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Implicit differential equations

o An implicit first-order differential equation on a manifold Q is
a submanifold D c TQ.

e Acurvey:I— Qis called a solution of an implicit
differential equation D C TQ if y(s) € D for any s € I.

e D is said to be explicit if it is the image of a differentiable
vector field X : U — TQ (U c Q open submanifold).
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¢ An implicit differential equation is said to be integrable at

v € D if there is a solution y : I — Q such that y(0) = v.

o It is integrable in a subset S C D if it is integrable at each v € S.
o It is integrable if it is integrable at each v € D.
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¢ An implicit differential equation is said to be integrable at

v € D if there is a solution y : I — Q such that y(0) = v.

o It is integrable in a subset S C D if it is integrable at each v € S.
o It is integrable if it is integrable at each v € D.

Q=R

D = {(xy%xy)€TQy=0,x=0,y>0}
has no solutions

D = {(xy%nNeTQ®+y*+@x-1)>+iy>=1)
is not integrable in the set

((,y,%9) e TQR2+12 =1,x#0,x=1,1 =0}
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Integrability algorithm for implicit differential

equations

D c TQ implicit differential equation

D’=D, C’=1n(D),
DF = D1 nTC1, Ck = 1o(DN),

70 : TQ — Qs the canonical projection.

Df c D1, CcH1 c ¥, for any k
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Integrability algorithm for implicit differential

equations

D c TQ implicit differential equation

D’=D, C’=1n(D),
DF = D1 nTC1, Ck = 1o(DN),

70 : TQ — Qs the canonical projection.
Df c D1, CcH1 c ¥, for any k

Assume that there exists k ¢ such that DX = DFF 1,
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Integrability algorithm for implicit differential

equations

D c TQ implicit differential equation

D’=D, C°=1qo(D),
DF=D*1nTCH,  CF = 1(Dh),

70 : TQ — Qs the canonical projection.
Df c D1, CcH1 c ¥, for any k

Assume that there exists k f such that DX = DFF 1,

D¥r C D is the (possibly empty) integrable part of D
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Relation with Lagrangian mechanics

L: TP — R Lagrangian function

St = Ap(dL(TP)) € T(T"P) implicit differential equation
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Relation with Lagrangian mechanics

L: TP — R Lagrangian function

St = Ap(dL(TP)) € T(T"P) implicit differential equation

First step of integrability algorithm will give us the solution of
the Euler-Lagrange equations.

s.={g, 9 %)}

- dL . JdL\ . . d{oJL JdL
1 _ i ool Y R sl — .
(1) ‘{(q’avi’v’aqi)|”’ o dt(avi) aqi}
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Extension to Lie algebroids

7 : E — Q Lie algebroid with anchormap p: E - TQand S C E
be a submanifold of E (not necessarily a vector subbundle)

So =S
S1 =80 p~Y(Tr(So))

Sker = SN p(T(Sy))

In our case, Sy = p~1(TQy) (equivalently, Qx = T(S)).
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Lie groupoids

G3M
es:G— Mandt: G — M source and target map

G2 =& h) e GxGls(g) =t}

e m : G, — G multiplication
- s(gh) = s(h) and t(gh) = t(g), for any (g, h) € G»,
- g(hk) = (gh)k, for any g, h, k€ G

e € : M — G identity section
- 8e(s(8)) = g and e(t(g))g = g, forany g € G.

e . : G — Ginversion

- ¢ = e(t(g)) and g7'g = €(s(g)), forany g € G.
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Examples of Lie groupoids

1.- Lie groups (Lie groupoid over a single point)
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Examples of Lie groupoids

1.- Lie groups (Lie groupoid over a single point)

2.- Banal groupoid
M smooth manifold = M x M =3 M Lie groupoid

s:MxM—> M ; by y
t:MxM-—>M ; Ly x
m:MxMy—->MxM ; ((xy),(y,2) - (x,2)
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Lie algebroid associated with Lie groupoid G

G 3 M Lie groupoid = 1 : AG — M Lie algebroid
(Ag)x = Ker de(x)t
Sec(1) = X¥1(G)

X € Sec(t) = g(g) = (des(g)l9)(X(s(9))),

D. Iglesias Ponte — University of La Laguna



Lie algebroid associated with Lie groupoid G

G 3 M Lie groupoid = 1 : AG — M Lie algebroid

(Ag)x = Ker de(x)t
Sec(1) = X¥1(G)

X € Sec(r) = X(g) = (des(g)le)(X(s(8))),
(I-,-1, p) Lie algebroid on AG — M
|IX1/ XZ]] = [3?1, 3?2]

pX)(x) = dews(Xx)
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Cotangent groupoid
G = M Lie groupoid = T°G =3 A*G Lie groupoid

S(ug)(X) = pg((de(s(g)le)(X)), for g € TG and X € Aq(y)G,
tv)(Y) = vi((degeenyrn) (Y = (degeemy (€ © 8))(Y))),
forv, € T;G and Y € Aypn)G,

(Lg ®1-g vi)(d(gnm(Xg, Yi)) = ug(Xg) + vi(Yn),
for (Xgr Yh) € T(g,h)QZI

Remark
t: "G —» A*G Poisson map and § : T*G — A*G anti-Poisson
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Implicit difference equations

o An implicit difference equation is a submanifold E of G.

e An admissible sequence on G is a mapping y : INZ — G
such that s(y(7)) = t(y(i + 1)) foralli,i + 1 € IN Z. Here I is
an interval on R.

e A solution of an implicit difference equation E C G is an
admissible sequence : | N Z — G such that y(i) € E, for all
ielnZ.
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E C G is said to be

1) forward integrable at g € E if there is a solution
y:Z* — E C Gwithy(0) = g.

2) backward integrable at g € E if there is a solution
y:Z~ — EC Gwithy(0) =g.

3) integrable at ¢ € E if if thereisa solutiony: Z —ECG
with y(0) = g.

If these conditions hold for all g, we say that E is forward
integrable, backward integrable or integrable, respectively.
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Definition
Let E be a submanifold of G. Then,

1) Eis forward integrable if and only if for each g € E exists at
least an /1 € E such that s(g) = t(h).

2) E backward integrable if and only if for each g € E exists at
least an i’ € E such that s(h") = t(g).

The sets
Ef = |g € E | Eis forward integrable at g},
E, = {g€E|Eisbackward integrable at g},
Ef, = (g€E|Eisintegrableat g},

are called the forward integrable, backward integrable and
integrable parts of E, respectively.
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Example: Bisections on groupoids

G 3 M Lie groupoid
0: M — G bisection

too=1d, s o 0 diffeomorphism

E; = 0(M) C G implicit difference equation
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Example: Bisections on groupoids

G 3 M Lie groupoid
0: M — G bisection

too=1d, s o 0 diffeomorphism

E; = 0(M) C G implicit difference equation
g=o0(x)€E,;

y(i) = o((s 0 0)'(x)), forieZ,

is a solution with y(0) = g. Thus, E, is integrable.
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Algorithm for extracting the forward integrable part

E c G implicit difference equation

C?:t(E), cl_t(Ems—l(c ), . ,c’}:t(Ems-l(cf;l)),...
0 _ 1 _ -1¢0 k _ -1¢k-1
E=E, Ef_Eﬂt CD,- o Ef=ENtH (T, ...
k k—1 k k—1
s(E)— ChcCyt,  EjCEj
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Algorithm for extracting the forward integrable part

E c G implicit difference equation

C?:t(E), cl—t(Ems—l(c ), . ,c’}:t(Ems-l(cf;l)),...
0 _ _ -1/~0 k _ -1¢k-1
ES =E, Ef_Eﬂt (). B =ENtN (T, ..
s(E)— c’}cc§ v E’}QE’}‘l
Assume that there ex1sts k ¢ such that
kf_ kf+1__
c/=c/" =¢
Then ke+1 ke+2
L pket2
E/" =E/" =L
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Algorithm for extracting the forward integrable part

E c G implicit difference equation

C?(:t(E), C}:t(Eﬂs_l(CjOC ),...,C’j‘(:t(Eﬂs‘l(Cﬂi‘l)),...
0 _ 1 _ —1¢0 k _ —1¢k-1
Ef—E, Ef—Eﬂt (Cf),...,Ef—Eﬂt (Cf ), ...
ky _ o~k k k-1 k k-1
s(Ef)—Cf, CfQCf , EfQEf
Assume that there exists k ¢ such that
kf_ kf+1__
Cf—Cf —Cf
Then ke+1 ke+2
T _ f _
Ef —Ef = Ey

The forward integrable part of E is Ey.
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Application: Implicit systems defined by Discrete

Lagrangian functions

Discrete Lagrangian L: G — R.
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Application: Implicit systems defined by Discrete

Lagrangian functions

Discrete Lagrangian L: G — R.

Discrete action sum:

N
SL(y) = Z L(y(1)), y admissible sequence
i=1
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Application: Implicit systems defined by Discrete

Lagrangian functions

Discrete Lagrangian L: G — R.

Discrete action sum:

N
SL(y) = Z L(y(1)), y admissible sequence
i=1

Discrete Euler-Lagrange equations

d[Lolg +Lorg,, oi](e(x 0, g =70k, s(go) =x

))| A6
Example: Q X Q

D>L(q0,q1) + D1L(q1,492) = 0
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Discrete Lagrangian evolution operator for L (discrete flow):
Y: G — G smooth map such that:

- s(g) = t(Y()), for all g € G, (Y is a second order operator).

- (g,Y(9)) is a solution of the discrete Euler-Lagrange
equations, forall g € G.
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Discrete Lagrangian evolution operator for L (discrete flow):
Y: G — G smooth map such that:

- s(g) = t(Y()), for all g € G, (Y is a second order operator).

- (g,Y(9)) is a solution of the discrete Euler-Lagrange
equations, forall g € G.

Discrete Legendre transformations:

FL:G—-AGandF'L: G— A'G
([FL)Q) = HdL(E)),
(F*L)(Q) 5(dL(g))

A discrete Lagrangian L: G — R is said to be reqular if and only
if the Legendre transformation IF"L is a local diffeomorphism.
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If F*L and [F~L are global diffeomorphisms (that is, L is
hyperregular) then Y, = (IF~L)~! o F*L.

If L: G — Ris a hyperregular Lagrangian function, the discrete
Hamiltonian evolution operator, Y1, : A*G — A*G is given by

Y. =F*LoY;o(F*L)™ =F'Lo(F L)~
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Proposition

Let L: G — R be a discrete Lagrangian. The first step, (SL)}, to

obtain the forward integrable part of St = dL(G) C T*G are the
points dL(g) € S;. such that there exists an element / satisfying
that (g, h) is a solution of the Discrete Euler-Lagrange equations

(S L)} = {(g h) € G21(g, h) is a solution of the DEL eqns.}
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Proposition

Let L: G — R be a discrete Lagrangian. The first step, (SL)}, to

obtain the forward integrable part of St = dL(G) C T*G are the
points dL(g) € S;. such that there exists an element / satisfying
that (g, h) is a solution of the Discrete Euler-Lagrange equations

(S L)} = {(g h) € G21(g, h) is a solution of the DEL eqns.}

As a consequence, if § (resp. 1) is the target (resp. source) map
of the groupoid T*G

Sy = {(gh) € G25(dL(g)) = HL()}
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L: G — R hyperregular discrete Lagrangian function.

g€G
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L: G — R hyperregular discrete Lagrangian function.

§€G
Yr6): Z — Si = dL(G) € T*(G) defined by

Yrg () = dL(Y}(g), forieZ,

is a solution of S; and Yr1+)(0) = dL(g).

Let L: G — R be a discrete hyperregular Lagrangian
function.Then, the implicit difference equation S; = dL(G) is
integrable.

D. Iglesias Ponte — University of La Laguna



St Lagrangian submanifold of T*(G)
t,8): T"(G) » A*G X A*G is a Poisson map

U
(f,8)(S1) is a coisotropic submanifold of A*G x A*G.

Proposition

Let L : G — R be a discrete hyperregular Lagrangian.Then, the
discrete Hamiltonian evolution operation Y preserves the
Poisson structure on A*G.
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Example: a discrete Singular Lagrangian

1
+53H

X2 — X1 )2
2

1
LN RPxR* — R, Ly, y1,%,12) = E( p

Then S o C T*(R? x IR?) defined by

Xy — X1 1, x-x1
SLZ = {(x1,y1,Xz, Vi3 +X1Y1, gx%/ 2 '0)}

The algorithm produces the integrable part

2
(ng)f = {(0,51,0,0;0,12,0,0) | (11, 92) € R?}

2
¢ = W(su))=10.5:00yem)
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Implicit systems defined by discrete nonholonomic

Lagrangian systems
(L, M., D.) discrete nonholonomic Lagrangian system

L:G>R
ng:MC_)g
ip, : De — AG

S(L,MC) =dL(M.) C T*G, that is,
Swmy = AL (8) g € Mc}.

Apply the forward integrability algorithm to S () in T°G, but
changing the maps § and t for the new maps §p, and p,,

8D, :i;)coézT*gﬁZ)Z

tp, =iy, ot: T'G > DL
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Proposition

Let G = M be a Lie groupoid and (L, M, D,) be a discrete
nonholonomic Lagrangian system on G. The first step,
(S, Mc))]lf’ to obtain the forward integrable part of

Sa,m,) = dL(M,) for the maps 8p,, tp, : T'G — Dy are the points
dL(g) € S, m,) such that there exists an element h € M.,
satisfying (g, /) € G» and, in addition, (g, h) is a solution of the
discrete non-holonomic Euler-Lagrange equations, that is,

d [L olg+Loryo i] (e)io). =0,

where x = s(g) = t(h).
In other words,

() {(&h) € GanN(Mc X Mo)|
(g, h) is a solution of the D. NH E-L. eqns.}
{8 1) € G2 N (Mc X Mc)|8p,(dL(8)) = tp, (dL(h))}
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