ~——~> ;e C*(B(L)):

On the completion of pointfree function rings TOLO IV - 20




THE COMPLETION AS A FUNCTION RING bounded case

QUESTION: Is D(C(L)) isomorphic to some C(M) ? YES!

M =95(L)={aeL|a™* =a) Booleanization of L

(the largest dense quotient of L)

o feNLSC*(L) ~—~—> ;e C*(B(L)):

B(L) B(L)
or(,=) =\/ (A f(r,=)* or(—a) =\ (Af(s,—))*

On the completion of pointfree function rings TOLO IV - 20




THE COMPLETION AS A FUNCTION RING bounded case

QUESTION: Is D(C(L)) isomorphic to some C(M) ? YES!

M =95(L)={aeL|a™* =a) Booleanization of L

(the largest dense quotient of L)

e feNLSC*(L) ~——> ¢;eC*(B(L)):

B(L) B(L)
or(,=) =\/ (A f(r,=)* or(—a) =\ (Af(s,—))*

THEOREM. Let L be a completely regular frame. Then
D(C*(L)) = C*(B(L)).

On the completion of pointfree function rings TOLO IV —20



THE COMPLETION AS A FUNCTION RING general case

QUESTION: Is D(C(L)) isomorphic to some C(M) ?

June 2014 On the completion of pointfree function rings TOLO IV - 21




THE COMPLETION AS A FUNCTION RING general case

QUESTION: Is D(C(L)) isomorphic to some C(M) ?

NO!in general (counter-examples: even among spatial frames...)

June 2014 On the completion of pointfree function rings TOLO IV - 21




THE COMPLETION AS A FUNCTION RING general case

QUESTION: Is D(C(L)) isomorphic to some C(M) ?

NO!in general (counter-examples: even among spatial frames...)

YES! for weak cb-frames.

June 2014 On the completion of pointfree function rings TOLO IV - 21




THE COMPLETION AS A FUNCTION RING general case

QUESTION: Is D(C(L)) isomorphic to some C(M) ?
NO!in general (counter-examples: even among spatial frames...)

YES! for weak cb-frames.

Now, the role of B(L) is taken by

&(L) Gleason cover of L

(the largest essential extension of L)

On the completion of pointfree function rings TOLO IV - 21




THE COMPLETION AS A FUNCTION RING general case

QUESTION: Is D(C(L)) isomorphic to some C(M) ?
NO!in general (counter-examples: even among spatial frames...)

YES! for weak cb-frames.

Now, the role of B(L) is taken by

@(L) cdS0OI pvel O
(the largest essential extension of L)

For every completely regular frame L, there exists a (unique)
completely regular and extremally disconnected frame & (L) and a
proper essential embedding v7,: L — &(L).

[B. Banaschewski, 1988]
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THE COMPLETION AS A FUNCTION RING general case

QUESTION: Is D(C(L)) isomorphic to some C(M) ?
NO!in general (counter-examples: even among spatial frames...)

YES! for weak cb-frames.

Now, the role of B(L) is taken by

&(L) Gleason cover of L

(the largest essential extension of L)

THEOREM. Let L be a completely regular, weak cb-frame.
Then D(C(L)) ~ NLSC(L) ~ C(&(L)).
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NLSC(L) ~ C(&(L))

SKETCH OF PROOF: h: L — M proper essential embedding, M: e.d.

\/ . . . .
hs (localic right adjoint)

e b (f) e NLSC(L) <~~~ f e LSC(M):

(N —=) =\ hal 01| [ () (=) = \/ (B[ f (5, 9]

r>p s<q

e g NLSC(L) ~~~> h7(g) e LSC(M):

1 (9)(ps—) = \/ (WA g(r,=))™) | |7 (9)(—= @) = \/ e(h(Ag(s,—))*)

r>p s<q

e Galois adjunction: h* (—) 4 h—(—). Ityields the equivalence
NLSC(L) ~ C(M).
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