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Abstract

The quadratic Poisson structure underlying the integrability structure of 3D Lotka-Volterra (LV) equations is shown to be a particular Poisson-Lie structure on a three-dimensional
group. By considering the most generic Poisson-Lie structure compatible with the coalgebra map A defined through the group multiplication, a two-parametric integrable deformation
of the LV systems is explicitly found. Moreover, SN-dimensional integrable systems containing deformed versions of the 3D Lotka-Volterra equations can be obtained by making use o
the Poisson comultiplication map A.

1. Hamiltonian structure of the Lotka-Volterra equations

Poisson algebra and Hamiltonian function The LV Poisson algebra as a Poisson-Lie group

Key observation [2]: The ma
Let us consider the quadratic Poisson algebra P: Y 2] P

{X,Y} =aXY {X,Z2} = BXZ {Y,Z2} =~YZ a,3#0 ” Y
o . AY)=XrQY+YR1 - ARY)=X)Y,+ V>
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It we consider the Hamiltonian function (which generalizes [1]) the LV Poisson algebra. Therefore, the LV equations are an integrable
H=aX+aY+aZ+blogX+blogY + b3 logZ Hamiltonian system defined on this Poisson-Hopf algebra.
we get the LV equations as the integrable dynamical system given by
F = {F,H}. Namely,

X = X[aa Y + Bas Z + (aby + Bbs)]

Remark: The coproduct A is just the group law for the Lie group
generated by the multiparametric Lie algebra g, s~ given by

- g g
Y = Y[—aa; X + vas Z + (vbs — aby)] [x,y] = 37 Ix,2l=—-—2z |y,z] =0.
Z=Z|-Pa X —va ¥ — (Bb1 + b)) Therefore, (P, A) is a multiparametric Poisson-Lie (PL) group.

2. The deformed LV Poisson algebra

Theorem [2] A new Iintegrable deformation of LV equations

The most generic Poisson structure quadratic in { X, X%, X—=,Y,Z,1} Now, fromH =ay X +a Y + a3 Z + by log X + b, log Y + b; log Z

and for which the comultiplication A is a Poisson map is given by the but considering that the dynamical variables generate Ps., we get the
following (3+2)-parameter Poisson bracket Ps.: following integrable (4d, €)-deformation of the LV equations:

{X,Y} =aXY + 6X(1 — X7) X = X[aaY + BasZ + (ab; + Bbs)]

X, 2} = BXZ + eX(1 — X =) +6X (1 - X3) (az + @> +eX (1-X73) <a3 - @>

V,2} =¥z + 25y 4+ 207 4 20° (1 _ xi-i y .

2y =n Tty "’g—a( ; ) Y=Y[—aa1X+‘7332+(—ab1+7b3)]+5{(Xg—1)(a1X+b1)+Zé(a:;Z+b3)}

Moreover, the CGasimir function for 735,; is given by L&Y {Y (as N 5) L9 <a3 n @) (1 5 X%—l)]
Y «a Y Y s 4 - 4
— _ X5 @ — ol : ) b
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Corollary: (Ps,, A) is a 5-parametric PL structure on the Lie group te {( « —1)(@aX + b1) — 3 (a2 Y + bz)} F B {(Xﬂ »—1) (az + 7)}
G = exp(Ga.s.+)- that include both polynomial and rational perturbation terms.

3. A higher dimensional integrable system containing a deformation of LV equations

The existence of the coproduct map A allows the definition of a completely integrable 6D Hamiltonian given by [2]

H® .= A@(H) = a; (XaX1) + a» (xf Y, + Y2> + as (x2 Z + 22) + by log (XoXi)+ b log (xf Y, + Y2> +bslog (x; "7y + zz) .

The Hamilton equations for this 6D system, when computed on P, read: and the same happens for the first block { X1, Y1, Z1}, when X> = 0:
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B XY+ Yo ol X, °Z1 + 2> Z1 = 4 (-3 a1 X1Xo — ’YY1X2ﬂ> — 74 |— — B b4
Ly - X, Y1+ Y2
2, = Z(—Bar Xo X1 — varY2) — 72 7 e The integrals of the motion are the Hamiltonian and the Casimir functions
XY+ Y. _ _ _ _
| A2 1+ 2 C1=X1 ’Yy_lﬁz1a 62=X27Y2522a
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Under the constraint X; = 0 the equations for { X2, Y2, £>} are just an A further deformation is got by using Ps,, and by making use of the N-th
integrable deformation of LV equations, coproduct [3], a 3N-dimensional integrable LV system is constructed [2].
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