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Complexity quasi metric spaces

Complexity of algorithms

Complexity of certain types of algorithms, is described as a
solution of some recurrence equation. For Mergesort the running

time f : N —]0, c0] is a solution of the equation:

f(n) = a.f[3] + h(n) whenever n # 1

{f(n) =c for n=1
for given a, b, c and h : N —]0, oc].

M. P. Schellekens, The Smyth completion: A common foundation
for denotational semantics and complexity analysis, Elect. Notes
Theoret. Comp. Sci., (1995).
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Complexity quasi metric spaces

Complexity of algorithms 2

Calculations of running time of other examples like Quicksort fit
into the following recurrence equation:

f(n) = X=ka;.f(n— i) + h(n) whenever n > k

{f(n):c,, for 1<n<k
for given k, aj and h: N —]0, o]

S. Romaguera and O. Valero, A common Mathematical Framework
for Asymptotic Complexity Analysis and Denotational Semantics
for Recursive Programs Based on Complexity spaces, International
Journal of Computer Mathematics, 2012.
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Complexity quasi metric spaces

Associated fixed point problem

Reformulating the problem as a fixed point result:
X =]0,00]N and ® : X — X : g = Og.

{Cbg(n)—c,, for 1<n<k

®g(n) = Xi=ka;.g(n — i) + h(n) whenever n > k
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Complexity quasi metric spaces

Other references

m S. Romaguera, M.P. Schellekens, P. Tirado, O. Valero,
Contraction selfmaps on complexity spaces and ExpoDC
algorithms, Amer. Inst. Physics Proceedings, (2007).
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Complexity quasi metric spaces

Other references

m S. Romaguera, M.P. Schellekens, P. Tirado, O. Valero,
Contraction selfmaps on complexity spaces and ExpoDC
algorithms, Amer. Inst. Physics Proceedings, (2007).

m L. M. Garcia-Raffi, S. Romaguera, M. P. Schellekens,
Applications of the complexity space to the general
probabilistic divide and conquer algorithms,

J. Math. Anal. Appl. (2008).
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Complexity quasi metric spaces

Solutions of the fixed point problems

Method  m The complexity distance.
1 1 1

dc(f,g) = ZnENE'[(m - m) V 0]
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Complexity quasi metric spaces

Solutions of the fixed point problems

Method  m The complexity distance.
1 1 1

dc(f,g) = ZnENE'[(m - m) V 0]
m On
C={ge]0,o0" | Z”€N21n'g(1n) < oo}
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Complexity quasi metric spaces

Solutions of the fixed point problems

Method  m The complexity distance.
1 1 1

dc(f,g) = ZnENE'[(m - m) V 0]
m On
C={ge]0,o0" | Z”€N21n'g(1n) < oo}

m (C,dc) is bicomplete
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Complexity quasi metric spaces

Solutions of the fixed point problems

Method  m The complexity distance.
1 1 1

dc(f,g) = ZnENE'[(m - m) V 0]
m On
C={ge]0,o0" | Z”€N21n'g(1n) < oo}

m (C,dc) is bicomplete
m Restrict to ¢ : C — C, de-Lipschitz with factor
strictly smaller than 1
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Complexity quasi metric spaces

Solutions of the fixed point problems

Method  m The complexity distance.
1 1 1

dc(f,g) = ZnENE'[(m - m) V 0]
m On
C={ge]0,o0" | Z”€N21n'g(1n) < oo}

m (C,dc) is bicomplete

m Restrict to ¢ : C — C, de-Lipschitz with factor
strictly smaller than 1

m Apply the Banach fixed point theorem for quasi
metric spaces to obtain a unique fixed point for
d:C—C.
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Changing the categorical setting

Our purpose

Results:  m Changing the categorical context +— develop a
method applicable to a larger class of recursive
algorithms, containing all the previous examples.
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Changing the categorical setting

Our purpose

Results:  m Changing the categorical context +— develop a
method applicable to a larger class of recursive
algorithms, containing all the previous examples.

m Construct App of approach spaces and
contractions as morphisms.
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Changing the categorical setting

Our purpose

Results:  m Changing the categorical context +— develop a
method applicable to a larger class of recursive
algorithms, containing all the previous examples.

m Construct App of approach spaces and
contractions as morphisms.

m Categorical product in App — complexity
approach space ]0, 0o]", compatibility with the
product in Top and with the pointwise order.
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Changing the categorical setting

Approach spaces 1

From Top to App: Convergence in an approach space X is
described by means of a limit operator.
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Changing the categorical setting

Approach spaces 1

From Top to App: Convergence in an approach space X is
described by means of a limit operator.

Objects (X, \) with X : FX — [0,00]X : F + A\F satisfying

suitable axioms.
A map f: (X, x)— (Y,Ay) is a contraction if

Ay (stackf(F))of < AxF

for every F € F(X).
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Changing the categorical setting

Approach spaces 1

From Top to App: Convergence in an approach space X is
described by means of a limit operator.

Objects (X, \) with X : FX — [0,00]X : F + A\F satisfying
suitable axioms.
A map f: (X, x)— (Y,Ay) is a contraction if

Ay (stackf(F))of < AxF

for every F € F(X).
Top — App is a concretely coreflective full embedding.

Given X = (X, \) we denote its topological coreflection as
(X, Tx), with Tx defined by

F = x < AF(x)=0.
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Changing the categorical setting

Approach spaces 2

From gMet to App: Instead of working with one quasi metric we
consider a collection of quasi metrics, called a gauge of quasi
metrics.
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Changing the categorical setting

Approach spaces 2

From gMet to App: Instead of working with one quasi metric we
consider a collection of quasi metrics, called a gauge of quasi
metrics.

Objects are (X,G) with G an ideal of quasi metrics
d: X x X — [0, 00] satisfying a certain saturation condition.
A map f:(X,Gx) — (Y,Gy) is a contraction if

Vg € Gy :qo(f xf)egx.
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Changing the categorical setting

Approach spaces 2

From gMet to App: Instead of working with one quasi metric we
consider a collection of quasi metrics, called a gauge of quasi
metrics.

Objects are (X,G) with G an ideal of quasi metrics
d: X x X — [0, 00] satisfying a certain saturation condition.
A map f:(X,Gx) — (Y,Gy) is a contraction if

Vg € Gy :qo(f xf)egx.

qMet — App is a concretely coreflective full embedding.
Given X = (X, G) we denote its quasi metric coreflection as
(X, dx), with dx defined as

dx =sup G.
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Changing the categorical setting

The category of Approach spaces 1

The two constructs are concretely isomorphic. The transition from
gauges to limit operators:

For an approach space with gauge G, for a filter F and x € X the
limit operator is:

AF(x) = sup inf sup q(x,y).
qeG FEF yeF
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Changing the categorical setting

The category of Approach spaces 1

The two constructs are concretely isomorphic. The transition from
gauges to limit operators:

For an approach space with gauge G, for a filter F and x € X the
limit operator is:

AF(x) = sup inf sup q(x,y).
qeG FEF yeF

In particular: for a quasi metric space (X, q) with gauge
{d | d < q} the limit operator of a sequence (xn)n is:

A(Xn)n(x) = limsup,,_, .o q(x,xn)
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Changing the categorical setting

The category of Approach spaces 2

App is a topological construct:

Structured source (f; : X — (Xi, A\i))iey, initial limit operator on
F e FX:

AF = sup;cAi(stackfi(F)) o f;
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Approach complexity space

Approach complexity spaces 1

Structure X = Z:

m Z=(]0,00],<) or Z= ([0, ], <), depo for the usual order.
m p the quasi metric defined by
1 1
=(-———-)Vvo.
pxy) = (=)

induces the Scott topology o(Z, <).
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Approach complexity space

Approach complexity spaces 1

Structure X = Z:

Z = (]0,00],<) or Z = ([0, 0], <), dcpo for the usual order.
p the quasi metric defined by

1 1
p(x,y) = (; - ;) V0.

induces the Scott topology o(Z, <).

For Y arbitrary, X = ZY is a dcpo for the pointwise order < .

Endow X with the product in App, i.e. the initial lift of the
source

(pry : X = (Z.p)),ev-
The space X = (X, \) is called the complexity approach space.
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Approach complexity space

The limit operator for a sequence (gx)x and f € X is

M&gr)k(f) = supycy Ap(gk(y))k(f(y))
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Approach complexity space

The limit operator for a sequence (gx)x and f € X is

M&gr)k(f) = supycy Ap(gk(y))k(f(y))

= sup,cylimsup,_, . p(f(y), gk(y))
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Approach complexity space

The limit operator for a sequence (gx)x and f € X is

M&gr)k(f) = supycy Ap(gk(y))k(f(y))

= sup,cylimsup,_, . p(f(y), gk(y))

. 1 1
= SUpyeythUpka(m — m) V0

Mer(f) <=

1
Yy € Y,¥n>0,3j,,Vk > |
Y K &t &t (gk(y) f(y)
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Fixed points

Fixed points 1

X = ZY, suppose Y is endowed with a binary irreflexive relation <
and for y € Y let

Yy={ueY|u=<y}

the initial segment of y. We assume (Y, <) is well founded.
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Fixed points

Fixed points 1

X = ZY, suppose Y is endowed with a binary irreflexive relation <
and for y € Y let

Yy={ueY|u=<y}

the initial segment of y. We assume (Y, <) is well founded.
Assume: all initial segments Y, ={u e Y |u <y} withy €Y,
are finite.
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Fixed points

Fixed points 1

X = ZY, suppose Y is endowed with a binary irreflexive relation <
and for y € Y let

Yy={ueY|u=<y}

the initial segment of y. We assume (Y, <) is well founded.
Assume: all initial segments Y, ={u e Y |u <y} withy €Y,
are finite.

Examples for Y:

m (N, <) where < is the strict relation associated to the usual
well order

m finite powers N7, with the “strict pointwise relation”
(n;)i < (m;); if and only if n; < m; fori=1,--- n.
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Fixed points

Fixed points 2

X = ZY is the complexity approach space, and ® : X — X is of
the following type

m there exists h € X taking only finite values

m for every y € Y, not minimal, there exists V,, : v - Z,
such that ® satisfies

) h(y) +Vy((g(u))uey,) y not minimal
)= {h()/) y minimal

for g € X.
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Fixed points

Sufficient conditions

For y € Y, y not minimal ZY¥ has pointwise order and addition
inherited from Z.
For a € ZYv with a, = s for every u € Y, we write (a,), = s.
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Fixed points

Sufficient conditions

For y € Y, y not minimal ZY¥ has pointwise order and addition
inherited from Z.
For a € ZYv with a, = s for every u € Y, we write (a,), = s.

v, Z% 7
satisfies the following conditions:

Monotone: a < b in Z¥v = W (a) < W, (b)
Subadditive: ¥, (a+ b) <V, (a) + V,(b)
Limit: Ye > 030 > 0: V,(s) < ¢ whenever s < 6

Finiteness: If a € ZYv has only finite coordinates then W, (a)
is finite.
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Fixed points

Results

h(y) y minimal

m ® has at most one fixed point
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Fixed points

Results

h(y) y minimal

m ® has at most one fixed point

m d: X — X is monotone

Eva Colebunders Products in the category of approach spaces as models for compl



Fixed points

Results

h(y) y minimal

m ® has at most one fixed point
m ®: X — X is monotone
m the function h satisfies h < ®(h)
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Fixed points

Results

e) {h(y) y minimal

® has at most one fixed point
® : X — X is monotone
the function h satisfies h < ®(h)

the sequence (®Xh), is monotone increasing
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Fixed points

Results

h(y) y minimal

® has at most one fixed point

¢ : X — X is monotone

the function h satisfies h < ®(h)

the sequence (®Xh), is monotone increasing

f =\, ®*(h) exists in X and satisfies f < ®(f)
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Fixed points

Results

e) {h(y) y minimal

® has at most one fixed point

¢ : X — X is monotone

the function h satisfies h < ®(h)

the sequence (®Xh), is monotone increasing

f =\, ®*(h) exists in X and satisfies f < ®(f)
f takes finite values

f is (the unique) fixed point of ®
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Fixed points

Finite values

Theorem 1 For this type of ®: f takes finite values.
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Fixed points

Finite values

Theorem 1 For this type of ®: f takes finite values.
Sketch of Proof: if f takes infinite values on Y/, let

U={ueY|f(u)=o0}

Since U # () there exists a minimal element y in

(U, <). In particular f(y) = co. By finiteness of h(y)
we have y is not minimal in Y.

f(y) < ®f(y) so we have ®f(y) = co.

But

of(y) = h(y) + ¥y ((F(u))uev, )

In view of the minimality of y in U we have
f(u) < oo for u € Yy, so by the finiteness of W), a
contradiction follows.
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Fixed points

Existence of a fixed point

Theorem 2: For this type of ®: f is a fixed point of ®.
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Fixed points

Existence of a fixed point

Theorem 2: For this type of ®: f is a fixed point of ®.
Sketch of Proof: We show that for fixed y € Y and € > 0 arbitrary,

®f(y) < f(y) +e.

The only non trivial case is y not minimal.
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Fixed points

Existence of a fixed point

Theorem 2: For this type of ®: f is a fixed point of ®.
Sketch of Proof: We show that for fixed y € Y and € > 0 arbitrary,

®f(y) < f(y) +e.

The only non trivial case is y not minimal. Apply the

limit condition on W, to obtain ¢ > 0 such that
WV, (s) < e whenever s < 6.
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Fixed points

Existence of a fixed point

Theorem 2: For this type of ®: f is a fixed point of ®.
Sketch of Proof: We show that for fixed y € Y and € > 0 arbitrary,

®f(y) < f(y) +e.

The only non trivial case is y not minimal. Apply the

limit condition on W, to obtain ¢ > 0 such that
WV, (s) < e whenever s < 6.

We use the pointwise expression

ANP"h)n(f) = supyeylimsup,_,op(f(u), ®"h(u))

of the complexity approach space.
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For u € Y, we take j, such that for k > j,

K 6
p(f(u), ®*h(u))) < F(u).(F(u) — 0)

f(u) < ®*h(u)) + 6 whenever k > j,
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For u € Y, we take j, such that for k > j,

K 6
p(f(u), ®*h(u))) < F(u).(F(u) — 0)

f(u) < ®*h(u)) + 6 whenever k > j,

Fix k as the maximum of the indices in the finite set
{ju | ue Yy}~
®f(y) = h(y) + ¥y ((f(v))uey,)
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For u € Y, we take j, such that for k > j,

K 6
p(f(u), ®*h(u))) < F(u).(F(u) — 0)

f(u) < ®*h(u)) + & whenever k > j,
Fix k as the maximum of the indices in the finite set
{uluey,}
®f(y) = h(y) + Wy ((f(v))uey,)

®F(y) < hly) + Wy (8 + (®*h(u))uey,)
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For u € Y, we take j, such that for k > j,

K 6
p(f(u), ®*h(u))) < F(u).(F(u) — 0)

f(u) < ®*h(u)) + 6 whenever k > j,

Fix k as the maximum of the indices in the finite set
{ju | ue Yy}~
®f(y) = h(y) + ¥y ((f(v))uey,)

®F(y) < hly) + Wy (8 + (®*h(u))uey,)

®f(y) < h(y) + Wy (8) + Wy ((9*h(u))uev, )
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For u € Y, we take j, such that for k > j,

K 6
p(f(u), ®*h(u))) < F(u).(F(u) — 0)

f(u) < ®*h(u)) + 6 whenever k > j,

Fix k as the maximum of the indices in the finite set
{ju | ue Yy}~
®f(y) = h(y) + ¥y ((f(v))uey,)

®F(y) < hly) + Wy (8 + (®*h(u))uey,)
®f(y) < h(y) + Wy (8) + Wy ((9*h(u))uev, )

< W, (8) + OFFTh(y) < W, (8) + f(y)
Of(y) < e+ f(y).
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Fixed points

Examples 1

m All the examples Mergesort, Quicksort, --- fit into the
framework
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Fixed points

Examples 1

m All the examples Mergesort, Quicksort, --- fit into the
framework

m Several variables as inputs (ExpoDC algorithm): Y = Ny x Ny
and let Z = [0,00]. ®on X =ZY: for g € X

0 ifn=1
®g(m,n) =< g(m,5) + M(%", 5) if nis even
g(m,n—1)+ M(m,(n—1)m) otherwise
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Fixed points

Examples 1

m All the examples Mergesort, Quicksort, --- fit into the
framework

m Several variables as inputs (ExpoDC algorithm): Y = Ny x Ny
and let Z = [0,00]. ®on X =ZY: for g € X

0 ifn=1
®g(m,n) =< g(m,5) + M(%", 5) if nis even
g(m,n—1)+ M(m,(n—1)m) otherwise

Binary relation on Y:

(m,n) < (m',n'y & m=m and n<n'.
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For y = (m, n) not minimal, W, : [0,00]¥¥ — [0, 00] is defined by

am n if nis even

amn—1 otherwise

with a = (am1, -, amn-1)-
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Fixed points

Examples 2

m The vertex covering problem
Given a graph G = (V, E), does there exist a subset W C V
of the set of vertices of G, of size k, such that for every edge
(u,v) € E of G, either ue Worve W?
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Fixed points

Examples 2

m The vertex covering problem
Given a graph G = (V, E), does there exist a subset W C V
of the set of vertices of G, of size k, such that for every edge
(u,v) € E of G, either ue Worve W?
Inputs (n, k), where n is the number of all vertices of the
graph and k is the size of the subset W:
Take

Y ={(nk) e NxN| k<n}

endowed with the strict pointwise relation,
Z =[0,00] and h = pry : Y — Z the first projection.
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&7 =27V is

h(n, k) +2g(n—1,k—1) (n, k) not minimal

(n, k) otherwise.

®(g)(n k) = {
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&7 =27V is

h(n, k) +2g(n—1,k—1) (n, k) not minimal

(n, k) otherwise.

®(g)(n k) = {

For (n, k) not minimal W, ) : ZYk — Z is defined as

Vink(a) =2a(h-1k-1)-
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Fixed points

Upper- and lowerbounds

If ® is of the same type and g € X is such that

P(g)<g
(resp g < ®g) then the fixed point f satisfies

f<g

(resp g < f).
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Fixed points

Upper- and lowerbounds

If ® is of the same type and g € X is such that

P(g)<g
(resp g < ®g) then the fixed point f satisfies

f<g

(resp g < f).

For y not minimal. Suppose f(u) < g(u) for all u € Y,. The
result follows using monotonicity of W, and the fact that

f(y) = ®f(y) = h(y) + ¥, ((f(v))uey,) <
h(y) + Wy ((g(u))uey,) = Pely) < g(y).
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Comparison to the corr

Comparison

Z = (10, o<, <) with p(x.y) = (1~ 1) vo.

X

For Y = Nand X = (]0, ], <) and (gx)« and f in X.
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Comparison to the corr

Comparison

Z = (10, o<, <) with p(x.y) = (1~ 1) vo.

X

For Y = Nand X = (]0, ], <) and (gx)« and f in X.

Complexity quasi metric structure: m

el ) = Enengs- 5 = 707) VO

_ anNzin.p(f(n),gk(n))
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Comparison to the corr

Comparison

Z = (10, o<, <) with p(x.y) = (1~ 1) vo.

X

For Y = Nand X = (]0, ], <) and (gx)« and f in X.

Complexity quasi metric structure: m

el ) = Enengs- 5 = 707) VO

_ anNzin.p(f(n),gk(n))

m (C,dc) is not compatible with the trace of the
producttopology.
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Comparison to the cor

complexity approach structure: Categorical product on X =]0, oo™

m The gauge on X is the saturation of the ideal
generated by the collection

{popr, x pr, | neN}

where p o pr, X pra(f,g) = ( 1) - f(ln)) Vo
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Comparison to the cor

complexity approach structure: Categorical product on X =]0, oo™

m The gauge on X is the saturation of the ideal
generated by the collection

{popr, x pr, | neN}

where p o pr, X pra(f,g) = ( 1) - f(ln)) Vo
)\(gk)k(f) = suanthSUPkHoo(m_m)vo

Ag(f) S a &

1
S WO < aty

1
\V/77 >0,VneN, El.ijk > Jn
Gan) ()
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