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On the local structure of coisotropic submanifolds of linear Poisson manifolds.*

For a Lie algebroid 4, the A-tangent bundle to A*, T4A*, is a symplectic Lie algebroid over A* and the linear Poisson strcucture on A* may be described in terms of the symplectic section on 74A*. We discuss the local nature of a

certain type of Lagrangian Lie subalagebroids of 7 A* over an affine subbundle C of A* that turns out to be coisotropic. We expect that these results may be applied in Hamilton-Jacobi theory for Hamiltonian systems on linear Poisson manifolds.

1. Lie Algebroids and linear Poisson structures

Definition 1[5] A Lie Algebroid is a triple (74, [ . |, p) such that, 74 : A — M is a vector bundle,
[ . ]is a Lie algebra structure on the space of sections I'(A) and p : A — T'M is a morphism
of vector bundles, the anchor map, that induces a Lie algebra homomorphism p : I'(A) — X(M)
satisfying the compatibility condition:

[X1. fXo] = f[X1, Xo] + p(X1)(f) X2 for f e C®(M), X1, Xp € I'(A)

It is possible to define a differential operator on A, d : [(AFA*) = T(AF+1A%) as follows

k

AAO(X0, - Xp) = Y (=) XD (O(Xp, -+ Xy, X))

i=0
F D DHO(X G X)L X X X X
1<j
for X, --- X, € [(A) and ¢ € [(AFA*).
On the dual bundle of a Lie algebroid A* we have a linear Poisson structure given by

—

7.3y =0, (7.X} = o(X)/. (X.¥}=-[XV]

where f = f o7y for f € C%°(M), 74 : A* — M is the dual bundle projection and X is the linear
function associated with X € I'(A) (see [5]).

Definition 2[5] Let (74.[, ]4,p4) be a Lie algebroid over A7 and N be a submanifold of A7. A Lie
subalgebroid of A over N is a vector subbundle B of A over N such that pp = pap:B—TN is
well defined and given two sections X.Y € I'(B) and two extensions X,Y € I'(A) we have that
([X,Y]4) v € T(B).

A-tangent bundle of the dual bundle of a Lie algebroid

Let (74,1 [, p) be a Lie algebroid over M.
Definition 3 [3] The -tangent bundle of A" is the vector bundle over A* given by

U rlar=
aEA*

TAA* = U {(a.v) € Ax TuA* | pla) = Turp-(0)}

acA*

We denote by 7 : T4A4* — A and p! : T44* — TA* the projections on the first and the second
factor.
A section n € I'(TAA*) is projectable if there exists a section X € I'(A) and a vector field

X € X(A*), Ta-projectable over p(X) such that n = (X o 74, X). Given two projectable sec-
tions (X, X), (Y.Y) € I(T4A*), we define

[(X, X), (V. ¥)lage = (XYL [X, Y)).

Proposition 1[3] (T44*,[, Jraa-.p') is a Lie algebroid.

It is possible to define the Liouville section on 74 A* as the section A given by
Aa)(X) = a(7!(X)), VaeA*and X € TAA*

and then, introduce the 2-section Q on T7A4A* as 0 = —d7 4"\,

Proposition 2[3] Q is a symplectic section on TAA*, i.e, Q is non-degenerate and d7"A'0 = 0.

Let f : A* — R be a Hamiltonian function. Since (2 is non-degenrate we may define its Hamiltonian
section My by iy, Q = dT"'A" f and one may prove that (see [3])

{19} = QM Hy).

Using that € is a symplectic section on 74 A*, we may consider Lagrangian vector subbundles
and Lagrangian Lie subalgebroids of 74A*,

We recall that a submanifold C' of a Poisson manifold M/ with Poisson 2-vector 11 is said to be
coisotropic if [I#(T0C) ¢ TC (see [6]).

2. Coisotropic submanifolds of linear Poisson ma-
nifolds

Let (74, , 1, p) be a Lie algebroid over M.

Local model of coisotropic affine subbundles in

In particular, the annihilator B of a Lie subalgebroid B of A is a coisotropic submanifold of A*
(see [7]).

Theorem 1 [1]Local structure of coisotropic affine subbundles of the dual bundle to a Lie Alge-
broid Let (A,[ . 1,p) be a Lie algebroid over M, N be a submanifold of M and B be a vector
subbundle over N. If C < A* is a coisotropic affine subbundle of A* modelled over B" and
Jj : Ay — B* is the canonical projection, then for every & € C' there exists an open neighbourhood
V of ¢ and a 1-cocycle ¢ € I'(B*), dB¢ = 0, such that V is an open set of j~}(¢(N))

Ay

Example: Coisotropic affine subbundles of an action Lie algebroid

Let 74 : M x g — M be an action Lie algebroid associated with the left infinitesimal action
¢ : g — X(M). Let N be a submanifold of M and h be a Lie subalgebra of g acting on X(N),
then 75 : B = N x h — N is an action Lie subalgebroid. Furthermore, if o € h* is a 1-cocycle for
the Lie subalgebra b, then « induces a 1-cocycle of the Lie subalgebroid B. Thus, if & € g* is an
extension of o € h*, the coisotropic affine subbundle of 74 A* associated with N x b and « is

C¥ xba) = {(@a+7) €N xg |7ep’}.

3. Lagrangian Lie subalgebroids of 74 A*

Relations between coisotropic submanifolds of a Poisson manifold P and Lagrangian Lie subal-
gebroids of 7* P were discussed in [2]. Next, we consider the case when P is the dual bundle A*
of a Lie algebroid and we replace 7 P by the Lie algebroid 74 A4*.
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Let B be a Lie subalgebroid over N, ¢ € I'(B*) be a 1-cocycle on B and denote by C(B, ¢) the
corresponding coisotropic affine submanifold of A*.

Local model of a Lagrangian Lie subalgebroid L of 74A*
over C = C(B, ¢) satisfying 7'(L) Cc B

Theorem 2[1] Let (74,[ ., ]4,p4) be a Lie algebroid over M. Let L be a Lagrangian Lie subalge-
broid of (TAA* ) over a coisotropic affine subbundle C(B, ¢) of A* such that 7'(L) c B. Then,
L =T8¢ locally.

Example: Lagrangian Lie subalgebroids of an action Lie algebroid
If (q. 1) € A* = M x g* it follows that
Tit A" = {((@,m), (Xgo0) € M x g x TM x g* | ©(m)(g) = X} = g x o

Then, the A-tangent bundle to A* may be identified with the trivial vector bundle (M x g*) x
(g x g*) — M x g*. Under this identification the Lagrangian Lie subalgebroid associated with
C(N x b,«) is given by

TEC(N x b,0) = {((4.6+7),(6,7)) € (M x ") x (g x §") [ g€ N, 7 e b, ¢ e hand o/ e’}

Future work

e Local description of an arbitrary coisotropic submanifold of A* (see [1]).
o Local desription of Lagrangian Lie subalgebroids of 7“4 A* over an arbitrary coisotropic sub-
manifold of A* (see [1]).

o Apply these results to develop a Hamilton-Jacobi theory for Hamiltonian systems on linear Pois-
son manifolds.
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