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Motivation



Devise common framework for following two notions:

Hypercomplex manifold:
m M is smooth manifold
m i, j, k are three endomorphisms of Ty,
2 ==k =jk=—id
m integrability condition satisfied for each
(Nijenhuis tensor vanishes)
Holomorphic symplectic manifold:
m X = complex manifold
® w = holomorphic symplectic 2-form
(in every holomorphic chart, w = >

f,'j c Ox)

i<j fidz; A dz; with



Generalized complex geometry



Given a smooth manifold M, consider vector bundle Ty, @ Ty,
endowed with

m nondegenerate symmetric pairing
(X+&EY +n) = 3(6Y +nX)
manchormap Ty® Ty — Ty X+E—X
m Dorfman bracket
(X+&) o (Y +n)=[X, Y]+ (Lxn — iy d&)
Hitchin, Gualtieri:

m almost complex structure: J € End( Ty @ Tj) such that
J2 = —id and (Jv,w) + (v, Jw) =0

m integrability condition
0=AN,(v,w)=Jvodw—J(vodw)—J(Jvow)+ J3(vow)



Examples:

Complex manifold X
m with complex structure j: Tx — Tx

mJ= (é _(J)*> isacs.on Tx® Tg

Symplectic manifold (M, w)
mw,: Ty — Thy

0wty
= b *
mJ ( i O)lsac.s.on Tm® Ty

Holomorphic Poisson manifold (X, )
m complex structure j: Tx — Tx
mr=Rr)+i(S7)  with (S7)F = —jo (Rn)f

i #
= J:(é (mij*)> isacs.on Tx® Ty



Abstract set-up: “Courant algebroid” (Courant,
Liu-Weinstein-Xu)

E — M smooth vector bundle endowed with

m (,) nondegenerate symmetric pairing on fibers

m anchor p: E — Ty (bundle map)
D : C®°(M) — I'(E) (differential operator)
related by (Df,x) = p(x)f

m Dorfman bracket o (R-bilinear operation on I'(E))

satisfying
mxo(yoz)=(xoy)oz+yo(xoz)
" p(x0) = o), ()]

m xofy = (p(x)f)y+f(xoy)
mxoy+yox=2D(x,y)

m Dfox=0

m p(x)(y,z) = (xoy,z) + (y,x02)



Nijenhuis concomitant of F, G € End(E):

Nec(v,w)=Fvo Gw — F(vo Gw) — G(Fvow) + FG(v o w)
+ Gvo Fw — G(vo Fw) — F(Gvow) + GF(vow)

v,w e [(E)

m Usually not a tensor.

m It is a tensor if F and G are skew-symmetric and
FG + GF = \id (with A € R).



m Almost hypercomplex structure on Courant algebroid:
I,J,K € End(E) skew-symmetric (w.r.t. the pairing)
l2 P=K’=1JK=-id

m Integrability condition:

N1, Nk, Nii, Niiw Ny, and N i vanish



Examples:

Hypercomplex manifold (M; i, j, k):

(i o (i o (k0
o) s )

Holomorphic symplectic manifold (X, w):

W= wy — iw> (w2), = (w1)p 0



Hyper-Poisson manifold:
m (i,j, k) = classical hypercomplex triple on manifold M
W 7,7, M3 € %2(/\/,)
m m — /—1m3 is holomorphic Poisson w.r.t. i
73 — v/—1m1 is holomorphic Poisson w.r.t. j
m1 — v/—1my is holomorphic Poisson w.r.t. k

]
ﬁ

_ (i m _(j O _(k —m
S e e O ) L s
Hyper-Kahler

Lemma: Hyper-Poisson = [m,, 73] =0, Vo, 8 € {1,2,3}



Lemma: Every complex structure F on a Courant algebroid
E — M gives rise to a Poisson bracket on the base manifold M:

{f,g} = (FDf, Dg), Vf,g € C(M).

Ng.r =0 = Jacobi identity

Theorem:

IF (I,J,K) is a hypercomplex triple on a Courant
algebroid and 7y, 7wy, Tk are the corresponding
Poisson bivectors,

THEN [, 7] =0 Va,B € {I,J,K}.



Main Theorem



Courant algebroid (E, p, {, ), o) endowed with almost hypercomplex
triple (1, J, K).

Theorem: The following assertions are equivalent:

all six Nijenhuis concomitants vanish identically;
Niy=0;
Niyp=Niy=0;
there exists a hypercomplex connection V satisfying
VI=VJ=VK =0 and
TV(v,w) = ID (v, Iw) + JD (v, Jw) + KD (v, Kw).



Courant algebroid (E, p, {, ), 0) endowed with almost hypercomplex
triple (1, J, K).

Definition (Hypercomplex connection):
m [(E) x [(E) L T(E) (R-bilinear)

m such that Vazw=fV,w
and V., (fw) = (p(v)f)w + F(V,w)—A (v, w)

m where

AF" (v, w) = (v, w) DF + (Iv, w) IDf + (Jv, w) JDF
+ (Kv,w) KDf

m Torsion: TV (v,w)=V,w—V,v — vow _woy
Curvature: RV(\/7 W)X = VyVix — Vi VX — V vow—wov X
2



Theorem: The following assertions are equivalent:

all six Nijenhuis concomitants vanish identically;
Nig=0;
N =Ny =0;
there exists a hypercomplex connection V satisfying
VI=VJ=VK =0 and
TV(v,w) = ID (v, Iw) + JD (v, Jw) + KD (v, Kw).

m This connection is unique and given by the explicit formula
Vow = —3K(Uwo lv—J(wo lv) — I(Jw o v) + JI(w o v)).
m Isotropic and involutive subbundles of E are Lie algebroids
(Dirac structures).
IF a Dirac structure L is stable under /, J, and K, THEN the

hypercomplex connection V on E induces a Lie algebroid
connection on L.



Examples:

Hypercomplex manifold (M;i,}, k):

m Given (the tangent distribution of a) foliation F, we get the
isotropic and involutive subbundle F @ F+ .
m IF F is stable under i, j, and k, THEN F @ FL is stable under
I, J, and K.
m Get torsionfree connection V on the Lie algebroid F & F+
such that VI =VJ=VK =0.
m Taking F = Ty
Corollary (Obata 1956):  Given a hypercomplex triple (i, , k) on a
smooth manifold M, the formula

VxY = —2k((Lyyi — jLyi)X)

defines a torsionfree connection on M such that Vi =Vj= Vk = 0.



Holomorphic symplectic manifold (X;w):

m Complex Lagrangian foliation £ yields Dirac subbundle £ @ £+
stable under /, J, and K.

m Get torsionfree connection V on the Lie algebroid £ @® £+ such
that VI=VJ =VK =0.

Corollary: Given a holomorphic symplectic structure w = w; — v/—1lws
on a complex manifold X, the formula

VxY = =3 (@), ((Ljy (w)p)X + 7% (Ly (w1),)X)

defines a torsionfree connection on the tangent bundle to the Lagrangian
foliation L.

m This connection appears in Behrend & Fantechi’s recent
construction of a Gerstenhaber algebra structure on the
“structure sheaf” of a Lagrangian intersection in a
holomorphic symplectic manifold. (motivation:
Donaldson-Thomas invariants)



Hypercomplex = Holomorphic Symplectic



Extended Poisson Manifolds (introduced by Chen-S-Xu)
Motivation: semi-classical limit of algebroid stacks arising in DQ of
complex manifolds.

m Consider complex mfd X, complex structure j: Tx — Tx.

Get complex structure J = <é _(j*) on Tx @ Tx.

Eigenbundles:

L=T"a (T  for A =+v-1,
L*=T% o (T forx=—V-1.

/\2L . A2 TI.O D (Tl.O = (TO.l)*> o /\2(7—0.1)*
An extended Poisson structure on X is a section H of AL
satisfying the Maurer-Cartan equation

OH + 3[H, H] = 0.



Extended Symplectic Manifolds

m X = complex manifold
| = Tl,O @ (TO,I)*

m Choose Q € T(A%L) s.t. QF ol = - id; (nondegeneracy).

m Get almost hypercomplex triple

|=Qf + O J:<J %
0 —j

) K = i@ — Q).

m The following assertions are equivalent:
| dL*Q"' [Q,Q] =0
m[Q,Q =0
| d[_*Q =0
m (/,J,K) is integrable



The above construction is a special instance of the following

Theorem: Given a complex structure J on a Courant algebroid
(with eigenbundles L and L*) and a section Q of AL such that
Qo0 = —idy, set | = Qf + Q0 and K = i(ﬁﬁ — Q).

The triple (1, J, K) is hypercomplex iff d;«Q = 0.

Philosophy: “In the generalized context, hypercomplex =
holomorphic symplectic.”
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