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Motivation and problems

Marsden-Weinstein reduction theorem for symplectic manifolds
(Marsden, Weinstein 1974)

Let (M, Q) be a symplectic manifold and ¢ : G x M — M be a
hamiltonian action of G on M with equivariant momentum map
J: M — g*. Suppose that p € g* is a regular value of J: M — g*
and that the space of orbits J=1(1)/G,, of the action of G, on
J71(u) is a quotient manifold. Then M, = J=1(u)/G, is a
symplectic manifold with symplectic form 2, which is
characterized by the condition

mu(Q4) = 1,(9),

where 7, : J7}(u) — M, is the canonical projection and
1y J7Y () — M is the canonical inclusion.
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Motivation and problems

Marsden-Weinstein reduction theorem for Poisson manifolds

(Marsden, Ratiu 1986)

Let (P,{-,-}) be a Poisson manifold and ¢ : G x P — P be a
hamiltonian action of G on P with equivariant momentum map
J: P — g*. Suppose that i € g* is a regular value of J: P — g*
and that the space of orbits J~1(x)/G,, of the action of G, on
J7(u) is a quotient manifold. Then P, = J=1(u)/G, is a Poisson
manifold with Poisson bracket {-,-}, which is characterized by the
condition

{?aé}#oﬂﬂ ={f,g}ou

for f,§ € C®°(J 11/ G,), where m, : J=X(u) — P, is the
canonical projection, ¢, : J=}(u) — P is the canonical inclusion
and f, g € C(P) are G-invariant extensions of 7 o m, and g omy,
respectively.
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Motivation and problems

A problem (Fernandes, Ortega, Ratiu, 2009)

Let ®: G x P — P be a smooth action of a Lie group G on a
Poisson manifold (P, {-,-}). Let g be the Lie algebra of G and g*
its dual. We assume that this is a Poisson action i.e., G acts by
Poisson diffeomorphisms. Such a Poisson action will not usually
have a momentum map in the classical sense.
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Motivation and problems

There are, at least, three alternatives:

@ A Poisson action of G on P always lifts to a symplectic action
of G on the symplectic groupoid X(P) which admits an
equivariant momentum map (Fernandes, Ortega, Ratiu, 2009)

@ To give a more suitable definition of a momentum map for a
Poisson action

@ / To find a class of interesting Poisson actions which admit
natural equivariant momentum maps
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Motivation and problems

Certain types of linear Poisson actions on linear Poisson manifolds

We will consider the following objects:
@ A vector bundle A* endowed with a linear Poisson structure

@ A Poisson action of a Lie group G on A* "by complete lifts”
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Motivation and problems

The aim of this talk

@ To show that an action of a Lie group G by complete lifts on a linear
Poisson manifold A* admits a natural equivariant momentum map

@ To prove that the linear Poisson structure on A* is covered by a
symplectic Lie algebroid

@ To prove that the reduction of the linear Poisson structure is (under
certain regularity conditions) covered by a (reduced) symplectic Lie
algebroid (for this purpose, a Marsden-Weinstein reduction theorem
for a general symplectic Lie algebroid will be discussed)

@ To show under what conditions the reduction of a standard
symplectic Lie algebroid is again a standard symplectic Lie algebroid

Collaboration with some people: D Iglesias, M de Leén, D Martin, E
Martinez, E Padrén, M Rodriguez-Olmos, ...
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Plain of the talk

Actions by complete lifts on linear Poisson manifolds

The symplectic cover of a linear Poisson manifold

Marsden-Weinstein reduction of symplectic Lie algebroids and
linear Poisson structures

@ Marsden-Weinstein reduction of the standard symplectic Lie
algebroid

Future work

Juan Carlos Marrero Marsden-Weinstein reduction theory for the symplectic prolong



Plain of the talk

Remarks Some parts of my talk are closely related with the
previous talk by E Martinez:

@ The symplectic cover of a linear Poisson structure on the dual
bundle of a vector bundle A is just the A-tangent bundle to
A*. It is a symplectic Lie algebroid and it was used by E.
Martinez in the geometric formulation of hamiltonian
Mechanics on Lie algebroids

@ The standard symplectic Lie algebroid is just the A-tangent
bundle to A* (where A* is a linear Poisson manifold). We will
recover the last result in the talk by E Martinez (on reduction
of the standard symplectic Lie algebroid) as a corollary of our
Marsden-Weinstein reduction theorem for arbitrary symplectic
Lie algebroids
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1. Actions by complete lifts on linear Poisson structures

A vector bundle 74+ : A* — Q over Q of rank n

{-,-}a+ a linear Poisson structure on A*

4

F,G : A* — R linear functions on A* = {F, G}~ is a linear
function on A*

Remark: {F : A* — R/F is linear } <= ['(A)

X el(A) = X: A" 5 R, X(a)=a(X(ra+(a)))
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1. Actions by complete lifts on linear Poisson structures

Interesting examples of linear Poisson manifolds for dynamics
@ A* = T*Q the dual bundle of TQ endowed with the Poisson
structure induced by the canonical symplectic structure;

standard Hamiltonian dynamics

@ A" = g* the dual space of a real Lie algebra g endowed with
the Lie-Poisson structure; Lie-Poisson dynamics (Rigid bodies)

o A* = T*Q/G the dual bundle of the quotient vector bundle
TQ/G (here, m: Q — Q/G is a principal G-bundle) endowed
with the Weinstein space Poisson bracket; Hamilton-Poincaré
dynamics (reduction of hamiltonian systems which are
invariant under the action of a Lie group of symmetries)

Juan Carlos Marrero Marsden-Weinstein reduction theory for the symplectic prolong



1. Actions by complete lifts on linear Poisson structures

Interesting examples of linear Poisson manifolds for dynamics

o A* = @ x g* as a vector bundle over Q (here, g is a Lie
algebra and the linear Poisson structure on A* is induced by
an infinitesimal action of g on Q); reduction of hamiltonian
systems and homogeneous spaces (the heavy top)

¢ %
0 A* = Tﬂ the dual bundle of the quotient vector bundle %

(here, m: Q — R is a fibration, V7 is the vertical bundle and
the action of G on Q is free, proper and m-fibered); reduction
of non-autonomous hamiltonian systems

Juan Carlos Marrero Marsden-Weinstein reduction theory for the symplectic prolong



1. Actions by complete lifts on linear Poisson structures

{-,-}a+ a linear Poisson bracket on A*

4

e d[,-] : T(A) x I(A) — I'(A) a Lie bracket on I'(A) such that
(X, Via = —[X, Y], ¥X,Y €(A)
@ Jp: A— TQ a bundle map (the anchor map) such that
{X,forata = —p(X)(f)oTas, VFf e C®(Q)

X, Y] = FIX, YT + p(X)(F)Y

In other words, (A, [, ], p) is a Lie algebroid
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1. Actions by complete lifts on linear Poisson structures

[(Ak(A*)) the space of " k-forms”

The differential d” on A

a € T(AS(A*) = dAa e T(A*FL(A"))

k
(d?a)(Xo, ..., Xk) = Z(—l)iP(Xi)(a(Xm o Xi e X))
i=0
3 (1) Ha([X, X, Xos - Xy Xy X)),
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1. Actions by complete lifts on linear Poisson structures

A natural construction to generate left infinitesimal Poisson actions on A* with
equivariant momentum map

We only need a Lie algebra anti-morphism from a real Lie algebra g on I'(A)

g —T(A)

@ The left infinitesimal Poisson action of g on A*
Yas 1 g = X(AT), Yax(8) = X5

X is the hamiltonian vector field of w/(z)

@ The equivariant momentum map

J: A" = g" J(@)(€) =a(()), foraeA"andE€Eg
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1. Actions by complete lifts on linear Poisson structures

Remark
is Ta+-projectable over the vector field p(¢(£)) on M

4

A left infinitesimal action ¥p : g — X(M) of g on M which is
covered by 1«

X5®
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1. Actions by complete lifts on linear Poisson structures

We want to obtain actions of Lie groups on linear Poisson
manifolds with equivariant momentum map

A solution: To integrate the previous infinitesimal actions

What is the result?

An action of the Lie group G on A* "by complete lifts"
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1. Actions by complete lifts on linear Poisson structures

A linear action of G on A* by complete lifts with respect to
Vg —T(A)

A linear Poisson action ¢* of G on A*

PTG x AT = A, OY(g,a) =P

with equivariant momentum map J : A* — g* defined by

foraegtand £ €g

The linear action ®* covers an action ¢ of G on M
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1. Actions by complete lifts on linear Poisson structures

@ The dual linear action of G on A
P:GxA—=A d(g,a)=P,a
@ The left infinitesimal action
Ya:g— X(A), &= va(§) =v()°
Y(&)° = the complete lift of (&) € I(A)
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1. Actions by complete lifts on linear Poisson structures

The aim of this talk

@ / To show that an action of a Lie group G by complete lifts
on a linear Poisson manifold A* admits a natural equivariant
momentum map

@ To prove that the linear Poisson structure on A* is covered by
a symplectic Lie algebroid

@ To prove that the reduction of the linear Poisson structure is
(under certain regularity conditions) covered by a (reduced)
symplectic Lie algebroid (for this purpose, a
Marsden-Weinstein reduction theorem for a general symplectic
Lie algebroid will be discussed)

@ To show under what conditions the reduction of the standard
symplectic Lie algebroid is again a standard symplectic Lie
algebroid
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2. The symplectic cover of a linear Poisson manifold

It is a symplectic Lie algebroid over A*

The A-tangent bundle to A*; TAA*

The fiber over v € Ay:
TYAA* ={(a,vy) € Ag x T,A"/(T,7a:)(vy) = p(a)}

TAA* is a vector bundle over A* of rank 2n

X €T (A) and U € X(A*) / U is Ta~-projectable over p(X)
4

(X, U) is a projectable section of TAA*

Remark: [(TAA*) is locally generated by 2n projectable sections
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2. The symplectic cover of a linear Poisson manifold

The Lie algebroid structure on TAA*

o The Lie bracket on I(TAA*):
(X,U),(Y,V)eTl(A) x X(A*) projectable sections —>
[[(X7 U)7 (Ya V)]]'TAA* = (lIX7 Y]]7 [Ua V])

@ The anchor map:

prap(a, vy) = vy, (a,vy) € 7ZYAA*

Remark: A= TQ = TAA* ~ T(T*Q)
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2. The symplectic cover of a linear Poisson manifold

The canonical symplectic section of TAA*

@ The Liouville section 64:

0a(7)(a, vy) =(v), for(a,vy) € T A"
@ The canonical symplectic section
Qa € T(N(TAAY)); Qa=—d" 404

(A= TQ = Qa is the canonical symplectic structure on

T*Q)

Q4 is non-degenerate and closed (exact)

(TAA*,Qp4) is the standard symplectic Lie algebroid
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2. The symplectic cover of a linear Poisson manifold

Hamiltonian mechanics:

H: A* — R € C*°(A*) a hamiltonian function =
dTAH e T((TAA*)*) = My € T(TAA") /13, Qa = dT A H

‘Hpy = the hamiltonian section of H with respect to Q4

Theorem (M de Ledn, JCM, E Martinez, 2005)

The symplectic structure of TAA* covers the linear Poisson
structure of A*, that is,

{F,G}a = Qa(Hr, Heg),VF, G € C(AY)
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2. The symplectic cover of a linear Poisson manifold

The aim of this talk

@ / To show that an action of a Lie group G by complete lifts
on a linear Poisson manifold A* admits a natural equivariant
momentum map

@ ./ To prove that the linear Poisson structure on A* is covered
by a symplectic Lie algebroid

@ To prove that the reduction of the linear Poisson structure is
(under certain regularity conditions) covered by a (reduced)
symplectic Lie algebroid (for this purpose, a
Marsden-Weinstein reduction theorem for a general symplectic
Lie algebroid will be discussed)

@ To show under what conditions the reduction of the standard
symplectic Lie algebroid is again a standard symplectic Lie
algebroid
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3. Marsden-Weinstein reduction of symplectic Lie

algebroids and linear Poisson structures

(E,[-,-], p) a Lie algebroid over a manifold P

E is a symplectic Lie algebroid

)

3Q € T(A2E*) which is closed and non-degenerate

closed <= dfFQ =0

non-degenerate <=> the map bq : ['(E) — '(E*) defined by
ba(X) = txQ is an isomorphism of C*°(P)-modules

Examples: i) M a symplectic manifold = TM a symplectic Lie
algebroid
ii) A a Lie algebroid = TAA* is a symplectic Lie algebroid
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3. Marsden-Weinstein reduction of symplectic Lie

algebroids and linear Poisson structures

Hamiltonian dynamics:
H: P — R e C*®(P) a hamiltonian function =
dfH e T(E*) = 3Hy € T(E) pa(Hu) = dEH

‘Hp = the hamiltonian section of H with respect to €2

Theorem (K Mackenzie, P Xu, 1995; Y Kosmann-Schwarzbach,

1995)
For F, G € C*°(P) define

(F,GYp = Q(Hr, He).

Then, {-,-}p is a Poisson bracket on P and the hamiltonian vector
field Xy of H € C°°(P) with respect to {-,-}p is

Xu = p(Hn)

Juan Carlos Marrero
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3. Marsden-Weinstein reduction of symplectic Lie algebroids and linear Poisson

structures

Hamiltonian action of a Lie group G on E

@ An action (®, ¢) of G on E by complete lifts with respect to a Lie
algebra anti-morphism ¢ : g — ['(E). So, the infinitesimal generator
of ® (respectively, ¢) associated with & € g is &g = (&)
(respectively, £o = p(¥(€)))

@ The action (P, ¢) is symplectic, that is,

(g, 04)"Q2=Q, Vgei

and, in addition, it admits an equivariant momentum map
J: P — g*, that is,

weQ=dJ, Veeg

Remark: If W € T(A2E*) then (¥, ¢)*V € [(A2E*) is given by
((Pg, 25) " W)(x)(e, €') = W(dg(x))(Psg(e), D5 (€)), Ve, e’ € E;
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3. Marsden-Weinstein reduction of symplectic Lie algebroids and linear Poisson

structures

A consequence:

(¢, J) is a hamiltonian action of G on P, that is, ¢ is a Poisson action of
G on P and J: P — g* is an equivariant momentum map for this action.
So, we can apply Marsden-Ratiu theorem

Corollary

@ If u € g” is a regular value of J then the isotropy group G, acts on the
submanifold J~* ()

@ If the action of G, on J~'() is free and proper then the space of orbits
P, = J7*(1)/ G, admits a Poisson structure {-,-},, which is characterized
by the condition y

{f.&tuom,={f,gtow
for f,g € C*°(P,,), where 7, : J~*(u) — P, is the canonical projection,
tu : J7Y(p) — P is the canonical inclusion and f,g € C*(P) are
G-invariant extensions of o 7, and g o m,, respectively.

A natural question arise: Is covered the (reduced) Poisson structure on
reduced) symplectic Lie algebroid?
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3. Marsden-Weinstein reduction of symplectic Lie

algebroids and linear Poisson structures

The answer: Yes (under certain regularity condition)

Marsden-Weinstein reduction theorem for symplectic Lie algebroids

If TxJop: Ex— T,g" is surjective, for all x € J7Y(), then there
exists an affine action of the Lie group TG, on the Lie subalgebroid
(JT)71(0, ) such that the space of orbits £, = (J7)~1(0, 1)/ TG,
is a symplectic Lie algebroid over P, = J=1(u)/G,, which covers
the Poisson structure {-, -}, on P,. Moreover, the symplectic
section €2, of E,, is characterized by the condition

(@) = 1,(92),
where 7, : (J7)71(0, u) — A, is the canonical projection and

7,0 (JT)71(0, ) — A is the canonical inclusion.

JCM, E Padrén, M Rodriguez-Olmos (Preprint, 2011)
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3. Marsden-Weinstein reduction of symplectic Lie

algebroids and linear Poisson structures

@ The Lie algebroid morphism J7 : E — Tg* ~ g* x g*

JT(e) = ((d)(p(e)), (Te(e)))

e The affine action of TG, ~ G, x g, on (JT)71(0, 1)

(8,€) - e = Og(e) + O (v(E)(7e(e)))
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3. Marsden-Weinstein reduction of symplectic Lie

algebroids and linear Poisson structures

The aim of this talk

@ ./ To show that an action of a Lie group G by complete lifts
on a linear Poisson manifold A* admits a natural equivariant
momentum map

@ ./ To prove that the linear Poisson structure on A* is covered
by a symplectic Lie algebroid

@ / To prove that the reduction of the linear Poisson structure
is (under certain regularity conditions) covered by a (reduced)
symplectic Lie algebroid (for this purpose, a
Marsden-Weinstein reduction theorem for a general symplectic
Lie algebroid will be discussed)

@ To show under what conditions the reduction of the standard
symplectic Lie algebroid is again a standard symplectic Lie
algebroid
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4. Marsden-Weinstein reduction of the standard symplectic

Lie algebroid

Next step: To apply our reduction theorem to the particular case
when the symplectic Lie algebroid E is TAA*

We will need a hamiltonian action of G on T#A* from an action of
G on A by complete lifts

(b, ¢) an action of G on A by complete lifts with associated Lie
algebra anti-morphism ¢ : g — ['(A)

4

A hamiltonian action ((®, T®*), (¢, ¢ a+)) of G on the symplectic
Lie algebroid 7AA*
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4. Marsden-Weinstein reduction of the standard symplectic
Lie algebroid

The couple ((®, TO*), (¢, 1ax))
o The action (¢, Td*) : G x TAA* — TAA*

(®, TO%)(g, (a, 7)) = (Pg(a), (T P-1)(v4))
@ The Lie algebra anti-morphism (1, ¥a+) : g — [(TAA*)

(6.1 )(€) = ((E). e () = X i)

Now, we can apply our general reduction theorem to the
symplectic Lie algebroid 74 A*
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4. Marsden-Weinstein reduction of the standard symplectic
Lie algebroid

The equivariant momentum map

Jas A" — g*
Jar(ax)(§) = ax(¥(€)(x)), ax €A}, €9

The tangent equivariant map

| \

JL TAA* = Tg* ~g* x g*
J,Z\—*(ax’ Vay) = ((dJax)(Vay); Jas(ax)), (ax, Va,) € 7:1/1’4*

A

The reduced symplectic Lie algebroid (for a free and proper action

of G on M)

(UA)HO0.) | Jar(n)
TG, G,

(TAA*)M =
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4. Marsden-Weinstein reduction of the standard symplectic

Lie algebroid

A new problem arise:

Does there exists a (reduced) Lie algebroid A such that the
Marsden-Weinstein reduction of the symplectic Lie algebroid TAA*
is symplectomorphic to T4A*?

JCM, E Padrén, M Rodriguez-Olmos (Preprint, 2011)

It is the symplectic Lie algebroid counterpart of the cotangent
bundle reduction theory (Abraham-Marsden, Kummer, Guichardet,
lwai, Montgomery,...)
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4. Marsden-Weinstein reduction of the standard symplectic

Lie algebroid

A particular case: u =0 (= G, = G)
The Lie algebroid Ag

The reduced Poisson manifold J;.!(0)/G is a vector bundle over
Q/G and the Poisson structure on J,(0)/G is linear. So, the dual
bundle Ay = (J;2(0)/G)* is a Lie algebroid over Q/G.

The reduced symplectic Lie algebroid (the last result in the talk by

E Martinez when the reductive ideal is the set of tangent vectors
to the orbits of the G-action)

The reduced symplectic Lie algebroid

(TAA*)o = (JL.)72(0,0)/ TG — J1(0)/G

is symplectomorphic to the standard symplectic Lie algebroid
ThAS — AL

Juan Carlos Marrero Marsden-Weinstein reduction theory for the symplectic prolong



4. Marsden-Weinstein reduction of the standard symplectic

Lie algebroid

The general case: p € g* an arbitrary regular value
i : g, — @ the inclusion; " :g" — g,, the projection

no e . A% *
Jpe =0T 0da 1 AT = g,

The Lie algebroid A

The quotient space (Ah)* = (J4.)"1(0)/G,, is a vector bundle over
Q/G,, which admits a linear Poisson structure. So, the dual bundle
Ay = ((J4-)71(0)/G,)* is a Lie algebroid over Q/G,.
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4. Marsden-Weinstein reduction of the standard symplectic

Lie algebroid

The reduced symplectic Lie algebroid

There exists a symplectic Lie algebroid monomorphism Z between
the reduced symplectic Lie algebroid

(TAA ) = (J&) 70, 1)/ TG — I3 (1) / Gy

and the symplectic Lie algebroid (TAg(Ag)*, Qi — (pr1)*(By)),
where pr : TAg(Ag)* — A} is the canonical projection on the first
factor, B, € [(A2(A%)*) and d*B, = 0. In the particular case
when G, = G then 7 is a isomorphism.

Remark: B, is the "magnetic term”. It is obtained from a
principal connection on the principal G,-bundle 7, : Q = Q/G,.
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4. Marsden-Weinstein reduction of the standard symplectic

Lie algebroid

The aim of this talk

@ ./ To show that an action of a Lie group G by complete lifts
on a linear Poisson manifold A* admits a natural equivariant
momentum map

@ ./ To prove that the linear Poisson structure on A* is covered
by a symplectic Lie algebroid

@ / To prove that the reduction of the linear Poisson structure
is (under certain regularity conditions) covered by a (reduced)
symplectic Lie algebroid (for this purpose, a
Marsden-Weinstein reduction theorem for a general symplectic
Lie algebroid will be discussed)

@ / To show under what conditions the reduction of the
standard symplectic Lie algebroid is again a standard
symplectic Lie algebroid

Juan Carlos Marrero Marsden-Weinstein reduction theory for the symplectic prolong




@ To find a more suitable definition of a momentum map for a
Poisson action

@ To develop hamiltonian reduction by stages for Poisson
structures which are covered by symplectic Lie algebroids
(following the ideas contained in the recent book by Marsden,
Misiolek, Ortega, Perlmutter and Ratiu, 2007, for the
particular case of symplectic structures).

@ To discuss singular reduction of Poisson structures which are
covered by symplectic Lie algebroids (references for singular
reduction of symplectic structures are contained in the
previous book)
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THANKS!
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