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Supercloseness

1. Introduction

We consider discretizations of the integro-differential equation
t
au
g(t) + Au(t) = [ B(s,Du(s)ds+ f(t), te(0,T], (1)
0

subject to the Dirichlet boundary condition

u(t) =y () ond x (0, T], (2)

and with the initial condition

u(0) = ug. (3)

In (1) u(t) denotes a function defined on £2 x [0, T] when ¢ is fixed, £2 is a simple polygonal domain of R2, A and B(s, t)
represent the following differential operators

Au(t) = =V.(AVu(t)) + V.(Aou(t)) 4 aou(t),
B(s, Hu(t) = —V.(B(s, ) Vu(t)) + V.(Bo(s, Hu(t)) + bo(s, HHu(t),

where A, Ap,ap dependent on (x,y), Ao =l[ail, A=1Iajl, i,j=1,2, and a2 = a1 = am. B, Bo, bg dependent on (x, y),
s and t, Bo = [bi], B= [bij], i, ] =1,2, and b12 = bz] =bm.
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Integro-differential equations of type (1) arise in many applications of different branches of engineering sciences as
for instance in heat conduction in materials with memory [29], in diffusion processes in porous media [10,27,36] and in
diffusion in polymers [25]. In this last application, the integro-differential equation (1), with

1 _s
Ao=B9=0, ag=bo =0, B(s,t)=K({t—s)B and K(s) = ?e_?, (4)

is used to model a diffusion process occurring in a swellable polymeric matrix. In this case the mass flux is assumed to be
split into the sum of two mass fluxes: | = Jr + Jnr, where Jp is the mass flux given by Fick’s law

JE(t) = —AVu(t)
and Jnr satisfies the differential equation

9Jne + l]NF = lBVU(f),

at T T
where 7 > 0 is a relaxation parameter (see also [34]). Eq. (1) is then established taking Jyr(0) = 0 and the mass conservation
law Z;—L[‘(t) 4+ V.J(t) = f(t). The same equation can be used to model diffusion processes through glassy polymers. In this
case the Fickian flux Jr is modified to incorporate the stress effect which is linked with the strain by the Maxwell model
[12-14,39].

The development of efficient and accurate numerical methods to solve the initial boundary value problem (IBVP) defined
by (1) has attracted the attention of several researchers during the last two decades. A significative number of contributions
can be found in the literature. Without be exhaustive we mention [32,33,44,48] for the study of finite element semi-
discrete approximations. Generally, in these papers, it is shown that several results known for finite element semi-discrete
approximations for solutions of parabolic problems also hold for the corresponding semi-discrete approximations for the
solutions of (1). For instance, it is established, under convenient assumptions on the partition of the domain, that piecewise
linear finite element semi-discrete approximations are second order convergent with respect to the LZ-norm and they are
first order convergent with respect to the H!-norm. Similar convergent results were also established in [37] for semi-discrete
lumped mass approximations with respect to discrete norms and assuming that the solutions of the continuous problems
are smooth enough.

Second order estimates for finite volume semi-discrete approximations with respect to the L%-norm were shown
in [17] and [18] provided that the solution u of the IBVP (1)-(3) satisfies the following: u(t) € H® and fot(||u(s)||3 +

||‘31—Lt’(s)||3)ds < 00, t € [0, T]. In [40], under weaker assumptions, the same convergence orders were established for a fi-

nite volume semi-discrete approximation. The authors assume that [u(t)[l2, [;([u(s)[|3 +s2]| U (5)|3)ds, t € [0, T], are finite.

Integro-differential equations (1) can be rewritten as equivalent linear differential systems: a partial differential equation
involving only a time derivative and an integro-differential equation presenting only partial derivatives with respect to the
space variables. This approach was used, for instance, in [19] and recently in [41] where mixed finite element methods
were studied. Systems of differential equations that are equivalent to nonlinear versions of Eq. (1) for the particular case

defined by (4) with a nonlinear kernel K, K(s, t,u) = e~/ Y@E)d \were considered in [7,38]. In the first work, Galerkin
finite-element method with Crank-Nicolson method for time integration was analyzed, while in [38] discontinuous Galerkin
finite element methods were studied.

Recently, finite difference methods (FDM) for IBVP’s defined by (1) presenting the same qualitative behavior of the
corresponding continuous models were proposed in [1,8,9,20,21]. Applications of integro-differential models in drug release
were considered in [4,5,21].

In the present paper we study a fully discrete scheme constructed using the so-called MOL approach: the spatial dis-
cretization is defined by a standard FDM and the time integration is defined by an implicit-explicit method. The standard
FDM is based on a sequence of nonuniform grids 2, H € A, with maximal mesh-size Hy;qx converging to zero, without any
restriction on the nonuniformity. It is shown that the error of the semi-discrete approximation and its gradient are second
order convergent. However the truncation error induced by the spatial discretization is only of first order. The stability and
convergence of the fully discrete scheme are also established.

We introduce a new convergence analysis that is different from the one introduced in [47] which is usually followed in
the literature, as for instance in [40], where a finite volume approximation for the IBVP (1)-(3) was studied. The method
is based on a quasi-uniform family of triangulations and the authors proved that the semi-discretization error is second
order convergent with respect to the L2-norm. This was done introducing a Ritz-Galerkin projection and splitting the semi-
discretization error into the sum of two errors that are then studied separately. The same approach was followed in [11,
33,44] to study the accuracy of semi-discrete finite element approximations for the solutions of the same class of integro-
differential IBVP's. Second convergence order for the semi-discretization error with respect to H'-norm was established in
[6] for the one-dimensional version of (1) but following again the approach introduced by Wheeler [47].

In this paper we prove error estimates for the semi-discrete and fully discrete finite difference approximations for the
solution of (1)—(3) and for its gradient. Considering a convenient representation of the semi-discretization error we avoid the
split of this error and we reduce the smoothness requirements for the solution which are usually needed when such splitting
approach is used. We show that, when the domain §2 is a rectangle, the error and its gradient have second convergence
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order while the truncation error is only of first order. This convergence order is lower when the domain presents an oblique
side. Second order estimates with respect to H'-norm are reported in the literature. For instance in [11] these estimates
were obtained for finite element solutions based on piecewise quadratic elements instead of piecewise linear elements.
It should be pointed out that the results, introduced in [22] for elliptic problems with smooth solutions and in [23] for
problems with solutions with lower smoothness, have a central role in the proof of the main results of the present paper.

As in [23], our FDM can be seen as a lumped mass method. In fact it can be obtained considering the piecewise linear
finite element on a triangulation 7y generated by the rectangular grid £2y and applying convenient quadrature rules to
each term of the variational form of the variational problem. This means that our finite difference solution can be seen as
a piecewise linear finite element solution where the triangulation 7y does not satisfy any smoothness requirement, and
so our results can be seen as supercloseness results [45]. For FDM for elliptic equations and for parabolic equations, this
property is usually called supraconvergence [3,15,16,22-24,26,28,30,31,35].

The paper is organized as follows. In Section 2 we introduce the variational formulation of our problem. In Section 3
we define a semi-discrete approximation of (1)-(3) and its stability and convergence are studied. A fully discrete scheme is
presented in Section 4 and its stability and convergence are analyzed. Some numerical experiments illustrating the results
of this paper are presented in Section 5. Finally in Section 6 we draw some conclusions.

2. The variational problem

This section begins with the introduction of the functional spaces needed in this work and then introduces the Galerkin

formulation of our IBVP. Let D be a bounded open set of R2. For m € Ny we denote by C"™(D) the space of functions v
alaly

such that W is continuous in D for a = (a1, @2), o € Ng, i = 1,2, || = 1 + o < m. In this space we consider the
following norm
glaly
Y = max
Wlen) = M2y oD X1y axargyar V)

For p € [2, +oo[, W™P(D) denotes the usual Sobolev space with the semi-norm and norm given respectively by

p \1/p Z glaly p \1/p
Ivlm,p=( ‘ S ) , ||v||m,p=< Y ) ,
= 1ay “lop a1<m %102 o p
where
a‘alv p a'a‘v p
‘40[ m :/ P dxdy.
X1 9 y*2 0.p Ix*19y%2

For p = oo, we consider the norm

alaly
vl max esssup —.
™% ai<m X1 y*2

By H™(D) we represent the Sobolev space W™2?(D) and H%(D) = L?(D). The norm |.|m. is represented by ||.|l and
in L2(D) we consider the usual inner product (.,.)o. The subspace of H™(D) of functions null on the boundary is denoted
by HJ'(D).

Let V be a Banach space with respect to the norm ||.||y. We denote by LP(0, T; V), with p € [2, +oc[, the space of
functions v : (0, T) — V such that

T 1/p
Vil .1:v) = (/”V(t) ||5df> (5)
0

is finite. We also consider, for m, r € Ny, the space WP (0, T; V) of functions v : (0, T) — V such that dj" € LP(0,T; V) for

j=0,...,r, and
T 1/p
f‘ dt) , (6)
00

is finite. When p = 2 this space is represented by H"(0, T; V) with H°(0, T; V) = L(0, T; V).

r

lvilwre,1;v) := ( P

j=
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Let V be a Hilbert space with respect to the inner product (.,.)y. We consider in H"(0, T; V) the inner product

(v, Wuro,1;v) : _Z/<E(t) (t)) dt. (7)

By L*°(0, T; V) we represent the space of functions v : (0, T) — V such that

VIl ,:v) == ess sup||v(D) |, < oc. )
[0.T]
The space of functions v : (0, T) — V such that d"’ € L®(0,T; V) for j=0,...,r, and
div
IVliwrooo,T:v) ;= Mmax ess sup —(t) <00 ©)
j=0,....,r [0,T] dt/] v

is denoted by W™°°(0, T; V).
Let L2(0, T; H-1(£2)) be the dual space of L2(0, T; H'(£2)) where H~1(£2) denotes the dual space of H'(§2). We define

W(,T) = :g € L*(0, T; H'(£2)) such that Z—f eL*(0, T; H’l(Q))},

which is a Hilbert space (see Theorem 25.4 of [46]).
For f € L2(0, T; H-1(2)) and ug € L%(£2), we consider the following variational formulation of problem (1)-(3): find
u € W(0, T) such that u(t) = ¥ (t) on 9§2 and

t
<d ), v>+a u(t),v :/b s, t,u(s), v ds+(f(t) v) a.e.in (0, T) forallveHé(.Q),
0

(10)
u(0) = uo,

where (.,.) denotes the duality pairing between H~1(£2) and Hg)(Q), a(.,.),b(s,t,.,.) are the sesquilinear forms defined
respectively by

a(v, w) = (AVv, Vw)g — (AgVv, VW)g + (agv, w)g, forv,w e H(£2), (11)
and
b(s.t,v,w) = (B(s,)Vv, Vw), — (Bo(s. )v, VW), + (bo(s, H)v, w),, forv, we H' (). (12)

In (11) and (12) we use the notation: ((p1, p2), (q41,42))o = (P1.41)o + (P2.d2)0, Pi.qi € L*(2), i=1,2.
The coefficient functions of the integro-differential equation (1) are assumed to be smooth enough with respect to the
space variables x and y, e.g. they are in W™ (£2), m € {1, 2}.

3. A semi-discrete Galerkin approximation
3.1. The semi-discrete problem

In what follows we introduce the semi-discretization of (10) (see [23]). The spacial grid 2y is defined by Ry N 2 where
H = (h,K), h=(hj)z, K= (ky)z are two sequences of mesh-sizes and Ry =Ry x R is a non-equidistant grid introduced
in R? with
Rp={xjeR: xj1=xj+hjq1, jeZ},

where xp € R is given and Rk is defined analogously with the mesh-size vector k in place of h and yo in place of xp.
We also introduce

2y =2 NRy, 02y =302 NRy.

Since we are considering polygonal domains, the following compatibility condition between the grid 2y and the domain
£2 is assumed:

(Geom) The intersection of 92 with the rectangles 0 := (xj,Xj4+1) X (¥e¢, Ye+1) spanned by points (xj, ye), (Xj+1,Yet+1)
of Ry is either empty or it is a diagonal of [J.
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We consider a sequence of grids Ry such that the maximal mesh-size Hmax := max{hj,k;, j, ¢ € Z} tends to zero. We
use the symbol “A” for the sequence of mesh-size vectors and write “(H € A)” for the convergence with respect to H
running through this sequence.

By Wy we denote the space of grid functions on $2y and by Wy o the subspace of Wy of grid functions vanishing
on 3£2y. For convenience we assume that functions in Wy are also defined outside of 2y with value equal to zero. For

(xj, ye) € 2y, we represent by [; ; the box (xj_12,Xj+1/2) X (Ve—1/2, Ye+1/2)N$2 where x; 12 =xj — <, Xjr12 =Xj + %1
being y,+1/2 defined analogously, and we denote its measure by w; ¢. Then

(VH, WH)H = Z wjeVvijeWje, forvy, wye Wy, (13)
(xj,y0)eRy
defines an inner product on Wy. _ _
By Ry we denote the operator of pointwise restriction to the grid £2y. Let 7y be a triangulation of £2 using the set 2y

as vertices. By Pyvy we denote the continuous piecewise linear interpolation of vy with respect to 7.
The discrete version of L2(0, T; H!(£2)), denoted by L(0, T; W), is the space of functions wy : [0, T] — Wy such that

T
1wl a (14)
0

is finite, where ||WH||f = \|WH||%, + |PHWH|f being ||.||y the norm induced by the inner product (13) and |.|; the usual
semi-norm in H!(£2).
Let W}, be the dual space of Wy and

d
WH(0,T) = {g € L*(0, T; W) such that d—f eL*(0, T; W:,)}.

The semi-discrete version of (10) has the form: find uy € Wy (0, T) such that uy(t) = Ry (t) on 982y and

t
<d;l—:,(t), VH>H +ap(un(t), vy) = /bH(S» tup(s), va)ds+ (fu (). vi),
0 (15)
a.e.in (0,T), forallvy € Wh g,
up(0) = uo,H,
where (.,.)y denotes the duality pairing between Wy and Wy, and ug y € Wy is an approximation of ug. In (15) an(-,-)

and by(s,t, .,.) are sesquilinear forms that we define in what follows.
We consider

2 2
() =Y i () + )G H() + m (), (16)

i=1 i=0

where a;; y(.,.),a; H(.,.) are sesquilinear forms corresponding to different terms in the continuous sesquilinear form ac(.,.)
and am,u(.,.) corresponds to the mixed terms (ai2 = az1 = am). The sesquilinear form a1, 5 (.,.) is defined by

a1 H(VH, WH) == ) all(Ax)/(PHVH)x(PHV_VH)dedy, (17)
A€eTy A
where Ay is the midpoint of the side of A € Ty parallel to the x-axis. Similarly, we define ay, y(.,.) by
a2 H(VH, WH) = Z azz(Ay)/(PHVH)y(PHWH)dedy, (18)
A€eTy A

where Ay represents the midpoint of the side of A parallel to the y-axis.
The approximation of the first order terms is achieved by

ar,H(Vy, W) == — Z [PH(alVH)](AX)/(PHWH)dedY» (19)
AETH A

azH(VH, W) == — Z [PH(GZVH)](Ay)f(PHV_VH)dedJ/- (20)
A€TH A
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Fig. 1. Triangulation 7;{". A indicates triangles of 7;{";.

Finally, we set

ao.y (Vi wy) = ((RHA0)VH, W) ;- (21)

The function f in the right-hand side of (1) is discretized by the grid function

1 _
fH(XJ,ye,t):ZE / f&x, y.0dxdy, (xj,ye) € 2. (22)
Js
j.l

To define the sesquilinear form associated with the mixed derivatives, we consider two special triangulations of §2 that we
call T,_(,” and T,_}z). They are obtained from the disjoint decomposition

M 5 p@
Ry =Ry URY,

where the sum j+-¢ of the indices of the points (x;, y¢) in Rg) and in ]Rg) is even and odd, respectively. In order to simplify
the following definitions we introduce Rg) = Rg). To each point (x;, y¢) € Ry we associate the four (open) triangles Aj')z
i=1,2,3,4, that have an angle 7 /2 at (xj, y,) and two of the four horizontal/vertical neighbor grid points of (xj, y,) as
further vertices. We then define for v € {1, 2} the triangulations

T =AY, c 2 .y eRY. i€ (1,2,3.4)),
T = {Aﬂ c (.Q\U{A|A eT;L“{}): . y0) eRVHD e {1,2,3,4}],
T =Ty U T (23)

By ’T,;’bl we denote the set of triangles which have one side on the oblique part of 952. 7’;,’“ is empty for a domain 2 that
is union of rectangles. Fig. 1 shows an example of a triangulation 7;}“) in a polygonal domain.

For v =1, 2, the continuous piecewise linear interpolation P;_;’) vy of a grid function vy € Wy with respect to the
triangulations 7" is well defined.

For each triangle A € T(”). (XA, ya) denotes the vertex of A associated with its angle /2, (xa, ya) denotes the vertex
that has the y-coordinate of (xa, ya) and (xa, ¥a) denotes the other vertex of A. Then, for v € {1, 2}, we define

an(Xa,ya) if AT, am(xa.ya) ifA €T,
am(Ay) = 3 . ) am(Ay) := S v)
am(Xa, ya) A €T, am(Xa, ya) A €Ty,
and
1w @
i (Vi Wi) 3= 5 (3 (VL Wi) + @y (Vi wi) - for vis € Wa, wiy € Wi o, (24)
where

a i ww)i= 3 [ [an(A) (PR vi), (P W), +am(A) (P vir) (P Wh), ] dxdy.
AeT” A
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The definition of the sesquilinear form

2 2
DH(S, 6 ) =D bt (s, b 0) + D biH(S, L) +bmu(s,t, ) (25)
i=1 i=0
is analogous to the definition of ay(.,.) with the convenient replacements.
The semi-discrete approximation defined by the semi-discrete variational problem (15) is obtained solving an ordinary
differential system. To define such system we introduce the following finite difference operators

Agvy = 5" (0115;(<1/2)VH) — 8x(@128yvH) — 8y(a218xVH) — 5;1/2) (02253(/1/2)VH)

+8x(@1vy) +8y(a2vy) + aoVH, (26)
where
12 VHXit1/2, ¥j) — VEXi—1/2, Yj)
5 Pvuxi.yj) = Aay ]h L
i+1/2
(1/2) Vi1, Yj) — VH(Xi, V)
S TvaXiv1y2, ¥j) = p ,
i+1
VH(Xit1,Yj) — VH(Xi—1, ¥})
SxVH(Xi, Vi) = s
xVHXi, ¥ ) Nis1 + i
with hiy1p = hithici The corresponding operators in y-direction are defined analogously.

The finite difference operator By(s,t) is defined as Ay with the coefficient of A replaced by the correspondent coeffi-
cients of B(s,t).

If the operator A (or B(s,t)) contains mixed derivatives then Ay (or By (s,t)) acts, next to oblique parts of the boundary,
on grid points outside £2y. As in [23], the missing quantities to build Ayuy (or By(s, t)uy) are determined by auxiliary
variables which are obtained by a kind of antisymmetric extension. For example, if (xj, y,) € £2y is a grid point such that
Xj—1,Yer1) ¢ 2y, then the auxiliary value Uj_1,¢41 in the approximation of (anuy)y is determined using

Uj_ 1041 — Yj1,6 =—Uje — Vjer1)- (27)

Considering the procedure adopted in [3,6,23], it can be shown that the solution uy € Wy (0, T) of (15) solves the finite
difference problem

t
d
%(t)+AHuH(t):/BH(S,t)uH(S)dS+fH(t) in 2y,
0 (28)
ug(t) =Ryy(t) on 32y,
uy(0) =ugH.

We assume in what follows that ag(.,.) is continuous, that is, there exists a positive constant a. such that

lan (v, wi)| <acllPuvyllillPywhlli, forall vy, wy € W, (29)

and ay(.,.) is coercive, that is, there exists a positive constant a, and A € R such that

aH(VH, Vi) = del|Puvpll — Alvyllf, forallvy € Wy o. (30)

We also suppose that by(s, t, .,.) is bounded uniformly with respect to s, t, that is, there exists a positive constant b, such
that

|br(s.t, vir, wy)| <bcl|Puvilli|Puwylli. forall vy, wy € Wi o, s.t €[0,T]. (31)
3.2. Stability analysis

In the stability analysis we consider homogeneous boundary conditions (1 = 0) and we require some smoothness on the
solution of the variational problem (15), namely, we assume that uy is in C1([0, T]; W o), that is, ug : [0, T] — W o such
that d;‘—[’ 1[0, T]— Wy o is continuous when we consider the norm ||.||y in W o.

The stability results, Theorems 1 and 2, are the two-dimensional versions of Theorems 1 and 2 of [6], consequently we
will present only the main steps of their proofs. The upper bounds established in the next two stability results and in the
results concerning the stability and convergence of the fully discrete approximation, depend on an exponential that can be
unbounded in time. This means that these results hold only in bounded time intervals. For particular classes of integro-
differential problems, stability upper bounds with respect to the L2-norm that hold for long times were established, for
instance, in [2,43].
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Theorem 1. Let us suppose that ay(.,.) and bu(s,t,.,.) satisfy (30) and (31), respectively. If the solution uy of (15) is in
c'(o, Ty W .0), then

t t
2 2 1 2 1 2
o+ 1o < st e (I 51z [l e
0 0
fort e [0, T], where
ma 20+ s
_ X{ ( T] ) 262} (33)
min{1, 2(ae — €2)} ’
n # 0 is an arbitrary constant and € # 0 is such that
ae — €2 >0. (34)
Proof. From (15) with vy = ug(t) and considering the assumptions (30) and (31) we deduce
) t 2
0l + o= o} < 25 [1rnuncol o
2 dt H 17 ge2 1
0
1 2 2 2
+ 2wl + (0 + ) Jun O], (39
where € and 7 are non-zero constants.
From (35) we obtain
d 2 42 2)| p 2 P d
Elun®17 +2(a. ) |Prun @]} < 262 o s
+W||fH<t>HH+2(n2+x)HuH<t)Hi, (36)
which allow us to get
t t, s
IIuH(t)IIi,+f||PHuH(s)||fds<C/</||PHuH(M)||fdM+ ||uH(S)||i,) ds
0 0 ‘o
1 1 :
2 2
t nin{l, 2 — 7)) (HUH(O) I + 212 /“ Jh© ”Hds>’ G7)
0
with C defined by (33) and for € satisfying (34). Finally applying Gronwall’s lemma to (37) we obtain (32). O
Theorem 2. Let us suppose that ay (.,.) satisfies (30) with A =0, by (s, t, .,.) satisfies (31),
3be >0 suchthat by(t,t, vy, vy) =>bellPuvyl?, (38)
forallvy €e Wy o, t €[0, T], and
3bg >0 such that ’8::—:1(5, t, vy, wr)| <balPuvyl1lPawyl1, (39)

forallvyg, wy € Wy o,5,t€[0,T].
If the solution uy of (15)isin C'([0, T]; Wy o), then

[l],
1

< —
min{1, a, — n2, 2(be — €2

t
ds+ |Puun©[ + [ | Puun) |} ds
0

t
)}eff<ac||PHuH(0>Hf+ / IIfH(s>Hi,ds>, te(o,Tl, (40)
0
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where €, 1) are such that
—7?>0, be—€%>0, (41)
and
max{n—T, 1
C= . 42
min{1, ae — n?, 2(be — €2)} (42)
Proof. Equality (15) with vy = d”H (t) can be rewritten in the following equivalent form
d 1d d ‘
‘ Ly + EE H(up @), ug(t) = E/bH(s,t,uH(S),uH(t))ds
0
t
oby
- —t(s tup(s), ug(t))ds —by(t. t, up(t), uy(t))
0
(43)

<fH(t) (t)>

Considering in (43) the assumptions (38), (39), it can be shown that

du > 1d
2‘ ”(t)H be = €2)[[ Prun | + 5 Z-an (un 0. un ©)
t t
_d b2 )
< / bi(5, . un(s), un ) ds + 2 [ [Puuno)|2ds+ 5 | fuo)], (44)
0 0
holds for any € # 0.
Inequality (44) leads to
d t
/‘ ﬂ(s) ds+2(be—62)/||PHuH(s)||fds+aH(uH(t),uH(t))
0
t t N
biT 2
<Z/bH(s,t,uH(s),uH(t))ds—i—p/ /HPHuH(M)”]d,u ds
0 0
(45)

0

t
+/||fH<s>y|i,ds+aH(uH(o>,uH<0)).

Using now, in (45), the assumptions (30) with A =0 and (31), we obtain

2 t
ds +2(be — €2) / |Paun(s)|?ds + (a — n?) | Prun® |
0

t
duH
[[&e,
t

/( /”PHUH(M)”]dM+ > |Pruns) | )ds

0
t
+ 1ol

0
where 7 # 0 is an arbitrary constant. Consequently, for 7 and € satisfying (41) and with C defined by (42), we establish
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t
ds+/||PHuH(s)||fds+ |Paun©|3
0

[l],

t
<C/</||PHUH(M)IIfdM+ HPHuH(S)Hf> ds
0 0

t
1 2 2
T E—— y 2y (/”fH(S)”HdS+ac||PHUH(0)||1).
0

An application of Grownwall’s lemma leads to (40). O

3.3. Convergence analysis

3.3.1. The classical approach

Let ey (t) = Ryu(t) — ugy(t) be the error induced by the introduced spatial discretization. We establish in what follows a
supraconvergent-superconvergent upper bound for ey (t) using the approach introduced in [47] and largely followed in the
literature. In order to simplify the presentation we assume that £2 is a rectangular domain and that C is a positive constant,
not depending on u and H, and that is not necessarily the same in all expressions.

Following [6,47], an estimate for ey (t) is obtained estimating pp(t) = Ryu(t) — tig(t) and Oy (t) =iy (t) — uy(t) with
iy (t) defined by

ap(ln(t), wy) = (g (6), W)y, Wh € Who,
where

t
d
gn(t) = f (B(s, )u(s)) , s + fu(t) — (d—f<t>) ,
H
0

being (B(s, t)u(s))y and ( (t))y defined by (22) with f replaced by B(s, t)u(s) and ¢ (t) respectively.

An estimate for py(t), dependmg on certain norm of u(t), can be obtained consndermg the convergence analysis for
finite difference scheme in the stationary case as for instance in [23]. In this particular case, assuming that ag(.,.) is elliptic
which means that (30) holds with A =0, we have, for u € {1, 2},

t
lon®% < CPuen®|? < CH%{éx(Hu(t) 12+ / Jue), ds), (46)
0

provided that u € L°°(0, T; H*1(£2)), 71—3' € L®(0, T; L2(2)).
It can be shown that 6y (t) satisfies the equality

t
de d
(d—[’a),vH) +aH(9H(t>,vH)=/bH 5,t,en(s), vig) ds — (%(t)w)
H

H

t
+/ (B(Gs. Hu(s)) ) —by(s.t, Ryu(s), vy))ds
0

du du

+|(Ryl—®)—(—@®) ) ,vg) , forallvyge Wgp. (47)

dt dt H H ’

In order to obtain an estimate for ||6H(t)||%, + fg HPHGH(s)ll%ds we introduce the following notations:
du du
=|Ry— (1), —( , , 48
Ta(VH) < Hdt() VH>H ((dt())H VH>H (48)
and
t

Tint(VH) = /(((B(s, OU(s)) . Vi) y — bu(s.t. Rpu(s), vi))ds, (49)

0
for VH € WH,().
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Estimates for 74(vy) + Tine(vy) are obtained using the results presented in [23] for elliptic operators. Considering Lem-
mas 5.1, 5.2, 5.4, 5.5 and 5.7 of [23] we state the following proposition.

Proposition 1. Let 2 be a rectangular domain and p € {1, 2}. If the coefficients of B are in WH-*°(82) for t,s € [0, T], then, for
vy € Wy 0, T(Vy) = Tg(VH) + Tine (V) satisfies

[tvw)| <™ (u®)IPHVHIA,

where

- (f)

tD(u®) < C(( Z (dlamA)4

A€eTH

t
<CHmax<HZ—u(t)H +f||u(s)}\2ds>, (50)
t s
0

provided that u e W1->°(0, T; H?(£2)), and
12 & X 1/2
) +/< Z (dlam A)4”U(S)“H3(A)> ds
H2(A) 0

12 L X 1/2
) +/< Z (diamA)ZHu(s)HHz(A)) ds)
H2(A) 4

A€TH

- (f)

t@(u®) < c(( > (diam A)4
AeTy A€eTy

t
d
< et |0+ fluol ) o
2 0

provided that u € L®(0, T; H3(22)) N W1°°(0, T; H2(£2)). O

An estimate for ||9H(t)||f1 +f0t ||PH9H(5)||%ds is obtained following the proof of Theorem 1. As 6y (t) satisfies (47), it can
be shown that

t
Mmmﬁ+/wwmwﬁm

(/fHPHeH(s)Hlde [ @)% + (H_(s)

where 7 (u(s)) is defined in Proposition 1.
As

+ (u (s))2> ds) , (52)

t t t
wmmﬁ+/wmmnﬁw<4wmmm+/wwmwﬁa+wmmm+/wmmwﬁﬁ)
0 0 0

we obtain, using (52),

t s
Jestol + /mest o( [ [1rnencotiaeas oo+ [ ﬂ——m 0 uto)” ) ds
00

+on®]3, +f|| P11 (5) Hfds). (53)
0

Applying Gronwall’s lemma in (53) we establish

len) ], + /Mwmme‘%@%wm, Qk—m £ 70)) s

+lon®]? + / 1Paon)| ds>. (54)
0
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The term 7 (u(t)) was estimated in Proposition 1. As for | oy (t)||%_,, for || =5 dp"’ (t)||2 holds the following

’ /H —(5) ds), (55)
n+1 n+1

provided that 9 € L°°(0, T; H#**+1(£2)) and d U e [0, T; L2(£2)).
Considering 1n (54) the estimates (46), (50) (51) and (55), we obtain the following estimate for ey (t)

dpn de

<C

ot

CH%(H —(t)

t

HeH<t>Hi,+/HPHeH<s)|ﬁ <CHES pef12),
0

provided that u € W1 (0, T; H*T1(£2)), d L e [>(0,T; L%(£2)) and |64 (0)]|% < CH"*! and C depending on u.
3.3.2. Anew approach

We introduce in what follows a new approach that permit us to reduce the smoothness required for u(t) with respect
to that used before. We start by noting that ey (t) satisfies the equality

t
d
2dtllm(t)}lH <RHd—l;(r),eH(r>> +aH(uH(r>,eH(t>)—/bH(s,r,uH<s),eH(t))ds—(fH<t),eH<t>)H. (56)
H
0

As

t
d
(fH(t),eH(t))H:<<d—Ltl(t)> ,eH(t)> +<<Au(t)—fB(s,t)u(s)dS> ,eH(t)) , (57)
H H 0 H H

where ( YL (t)n, (Au(t) —fo B(s,t)u(s)ds)y are defined by (22) with f(t) replaced by T Y(t) and Au(t) —fo B(s, t)u(s)ds,
respectlvely, from (56) we obtain

t

2dt HEH(f)HH +ap(en(t), en(t)) /bH(S,f,eH(S),EH(f))dS-FT(eH(f)), (58)
0
where
T(en () = ta(en(®) + ta(en (®) + Tine(en (), (59)
with 74(ey(t)) and tipe(ey(t)) defined by (48) and (49), respectively, with vy replaced by ey (t), and
ta(en () =an(Ruu(t),en(t)) — ((Au(®)) . en(®)) - (60)

An estimate for tg(ey (t)) + Tine(ey (t)), when £2 is a rectangle, is obtained from Proposition 1. The following Proposition 2
leads to an estimate for t(ey(t)) defined by (59). As Proposition 1, Proposition 2 is established considering Lemmas 5.1, 5.2,
5.4, 5.5 and 5.7 of [23]. Let T(vy) be defined by (59) with ey (t) replaced by vy € Wy 0. By .(2,"}” we denote the following

set 2% = J{AalA e TS

Proposition 2. Let the grids 2y, with H € A, satisfy the condition (Geom) and consider 1 € {1, 2}. If the coefficients of A and B(s, t)
arein W (2) for t,s € [0, T], then, for vy € Wy o, T(vy) satisfies

ltvi)| < T (u®) P Va1,

where
] 1/2 [ du 2 1/2
D (u(t)) <c(< > (diam A)? ”u(t)”Hz(A)> +( > (diamA) i ] )
AeTy A€TH H2(A)
¢ X 1/2
+/< Z (diam A)?||u(s) ||H2(A)> ds)
0 A€Ty

t
d
<chax<||u<r>||2+ %o +f ||u<s>uzds>, (61)
2
0
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provided that u € W1-°(0, T; H?(£2)), and

1/2
t@(u(®) < c(( Z (diam A)*||u(t) Hfﬁ( A)> + < Z (diam A)*

A€Ty A€TH

du

'

2 1/2
H2(A)>

¢ , 1/2
+/( > (diam A)*|lu(s) HH3(A)> ds)
0

A€TH

172
. _ 2
+Umix<< Z (diam A)4(] 1/p)|u(t)|W2~IJ(A)>

AET,_‘,””

; 1/2
(X dama o) ds)
0

Aelebl

t
d
<CH§1ax<llu(t)II3+ Hd_Ltl(t)H +/||u(s)||3d5)
2
0

t

3/2—-1
+C0'mime/ax /p<|u(t)|w24p((2£]bl)+f|u(s)|w2,p(ggbl) ds)a
0

provided that u € L°(0, T; H3(§2)) N W10, T; H%(2)) and p € [2, o0).

(62)

If 2 has an oblique side and ar, # 0 or by, # 0, then, in (62), omix = 1. Otherwise, if §2 is a rectangle or ap, = by, = 0, then, in (62),

omix=0. O

We state now one of the main results of this paper.

Theorem 3. Let the grids 2y, with H € A, satisfy the condition (Geom) and consider (v € {1, 2}. If the coefficients of A and B(s, t)

arein WH(2) fort,s € [0, T], and ay(.,.) and by (s, t, .,.) satisfy respectively (30) and (31), then

t
lew( [+ [ IPuenco|as
0

t

1 Ct 2 1
< e ey (0 — | g™ ()2dc),
T <|| HO + 5,7 [ 862 ds
0
where € and n are non-zero constants such that
ae — €% — 172 >0,
and
Th?
e max{2A, ?}
min{1, 2(ae — €2 —n?)}’
1) 1412 : 2 2 du |? 2
g (t) = C Z (dlam A) ||u||L°°(O,T;H2(A)) + E 5 + ”u”LZ(O,t;HZ(A))
AeTy L*°(0,T;H*(A))
du ||
2 2 2
g CHmax(”u”Loo(o’T;HZ(Q)) + ‘ E Loo(o T.HZ(Q)) + ”u”LZ(O,T;HZ(.Q))>’

provided that u € W1-°°(0, T; H2(£2)),

(63)

(65)

(66)
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du |?

2
E + ||u||L2(0,t;H3(A))>

g0’ = C( D_ (diam A)“(Hun%oo(o,nm» + \

AeTy L>®(0,T;H2(A))

. H 4(1-1/p) 2 2
+ Umzx Z (dlam A) / (“u”LOC(O,T;W?,P(A)) + ”u ||L2(O,t;W2=p(A)))>
AeTgM

2

du
< CH? —
dt

2 2
max<||u”L°°(O,T;H3(Q)) + ’ + ||u||L2(0,t;H3(Q))>

L%(0,T; H2(£2))
3—
+ CUmimeax (||’J||LOO(0 T.w2p (22l +|lu ”L2(0t w2 p(gobz))) (67)
provided that u € L®(0, T; H3(22)) " W12°(0, T; H2(£2)) and p € [2, 00).
If 2 has an oblique side and an, # 0 or by, # 0, then, in (67), omix = 1. Otherwise, if §2 is a rectangle or ay, = by, = 0, then, in (67),
Omix = 0.

Proof. Considering in (58) the assumptions (30) and (31) for ay(.,.) and by(s, t, .,.), respectively, we deduce
t
d Th? 1
i len1 +260 = =) Pren [} < 35 [1Paeno [} ds-+20len ]} + 557 o),
0

and consequently

t t
fewo s+ [ 1Pwenolas < [ ( [Irvescorlian + enol o
0 0
t
+ 1 5 [ &P s+ Jenco; (68)
min{1, 2(ae — €2 — n?)} \ 212 H "
0

for € and 7 satisfying (64) and with C defined by (65). Applying Gronwall’s lemma to inequality (68) we conclude (63). [

Remark 1. Considering Corollary 6.2 of [23], under the assumptions of Theorem 3, if u € L*°(0, T; C2(£2 U £20)), where $2g
is a neighborhood of the oblique part of 352, we can state the following estimate for g® (t)
J t
2) (112 . 4 2 u 2
g9()? < C( Z (diam A) (!‘u(t)“H3(A) + HE +/.”u(s)HH3(A) ds
A€TH 0

t
+Omix Y (diamA)“(Hu(t)Hiz(A)+f||u(s)}|§z(md5>>
0

AeTﬁbl

<ol [0 < | us)

t

+Cam,-xH3mX<Hu(t) Hiz(gﬂbz) + / [ucs) \]iz(ggbl) ds)

0

du ||?

2
E + ||u||L2(O,t;H3(Q))>

4 2
CHmax(”””]_o@(o’T;HB(Q)) + ‘
Lo°(0,T; H2(2)

+ CGmIXHmax(||u||Lgo(O T CZ(QDM)) + ”u”LZ(O T Cz(gobl))) (69)

where it was assume that ZAETﬁbz diam A <C.
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4. A fully discrete approximation
4.1. The fully discrete variational problem

We introduce in [0, T] a uniform grid {t,, n=0,...,N} with to =0, ty =T and t, — t,_1 = At. By D_; we denote the
backward finite difference operator with respect to time variable. Let uf; be the fully discrete approximation in Wy such
that u};, = Ry (ty) on 82y and

n
(D™ ve)y +an(uf" vie) = ACY ba(te, tagr, ufy vi) + (FF vi) s

=0 (70)
n=0,...,N—1, Yvyg € Wy.o,

0
Uy =1Uuo,H-

We remark that u}; € Wy satisfying (70) is also a solution of the fully discrete finite difference problem

n
D_quf! + Agul = ALY " Bu(te, tapul + fT in@2y. n=0,... N—1,

£=0 (71)
uf; = Ruy(tn) ondf2y, n=1,...,N,

0
Uy =1uo,H,

which defines an implicit-explicit scheme to solve numerically (1), (2), (3). In fact (71) can be established combining the
spatial discretization introduced in the previous sections with the left rectangular rule to discretize the time integral.
In certain cases, the method (71) can be rewritten as a three-time-level method. In fact, for n > 1, we have

n—1
D—tu';.,H + AHUZH — f;j,H = AtBy (tn, tay) U}y + At Z By (te, tar 1)Ul
£=0
and
n—1
D_cufy + Anufy — fii = ALY Bu(te, to)ufy.
=0
Moreover if
By (te, tny)tly = E(AD By (te, t)ufy, (72)

then

D_cuf + Apuli™! — i = AtBy (tn, tap )}y + g(AD(D_culy + Anufy — ),

which has the form of a three-time-level method. This approach allow a drastic reduction of the computational cost when
compared with method (71). Note that the condition (72) is satisfied, for instance, when B(s, t)u(t) = K(t — s)Bu(t) and
K(a+b) =K(a)K(b).

4.2. Stability and convergence analysis

We study in what follows the qualitative behavior of the solution of (71) (or (70)). An essential tool is the following
lemma.
Lemma 1. (Discrete Gronwall inequality (Lemma 4.3 of [11]).) Let {nn} be a sequence of nonnegative real numbers satisfying

n—1

M <Y o+ B forn>1,
=0

where w; > 0 and {B,} is a nondecreasing sequence of nonnegative numbers. Then

n—1
N < Bnexp wi| forn>1. (73)
J
j=0
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Theorem 4. Under the assumptions of Theorem 1, the solution of (70) satisfies

n n
2 2 = 2 2 At 2
Juh [ + e Y| Pru < c(uu%uH +2(a0 =) At P} + 57 Z||fm|H) (74)

m=0 m=1

where n #0, € #0, € is such that

a. — €% >0, (75)
the time step size At satisfies

1-2(r+n%)At>0, (76)
and

Tmax{2(k+n2),i—§}
i EXP (20T AL 2 (=)
min{1 — 2(A 4+ n?)At, 2(a, — €2)}’

Proof. Using n=m, vy = uﬂ“, in (70), the coercivity (30) of ag(.,.) and the uniform continuity (31) of by(s,t,.,.), we
establish

(Dt w1, + ae | Pruf | = 2w *‘HH@«:NZHPHUHH [Pruf ™y + (A ul ), (77)
j=0
As we have
n ; b2T At
v 3P 1P, < ot S oy € P
j=0 j=0

and

Ui < 4 pret L FR Tl

for all € #0, n#0, from (77) we deduce

2 2
o 5 = g + 200 =€) [ Prndy ™ |

b 2TA2 & m+1 m+1
S Sl st 1 20 ) %)

Summing (78) over m=0, ..., n—1, we get

Jaahly = [y 5 +2¢ (0 — € ZIIP it

szAtZ n—-1 m At n—1 m+1 n—1 -
er 2 2wk 5 STUR G + 264 ) Ll
m=0 j=0 m=0

and consequently

(1 =201+ ) At) [l |, + 24t (ae — €2 Z”PHUHHl
At
< [l +28¢(ae — €) [P I + 2 2 lefz'?lli,

£

AtZ||PHuH| +2(r+n? AtZHuH”H (79)
j=0 m=1
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Choosing in (79) At, € and 7 satisfying (75) and (76) we obtain

n
Juh [+ ac 3| Pruf |3

m=0
n—1 5 m -
< Zc(||um|,,+m2||mum|l)
m=0 j=0

1 2 2 At ¢ 2
ity 14+ 20— Nt 2 Sl ) 50

with

2
Atmax{(2(1 + %), %5

C=— .
min{1 — 2(A 4+ n2)At, 2(a, — €2)}
Finally an application of the discrete Gronwall’s lemma leads to (74). O

The stability of (71) is now established.

Theorem 5. Under the assumptions of Theorem 1, for the solution u}, of (71), with f,ﬁ“ =0, holds the following inequality
n
2 2~ 2 2
[l + A Y IPuufily < C(Jub [ +2(ce — €) At Pru ) (81)
m=0
with
T max{2x, biTzz }

EXP (D At 2 (7))
min{1 — 2AAtg, 2(a. — €2)}’
for € # 0 satisfying (75) and At € (0, Atg), where Aty is such that

6:

1—2MAtg>0. O (82)

Since for A nonpositive we conclude the stability of (71) without any condition on the time step size At, that is the
method is unconditionally stable. Otherwise, it is conditionally stable.

Let e}, = Ryu(ty) —uf; be the error for the solution uf; defined by (71). An estimation for this error is established in the
next result.

Theorem 6. Under the assumptions of Theorem 1, if 35—5” (s, t,.,.) is uniformly continuous
oby
K(S’ t,ug,vy)| < bgllPuugll1liPuvully, Yup,vy € Who, s,t€[0,T], (83)

then there exists a positive constant C which does not depend on H, At and u, such that the error e}, = Ryu(ty) — u},, with u}, defined
by (71) (or (70)), satisfies the following

n
2 2
ekl +ae 3 [Pueiil;

m=0

n
= 1
<e(2ater= v - DIPu e+ 203 S
m=1 3

2 1 2 b%T 2
+ CAt 2 2 ”RHu”HZ(O,T;WH) + 2 2 ”PHRHu”Hl(O!T;Hl(Q)) ) (84)
Vi V2

where

2

2, PfT
T max{2(A+y; )’27}

EXp(min{]—2At0(A+y12),2(ae—€2—V22—V32)})
min{1 —2(A + y2)Ato, 2(ae — €2 — v — v}

6:
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by =max{bc, bg}, €,y #0,i=1,2,3, are such that

aG — € —y} —yi>o0,
and At € (0, Atg), with Aty fixed by
1—2(h+yE)Ato > 0.
In (84), g (tm) for € {1, 2}, is defined by (66) and (67), respectively, for ;1 =1 and 1 = 2 with t = t;,.

Proof. It is easy to show that

(D-cefj*. €)= (D-iRuams1). e ™) +am (a1 )
m

— ALY by (ty. tmr uly €8T — (FFT e
j=0

Considering that (57) holds with t = tp11, from (86), we deduce
(D_cefi ™ e, +an (el ef ) = ALY bu(ty tme. el € ) + Tea (€] )
j=0
with
Tcd( m+1) ‘L’( m+1)+rn( m+l),

where 7 (e[l is defined by (59) with ey (t) replaced by et

(el ) =Tma(el") + ma(e™),

and
du
Tn,1(€'2+l) = (thRHU(me) - (fm+1) €H+1) ,
tm41 !
rnﬁz(ezﬂ): / by (s, tme1, Ruu(s), em+1)ds—AthH tj, tmi1, Ryu(t)), efi).
0 j=0

m+1 m+1

We remark that an estimate for 7 (e} ) we have

|1 (el / ‘

where y;1 #0 is an arbitrary constant.
The estimate for 7, 2(eM* H 1y

) is obtained considering Proposition 2. For 7 1 (e}

1
RHdz(S) ds|efy ™|y < CAt— 4y ”RHu”HZ(tm tmi:Wi) T VA et ”H

|Tn2 (] CAtZ/(‘abH S, tmr1, Ruu(s), efth)| +

bH<5 tm+1, RH (S) €m+1>D ds,

1735

(89)

(90)

is obtained using the Bramble-Hilbert Lemma. As by(s,t, .,.) and "b” (s,t,.,.) are uniformly continuous, from (90), we ob-

tain

m Lt
d
|rn,2(eg+1)|gcmbfz/(||PHRHu(s)||1+HPHRHd—Lt'(s) )c15||1>,,eg+1”1
j=0 7, 1

WCAt b ”PHRHu”Hl(O T;:H(£2)) + V2 HP""eH+l ”

2
where y, # 0 is an arbitrary constant.
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Combining the estimations (89), (91) with the estimates for r(em“) obtained considering Proposition 2, we get
1
1 1 1
Tea(el ) < a2 —8W s + (v +v3) [ Puel |+ v e I

1 2 1 2 A2 2
+C(4 zAt“RHu”HZ(tm,thr];WH)+4 sbF ACIPHRUIL o 1.1 02y ) (92)
Vi )

where € {1,2}, g (tmy1)? and g® (ty11)* are given by (66) and (67), respectively, with t =ty 1.
From (87) and (92), it can be deduced, following the proof of Theorem 4, that the errors e{{, j=0,...,m+1, satisfy

el 15— eI +2at(ae — € = y3 —v3) [ Puel |}
2b2T m+1 1 (W
<Aoo Z\]PHeH\1+2At(A+y1 leh ”H+Atig“(tm+1)
j=0
! 2 bF 2 2
+ CAt 2)/12At”RHU”Hz(tm’th;WH)+zyzzAt IPHREUIG 0 111 (2 ) (93)

which leads, following again the proof of Theorem 4, to (84). O

Remark 2. Assumption (83) holds, for instance, for B(s, t)u(t) = K(t — s)Bu(t) where the kernel is such that |[K'(t —s)| < C
t,s€[0,T] and B is a second order differential operator such that b(.,.) is continuous.

Corollary 1. Under the assumptions of Theorem 1 and taking ug y = Ruuo, there exists a positive constant C which does not depend
on H and At and u, such that, for At € (0, Ato), with Atg verifying (85), the error e}, = Ryu(ty) — u},, with uf; defined by (71),
satisfies the following

n
2 2
”9'111 ”H + At E :”PHEE ”1 < ( max(”””w1 10(0,T; H2(£2)) + ”u”%Z(O,T;HZ(Q)))

m=1

+ AC (IR 0 1w,y + IPHREUIT 0 12111 (@2)))) (94)

provided that u € W1-2°(0, T; H2(§2)) N H2(0, T; C(£2)), and

n
2 2
et [}y + At Z |Prefi|; <C(H max(”””wl 0. T:H2(2) T ||””L°°(o TH32) T ||”||L2(o T; H3(Q)))

m=1

3-
+ OmixHmax! P (lhu)? + llul?

Lo0(0, T W1-P(22h) 12(0,T; W1 ﬂ(:z"“)))

+ Atz(”RHu”iI?(O,T;WH) + ”PHRHUH%I] (O,T;Hl (Q))))7 (95)

provided that u € W1-2°(0, T; H3(£2)) N H2(0, T; C(§2)) and p € [2, 00).
If 2 has an oblique side and an, # 0 or by, # 0, then, in (95), omix = 1. Otherwise, if 2 is a rectangle or a;,, = by, = 0, then, in (95),
omix=0. O

Remark 3. Considering Corollary 6.2 of [23], under the assumptions of Corollary 1, if the coefficients functions are in
W22 (), u e L0, T; C2($2U£2p)), where £2p is a neighborhood of the oblique part of 32, then we can state the following
estimate

n
||eZ ||i] + At Z ||PHerﬁ ||f g max(”u|lw1 10(0,T; HZ(.Q)) + ”u||L°°(O T; H3(S?)) + ”u”LZ(O T: H3(Q)))

m=1

+ OmixHog (117 + lul?

Lo°(0,T;C2(20h) 12(0,T; C2(Q°b’)))

2
+ At (”RHu”HZ(O,T;WH) + ”PHRHu”Hl(O,T;Hl(_Q))))- (96)
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Table 1

Convergence rates.
Humax Ny Ny E% RH],HZ
1.500 x 107! 10 11 9.437 x 1074 1.860
7.500 x 102 20 22 2.600 x 10~ 1.944
3.750 x 1072 40 44 6.759 x 107> 1.980
1.875 x 1072 80 88 1.713 x 107> 1.992
9.375 x 1073 160 176 4.305 x 1076 2.000
4.688 x 1073 320 352 1.076 x 1076 2.000
2.344 x 1073 640 704 2.691 x 1077 -

5. Numerical simulation

In this section we illustrate the theoretical results obtained for the integro-differential IBVP (1)-(3).

Example 1. Let £2 be defined by £ = (0, 1) x (0, 1). We consider the IBVP (1)-(3) with

1 xy

A(x,y)z[xy 1], Ao(x,y)z[ﬂ, ap(x, y) =—1,

B(s,t,x,y)=e 9 [ _01 _0] } . Bo(s,t,x,¥y)=0,  bo(s,t,x,y)=0.
The boundary conditions, the initial condition and the term f are such that this problem has the solution

ux,y,t) :etxy(x -y -1, &y e, te[0,0.1]. (97)

The numerical solutions are obtained using the method (70) with a uniform time grid in [0,0.1] with step size
At =1075. In the spatial domain, we consider an initial random partition with Hpax = 0.15 and Ny = 10, Ny =11 points
in x and y axis, respectively. We use grids in the consecutive computations that are defined by introducing the midpoint in
each interval [x;, x;11] and [y;, yj41] of the previous grid. We measure in the simulations the error

v 1/2
2 in2
EM=<||e"4||,,+m2||mem|]) ,

j=1

where the errors e{{, j=0,..., M, are computed considering the numerical solution and the known solution (97).
The error E% as well as Hyay, for each partition 2y, the number of points Ny and Ny, and the rate Ry, p,

E}f
ln(EMlﬂ)
HZ,mux
Ruy H, =

H1,max
]n( H2,max )

are presented in Table 1.
The results presented in Table 1 show that the error 511\4/1 is of second order in Hpgy. This fact illustrates the estimate (96).

Example 2. Let £2 be the polygonal domain presented in Fig. 2. We consider the IBVP (1)-(3), with

1 xy

A, y) = [Xy 1

} , Ao(x,y) =0, ap(x,y) =0,
0 —xy

— (=9
B(s,t,x,y)=e [_xy 0

] Bo(s,t,x,y) =0, bo(s, t,x,y) =0.

The boundary conditions, the initial condition and the term f are such that this problem has the following solution

ux, y,t) =etxy(x — 1) (y — 1)(—x+ % - y), (x,y) €2, te[0,0.1].
In the time interval [0, 0.1] we consider a grid with step size At = 10~6. We introduce in £ an initial nonuniform grid 2y
satisfying the condition (Geom). The grids used in the numerical experiments are defined using the procedure introduced
in Example 1. The error EM the rate Ru,,H, as well as Hygx, for each partition 2y, the number of points Ny and Ny, are
presented in Table 2 (the notations used were introduced in Example 1).
The results presented in Table 2 illustrate the error estimate (96).
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1
0.4
0.4 1
Fig. 2. Polygonal domain.

Table 2

Convergence rates.
Hinax Ny Ny EM Ri, H,
1.347 x 107! 9 8 2.988 x 1074 1.554
6.733 x 1072 18 16 1.018 x 1074 1.560
3.367 x 1072 36 32 3.451 x 10> 1.539
1.683 x 1072 72 64 1.188 x 1072 1.522
8.416 x 103 144 128 4.136 x 1076 1.511
4208 x 1073 288 256 1.451 x 1076 1.506
2.104 x 103 576 512 5.108 x 107 -

6. Conclusions

In this paper numerical methods for the IBVP (1)-(3) were proposed. The methods were defined using MOL approach,
that is, they were defined combining a spatial discretization, which converts the integro-differential problem in an ordinary
differential problem, with a time integration method of the implicit-explicit type. The semi-discrete solution was studied
and a supraconvergence result was established. The stability and the convergence of the fully discrete method were also
studied. In the convergence analysis we introduced a different approach from the one that is usually followed in the litera-
ture (see for instance [42,44,47,48]). Such new approach enable us to assume lower smoothness of the solution of the IBVP
(1)-(3), than those that we need to assume if the approach introduced in [47] was followed.

The methods studied can be seen into different class of methods: the class of Galerkin methods and the class of finite
difference methods. In fact, with respect to the spatial discretization, the methods were constructed considering the varia-
tional formulation of the differential problem and replacing the space H(l)(.(Z) by the space of the piecewise linear functions
and using convenient quadrature rules.

We point out that the analysis presented here can be followed if we use in the time integration methods of higher order
such as Crank-Nicolson method. This remark holds if we replace the rectangular rule, considered in the approximation of
the time integral, by higher approximation methods.
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