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* Resende, 2007: Inverse quantal frames < étale
groupoids:
(This correspondence is not functorial in the usual sense.
However it is in the bicategorical sense.)

* Protin and Resende, 2012: Open quantal frames <—-
open groupoids.
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* A generalization of supported quantales which applies to
non-unital quantales and to open groupoids.

* Q. and Resende, 2015: Groupoid quantales < open
groupoids: in a way that makes feasible the study of
actions and sheaves on such quantales (work in progress)

* Q. and Resende, 2015: Principal groupoid quantales <—-
effective equivalence relations (étale-complete groupoids
in a simplified situation).
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+ If X is a locale we refer to O(X) as itself in the dual
category Frm = Loc®” of frames.

« If f: X — Y is a map of locales we shall refer to the frame
homomorphism f* : O(Y) — O(X) that defines it as its
inverse image. If f is an open map, the left adjoint to f* is
referred to as the direct image of f and it is denoted by
fi - O(X) — O(Y).

+ The product of X and Y in Loc is X x Y. it coincides with
the tensor product in the category of sup-lattices of O(X)
and O(Y) (coproduct in Frm). Then, we write
O(X xY)=0(X)®0(Y).
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G= G "G u Go

where G is the pullback of the domain and range maps:

Go = Gq Go - Gy
I G R ¢
G1—d>Go G1—d>GO

d open = m open (open groupoids)
d local homeomorphism = m local homeomorphism (étale
groupoids)
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An effective equivalence relation is meant to be a open
groupoid G which is the kernel pair of its co-equalizer. In other
words, this means that the following square:

Gy ! Go
I
Go— Go/G,

where Gy /G is the orbit locale, is a pull-back in the category of
Loc.
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Since m is an open map, there is a sup-lattice homomorphism
defined as:

O(G1) ® O(Gy) — O(Gs) "~ O(Gy)

this defines an associative multiplication on O(Gj) which
together with the isomorphism

O(Gy) ——~ O(Gy)

makes O(Gj) an involutive quantale. This quantale is denoted
by O(G). It is a worth to mention that the involutive quantale
O(QG) of an open groupoid G is unital if and only if G is etale, in
which case the unitis e = ui(1).
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A involutive quantale @ is an involutive semigroup,
* (ab)c = a(bc)
ca*=a
* (ab)* = b*a*
- ae =aand ea=a (unital quantale)
in the category of sup-lattices:
*(Va)b=Vab
© b(Vaj) =V ba
(Va) =Vaf
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Let Q be a unital involutive quantale. We recall that by a
support on Q is meant a sup-lattice homomorphism¢: Q — Q
satisfying the following conditions for all a € Q:
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The support is said to be stable, if in addition we have, for all
a,beQ:

s(ab) <¢(a).

We remark that the quantale O(G) of an étale groupoid G has a
stable support given by uy o d : O(G) — O(G).
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Let Q be an inverse quantal frame, i.e., a stable quantal frame,
satisfying

\VQr=1q
where Q; = {a € Q|a*aV a*a < e} (partial units of Q)

Then Q = O(G) for an étale groupoid G
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Let A be a locale. An A-A-bimodule M is a sup-lattice equipped
with two unital (resp. left and right) A-module structures

(a,m)—a|m and (a,m)— m|,,

satisfying the following additional condition for all a, b € A and
me M:

(alm)|p =a [(mMlp) . (1)

A morphism of A-A-bimodules is, of course, a sup-lattice
homomorphism that preserves both actions.
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The notation for the left and the right action is meant to convey
the idea of restriction, as in the following example:
Example

Let A and M be locales, and d, ¢ : M — A two continuous
maps. Then the frame homomorphisms d*,c* : A — M make
M an A-A-bimodule with the actiones defined by

alm=d*(a)Am,
mla=c*(a)Am.
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Definition

An A-A-quantale Q is just a semigroup in the monoidal
category of A-A-bimodules, i.e. Q is an A-A-bimodule equipped
with a quantale multiplication (x,y) — xy satisfying the
following additional conditions for alla € A and x,y € Q:

(alx)y =a l(xy) (2)
(xla)y = x(aly) (3)
(xy)la = x(¥la) (4)
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Definition

An A-A-quantale is involutive if it is an involutive semigroup; the
involution is denoted by a — a* and it is required to satisfy,
besides the standard conditions x** = x and (xy)* = y*x*, the
following two conditions:

Vo) =\ x5 (5)
(alX|6)" =b [x"[a (6)

It is worth remarking that an involutive A-A-quantale is not the
same as an involutive semigroup in the category of
A-A-bimodules.

Juan Pablo Quijano IST - Universidade de Lisboa (Joint work™"Principal quantales and effective equival relati




Definition

Let A be a locale. An involutive A-A-quantale Q is supported if
it is equipped with a sup-lattice homomorphism¢ : Q — A
satisfying the following conditions for all x, y € Q:

@ <(1g) =1a.
@ (yly <xx*y.
. c(x)|X =X.

A supported A-A-quantale (Q, <) is an involutive A-A-quantale
equipped with a specified support.

Let us denote by R(Q) the set of right-sided elements of Q, an
element a € Q is right-sided if alg < a. Similarly, the set of
left-sided elements of Q is denoted by L(Q) and the set of
two-sided elements is denoted by T(Q).
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Let (Q,<) be a supported A-A-quantale. The following
properties can be derived from the axioms, for all x,y € Q:

o (g(x)|y)* = (y*|g(x)) .

@ y|<(x) < yxx*.

@ x < xx*x.

@ x<xlqg.

® 1910 =1q-

® ((x1p)l1o=x10.

@ The sup-lattice homomorphism ¢(Q) — R(Q) defined by
X —x |1q is a retraction split by the map R(Q) — <(Q)
which is defined by x — <(x); the map s : R(Q) — Ais an
embedding.
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A support s is said to be equivariant if

s(alx) = an<(x). (7)

An A-A-quantale (Q, <) is called equivariantly supported
whenever the support is equivariant.

Let (Q,sq) be an equivariantly supported A-A-quantale. Then,
the map A — R(Q) defined by x —x |1q is order isomorphism
whose inverse is the map R(Q) — A defined by x — ¢(x). In
particular R(Q) = A, i.e., R(Q) is a locale.
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Lemma

Let (Q,sq) be an equivariantly supported A-A-quantale. Then,
If sq is equivariant then it is stable.

It is well-know that when Q is unital, the notion of equivariance
and stability coincide when the base locale is | (e).
Nevertheless, in general this is not the case.

Lemma

Let (Q,<) be an equivariantly supported A-A-quantale. Then,
the sup-lattice maps (y|1q : A— Q andcg : Q — A are
adjoints. Furthermore, the support <q is unique and the map
()I1a : A— Q respects arbitrary meets.
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Lemma

Let (Q,sq) be an equivariantly supported A-A-quantale. Let
a,b € Q, and suppose that the following holds:

D plx =x,
2 pl1g < xx*1qg.
Then, b = ¢q(x).

Lemma

Let (Q,sq) be a supported Qy-Qy-quantale and (K, k) be an
equivariantly supported Ky-Ko-quantale. Then any
homomorphism from Q to K preserves the support.

Remark

Having an equivariant support is a property of involutive
quantales, rather than extra structure on it.
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By an A-A-quantal frame is meant an A-A-quantale Q such that
for all g, m; € Q and a € A the following properties hold:

qA\/mi=\/qui t)
(alg) Am =2 1{(gAm) 9)
mA(qla) = (g A m)|a (10)

The class of unital equivariantly supported quantales frames
coincides with the class of stably supported quantal frames.
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Theorem (Definition of principal quantale)

Let (Q,<) be an equivariantly supported A-A-quantal frame.
The following conditions are equivalent:
@ Q= R(Q) ®r1() L(Q) in the category of Frm.
@ For any frame S and any frame homomorphism
h:R(Q) — Sandk:L(Q)— S such that h|rq) = KlT(q),
there is a unique frame homomorphismt : Q — S such
thatt|R(Q) = h and t|L(O) = K.
@ The triple (Q,()|1a,1al(.)) is the co-kernel pair of the
frame inclusion i : {b € A | p|1q = 1qlp} — A.
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Let X be a set. The set of binary relations
Rel(X) = p(X x X)

is a unital involutive quantale. The multiplication is the
composition in the forward direction: RS = S o R and the
involution is reversal.

Then Rel(X) is a principal quantale, because it is an
equivariantly supported p(X)-p(X)-quantale frame with:

uR=(UxX)NR, Rly=(XxU)NR, and

s(R) ={(x,x)|(x,y) € R, forsome y € X}.

Here we have that R(Rel(X)) = L(Rel(X)) = p(X), and
T(Rel(X)) ={0,X}. Thus

Rel(X) = p(X) ® p(X).
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By a reflexive quantal frame (Q, v) will be meant an

A-A-quantal frame equipped with a frame homomorphism
v: Q — A satisfying, for all a € A:

v(alla) = a=v(1qla)- (11)

Let (Q,s,v) be a stably (not necessarily equivariantly)
supported A-A-quantale which is also a reflexive quantal frame.
Then

v(alg) =<(a), (12)
foralla c Q.
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Let (Q, <, v) be an equivariantly supported reflexive quantal
frame over A. Let us define Gy and G as follows:

O(Go) =A and O(G1) =Q.

Consider the sup-lattice homomorphism ¢ : Q — A defined by

Lemma

0 is the direct image d, of an open map d : Gy — Gy
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We can now define a locale map i : Gi — Gj by the condition
i*(q) = g* because the involution of Q is a frame isomorphism.
Even more, we have i o i = idg and iy = j*. Let us define an
open map

r: G1 — Go

by puttingr =doi.

Lemma

The tensor product Q ®4 Q coincides with the pushout of the
homomorphisms d* and r*.

Juan Pablo Quijano IST - Universidade de Lisboa (Joint wor_



Our candidate for the inclusion of units u : Gy — Gy is
u*(a) =wv(a), foralla e Q:

Lemma

Let (Q,<,v) be an equivariantly supported reflexive quantal
frame, and G be its associated involutive localic graph:

i

() r
G = G1 U GO
d

Then G is an involutive reflexive open graph.
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The quantale multiplication has the following factorization in the
category of sup-lattices.

By a multiplicative quantal frame is meant an A-A-quantale
frame such that the right adjoint of n4 preserves joins.

Any inverse quantal frame is multiplicative (Resende, 2007).
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Theorem

Let (Q,<) be a multiplicative equivariantly supported
A-A-quantal frame. Then, the localic graph

i
)
G=G "~G

GO7

where m is defined as follows:

m*(a) = (u)«(a)= \/ x®y.

xy<a

is an involutive open semicategory.
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Definition (Unit laws)

Let Q be a multiplicative equivariantly supported reflexive
quantal frame (Q,s,v). We say that Q satisfies unit laws if
moreover the following condition holds for all a € Q:

\/ (U(X)‘.y) =a

xy<a

Lemma

Let Q be a multiplicative equivariantly supported reflexive
quantal frame that satisfies unit laws, and let G be its
associated involutive localic graph:

i

) r
G=G, -Gy u Go.

Then G is an open involutive category.
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Definition (Groupoid quantales)

By a groupoid quantale Q will be meant a multiplicative
equivariantly supported reflexive quantal frame that satisfies
unit laws and moreover satisfies the following condition, which
is referred to as the inverse law:

walla< \/ x. (13)

xx*<a

Theorem

Let Q be a groupoid quantale, and let G be its associated
involutive localic graph:

) r
G=G,2- G u Go.
d

Then G is an open groupoid.
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Remark

In the unital case the inclusion of units map u : Gy — Gy is
given by u*(a) = a A\ e which is an open map of locales,
because the frame homomorphism u*(a) = a A e is the
right adjoint of the sup-lattice inclusion . : <(Q) — Q,
whose direct image is uy = «. Therefore it is possible to
show the unit laws of an internal category in terms of direct
images without appealing to the unit laws axiom.

A unital involutive quantal frame Q satisfies inverse laws if
and only if it is inverse, i.e.,\] Qz = 1g
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The class of unital equivariantly supported reflexive quantal
frames satisfying inverse laws corresponds with the class of
inverse quantal frames

Let(Q,s,v, e) be an equivariantly supported reflexive quantal
frame with a unit and satisfying inverse laws. Then, Q satisfies
unit laws.

In general, the two axioms are independent!
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Recall that given a groupoid quantale Q, we denote its
associated open groupoid by G(Q).

Let G be an open groupoid. Then its associated quantale O(G)
is a groupoid quantale.

G(O(G)) = G and 0O(G(Q)) = Q for any open groupoid G and a
groupoid quantale Q.
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Let Q be a groupoid quantale. Then Q is a principal quantale if
and only if G(Q) is an open effective equivalence relation.
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» The domain and range maps must be open surjections.

+ There is a geometric morphism 7 : Sh(Gy) — B(G) with
m* : B(G) — Sh(Gp) the forgetful functor (that forgets the
action).

- The groupoid G is étale-complete if the following square of
toposes is a pullback:

Sh(Gy) —— Sh(Go)

J| |

Sh(Go) —— B(G)

Let Q be a principal groupoid quantale. Then the topos
B(G(Q)) is localic, and G(Q) is étale-complete.
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