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Abstract. An AV-bundle i : A — V Is just an R-principal bundle. If A is a symplectic manifold and the principal action is symplectic, 1 is said to be symplectic. Symplectic AV -bundles play an important role in the geometric formulation
of non-autonomous Hamiltonian systems. Given a symplectic AV-bundle 1 : A — V with a compatible symplectic action of a Lie group G on A, such that some regularity and compatibility properties hold, we obtain a reduced symplectic
AV-bundle u, : A, — V,,. We show also that any G-invariant Hamiltonian section induces a reduced Hamiltonian section of . Mardsen-Weinstein reduction theory for symplectic, cosymplectic and Poisson manifolds is used.

1. Symplectic AV-bundles and non-autonomous
Hamiltonian systems

An AV -bundle [3] is just a R-principal bundle i : A — V. We will denote by
(¢, a) — i(a),

the associated principal action of the Lie group (R, +) on the manifold A and by Z,, € X(A) the
infinitesimal generator of .

v Rx A— A,

Definition 1 We will say that i : (A,Q2) — V is a symplectic AV -bundle, if 4 : A — V is an
AV-bundle, (A, (2) is a symplectic manifold and the associated principal action is symplectic.

Example1let 7 : M — R be a surjective submersion. If €2,, is the canonical symplec-
tic form on T*M and V*r is the dual bundle of the vertical bundle of 7, then the projection
ur - (T*M, Q) — V*ris a symplectic AV-bundle (the standard symplectic AV -bundle).

Proposition 1 ([4]) Let 1 : (A,€)) — V be a symplectic AV -bundle. Then there exists a unique
Poisson structure {-, -}y, on'V such that 1. is a Poisson map, i.e.

{foluvflolu}A:{fvf/}Volua

where {-, -} 4 is the Poisson bracket on A induced by ().

forany f, f' € C*°(V),

Definition 2 A non-autonomous Hamiltonian system (A, u,S),h) is a symplectic AV -bundle
w: (A, Q) — V endowed with a section h : V — A of u, i.e. a smooth map such that 1o h = idy, .

The section h : V — A is called the Hamiltonian section of the system.

There is a one-to-one correspondence between the sets:
{h:V — A|hsection of u} < {F}, € C(A)| Z,(F) =1}
defined by the following relation

a =Y (Fyla),h(u(a))),

Theorem 1 ([4]) Let (A, 11,€2, h) be a non-autonomous Hamiltonian system with infinitesimal
generator Z,,. If w;, € Q*(V)) and n;, € QY(V) are the forms defined as

forany a € A.

wp=h"Q, g =—h(ig Q),

then (V,wy,,ny,) IS @ cosymplectic manifold. The Reeb vector field R; € X(V) is just the -
projection of the Hamiltonan vector field Hp, of I},.

Moreover, the Poisson bracket on V induced by (wy, ny,) is just the Poisson bracket {-, - }y,.

Let (A, 1,2, h) be a non-autonomous Hamiltonian system. Then, we can choose Darboux co-
ordinates (¢, p, ¢*, p;) on A such that the local expressionof y: A — V' is

N(tapa qlap2> — (ta QZ,PZ)
Thus, if the local espressionof A : V' — A is

hit,q',p;) = (t, —H(t, ¢, pj), q", p;),

then, given a curve vy on V

We will say that the vector field R;, describes the dynamics of the non-autonomous Hamiltonian
system.

2. AV-bundle reduction Theorem

Definition 3 An action ¢ : G x A — A Is said to be a canonical action on the symplectic AV -
bundle ;. : (A, Q) — V if the following conditions hold:

I) ¢ I1s a symplectic action;
I)the actions ¢ and ¢ commute, that is ¢, 0 iy = 1y 0 ¢y, forany g € G, t € R;

i) the 1-form 6,, = iz, is basic with respect to ¢, i.e. 0,,({4) = 0 for any £ € g, where &4 is the
infinitesimal generator of ¢ defined by &.

By passing to the quotient, we have
¢V : G x V — V aPoisson action on (V, {-,-},,),

JV .V — g* an equivariant momentum map
(with respect to ¢")

If ¢ is a canonical action and
J: A — g*isan equivariant =—
momentum map

Suppose that ¢V is free and proper and denote by G, the isotropy group of an element v € g*

with respect to the coadjoint action of G. Denote by A, and V, the quotient manifolds given by
A, =T w)/Gy, V=) )G,

By passing again to the quotient, we may obtain

i J7Hw) = (JV)"(v) is Gy-invariant
with principal action —
v Rx J 1 v) = J )

1y, - Ay, — V,, a surjective submersion and
Y, R x A, — A, a principal action

Theorem 2 ([4]) Let 1 : (A,Q)) — V be a symplectic AV -bundle equipped with a canonical
action ¢ : G x A — A and an equivariant momentum map J : A — g*. Suppose that the
induced action ¢V : G x V. — V is free and proper. Then, for any v € g*, u, : (A, Q) — V,
Is a symplectic AV -bundle with R-principal action v, : R x A, — A,. Moreover, the restriction
of the infinitesimal generator Z,, of u to J=(v) is tangent to J~(v) and r,-projectable. Its
my-projection is the infinitesimal generator Z,,, of 1.

In addition, the reduced Poisson bracket {-, -}, on 'V, is just the one induced by the symplectic
AV -bundle n, : A, — V.

3. Hamiltonian reduction Theorem

Let ¢ : G x A — A be a canonical action on the total space A of a non-autonomous Hamiltonian
system. Denote by ¢" : G x V — V the corresponding action on V..

Definition 4 The Hamiltonian section h is said to be G-invariant if h i1s equivariant with respect
to the actions ¢ and ¢V, that is

hogy =¢goh,  foranygeG.

We have that

¢" 1 G x V — V a cosymplectic action

on (V, W, 77h>=
Rp(Jg) =0forany ¢ € g

¢ a canonical action
J : M — g* a momentum map —
h:V — A a G-invariant Hamiltonian section

Moreover, if ¢V is free and proper and v € g*, we have

¢ a canonical action, h, 'V, — A, a Hamiltonian section
h-V — AaG-invariant =  of the reduced symplectic AV -bundle

Hamiltonian section py o (Ay, Q) =V,

Theorem 3 ([4]) Let (A, 1,2, h) be a non-autonomous Hamiltonian systemand ¢ : G x A — A
be a canonical action such that the induced action on V' is free and proper. Suppose that
J : A — g* is an equivariant momentum map. If h is G-invariant, then, for any v € g*, the cosym-
plectic structure on V,, induced by the non-autonomous Hamiltonian system (A, uy, 2y, hy) is
just the reduced cosymplectic structure obtained from (M, wy,, 0y, ).

Moreover, the dynamics R;,  of the reduced non-autonomous Hamiltonian system is just the
projection of the dynamics Rj, of (A, u,€), h).

Conclusions and future work

We extend the classical procedure of reduction of symplectic manifolds, due to Marsden and
Weinstein (see [5]), to the non-autonomous framework. If we have a non-autonomous Hamilto-
nian system with a symmetry, represented by a symplectic AV -bundle with a canonical action
and an invariant Hamiltonian section, we obtain a reduced non-autonomous Hamiltonian sys-
tem.

In particular, we can apply this procedure to the standard symplectic AV -bundle i : T*M —
V*m, obtained from a fibration = : M — R. It would be interesting to discuss when the reduced
AV -bundle obtained from a standard AV -bundle is again standard. For this purpose, a suitable
generalization of the cotangent bundle reduction could be used (see [4]).
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