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Our context

Asymmetric uniform point free topology

Pointfree topology: frames

Uniform: uniform or nearness structures on frames
Technology:
Covers with star refinements: uniformities
Covers without star refinements: nearness structures
Compatibility makes all underlying frames (at least) regular.

Asymmetric: quasi-uniform or quasi-nearness structures on
biframes
Technology:
Paircovers with star refinements: quasi-uniformities
Paircovers without star refinements: quasi-nearness structures
Biframes: a pair of subframes which generate the parent frame.
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Some technology

Definition
A biframeL = (L0,L1,L2) is a triple, whereL0 is a frame andL1 andL2 are
subframes ofL0 such thatL1 ∪ L2 generatesL0.
A biframe maph : M → L is a frame maph : M0 → L0 such that
h[Mi ] ⊆ Li , for i = 1,2.

A quasi-nearness on a biframe is a compatible collection of paircovers
that forms a filter under meet and refinement. There is no requirement
that every uniform paircover has a uniform star-refinement.
(Here a paircover of L is a subset C of L1 × L2 such that∨
{c ∧ c̃ : (c, c̃) ∈ C} = 1.)
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General bifilters

Symmetric case reminder
To discuss questions of convergence and completeness in pointfree
topology, one replaces ordinary filters by general ones, as follows:

A (general) filter ϕ : L → T is a function between frames that
preserves 0,∧,1.

The filter ϕ converges if there is a frame map h : L → T below ϕ.

The filter ϕ is Cauchy if, for any uniform cover C, one has ϕ[C] a
cover.

The filter ϕ is regular if ϕ(a) =
∨
{ϕ(z) : z ⊳ a}.
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Definition
For biframesL andT , we define ageneral bifilterϕ : L → T as follows. It is a
function fromL0 to T0 such that
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Definition
For biframesL andT , we define ageneral bifilterϕ : L → T as follows. It is a
function fromL0 to T0 such that

ϕ preserves0,∧, 1.

ϕ[Li ] ⊆ Ti for i = 1,2, that is,ϕ is part-preserving.

ϕ is determined by its action on first and second parts, that is,for any
a ∈ L0, ϕ(a) =

∨
{ϕ(x) ∧ ϕ(y) : x ∈ L1, y ∈ L2, x ∧ y ≤ a}.
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Definition
Let L be a quasi-nearness biframe andϕ : L → T a bifilter.

1 The bifilterϕ : L → T convergesif there is a biframe maph : L → T
belowϕ.

2 The bifilterϕ is Cauchyif, for any uniform paircoverC, ϕ[C] is a
paircover.

3 The bifilterϕ is regularif ϕ(a) =
∨
{ϕ(z) : z ⊳i a} for a ∈ Li , i = 1,2.
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One can compose bifilters, but it is not (generally) function
composition:

Definition
Suppose thatϕ : L → M andρ : M → T are bifilters. We define their
composite byρ•ϕ (a) =

∨{
ρϕ(x) ∧ ρϕ(y) : x ∈ L1, y ∈ L2, x ∧ y ≤ a

}
.
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One can compose bifilters, but it is not (generally) function
composition:

Definition
Suppose thatϕ : L → M andρ : M → T are bifilters. We define their
composite byρ•ϕ (a) =

∨{
ρϕ(x) ∧ ρϕ(y) : x ∈ L1, y ∈ L2, x ∧ y ≤ a

}
.

Lemma
Suppose thatϕ : L → M andρ : M → T are bifilters, withρ•ϕ as defined
above.

1 If ρ is a biframe map, thenρ•ϕ = ρϕ, sinceρ preserves joins.
2 If ϕ is a uniform map between quasi-nearness biframes andρ is a

Cauchy bifilter, thenρ•ϕ is Cauchy.
3 If ϕ is a Cauchy bifilter on a quasi-nearness biframeL andρ is a biframe

map, thenρ•ϕ is Cauchy.
4 If ϕ is a regular bifilter andρ is a biframe map thenρ•ϕ is regular.
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Three universal bifilters

Definition
A bifilter α : L → S is said to be theuniversal bifilteron L iff for any bifilter
ϕ : L → T there is a unique biframe map̄ϕ : S → T such thatϕ̄α = ϕ, that
is, the following diagram commutes:

T

L S

ϕ

α

ϕ̄
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Definition
A bifilter α : L → S is said to be theuniversal bifilteron L iff for any bifilter
ϕ : L → T there is a unique biframe map̄ϕ : S → T such thatϕ̄α = ϕ, that
is, the following diagram commutes:

T

L S

ϕ

α

ϕ̄

The first universal bifilter
For any biframe L, the right adjoint, s, of the join map

∨
: DL → L is the

universal bifilter on L.
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We recall the definitions of completeness and completion here:

Definition
Let L be a quasi-nearness biframe.

We callL quasi-completeif every strict surjectionh : M → L is an
isomorphism.

A quasi-completionof L is a strict surjectionh : M → L whereM is
quasi-complete.
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We recall the definitions of completeness and completion here:

Definition
Let L be a quasi-nearness biframe.

We callL quasi-completeif every strict surjectionh : M → L is an
isomorphism.

A quasi-completionof L is a strict surjectionh : M → L whereM is
quasi-complete.

There is an immediate link between these notions, in that the right
adjoint of any strict surjection is a regular Cauchy bifilter.
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We recall that the quasi-completion CL of L is constructed by
forming a quotient of the downset biframe DL. The nucleus n used
is the smallest one satisfying these three conditions:

(N1) For any U ∈ (DL)0, n(U) ⊆↓(
∨

U).

(N2) For any C ∈ UL, n(∪Ĉs) =↓1, the top of (DL)0. Here

Ĉ = {(↓c, ↓c̃) : (c, c̃) ∈ C}, and

Ĉs = {↓c ∩ ↓c̃ : (c, c̃) ∈ C}.

(N3) For any a ∈ Li , nki(a) =↓a, where

ki(a) = {x ∈ L0 : ∃y ∈ Li with x 6 y ⊳i a}.

The congruence on DL corresponding to the nucleus n is
generated by the pairs:
{(∪Ĉs, ↓1) : C ∈ UL}∪
{(k1(a), ↓a) : a ∈ L1} ∪ {(k2(b), ↓b) : b ∈ L2}.
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The second universal bifilter

Theorem
σ : L → CL, the right adjoint of the quasi-completion map, is the universal
regular Cauchy bifilter.

PROOF. Letϕ : L → T be a regular Cauchy bifilter onL and consider this
diagram:

T

L CL

DLϕ

σ

ϕ̄

ns

ϕ̃
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Theorem
Let L be a quasi-nearness biframe. The following conditions are equivalent:

1 L is quasi-complete.
2 Every regular Cauchy bifilter onL converges.
3 The universal regular Cauchy bifilterσ : L → CL converges.
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The third universal bifilter
We now construct the Cauchy filter quotient, CFL.
This is the quotient of the downset biframe DL obtained by using the
smallest nucleus m on (DL)0 satisfying the conditions:
(N1) m(U) ⊆↓(

∨
U) for all U ∈ (DL)0

(N2) m(
⋃

Ĉs) =↓1 for all C ∈ UL.
(So no “regularity” condition.)

We note that the congruence on (DL)0 corresponding to this nucleus is
generated by the pairs {(

⋃
Ĉs, ↓1) : C ∈ UL}.

Frith & Schauerte (UCT) Completeness Coimbra CT Workshop for GJ 13 / 16



CFL

DL L

m

∨

g

We define δ to be the right adjoint of g.
Then δ : L → CFL turns out to be the universal Cauchy bifilter on L.
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CFL

DL L

m

∨

g

We define δ to be the right adjoint of g.
Then δ : L → CFL turns out to be the universal Cauchy bifilter on L.

Theorem
Let L be a quasi-nearness biframe. The following conditions are equivalent:

1 The mapg : CFL → L is a biframe isomorphism.
2 Every Cauchy bifilter onL converges.
3 The universal Cauchy bifilterδ : L → CFL converges.
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So CL and CFL have several analogous properties. However, they also
differ in interesting ways.

CF can be regarded as a functor from quasi-nearness biframes to
biframes, where morphisms are dealt with using the following
diagram:

DL

DM CFM

CFL L

M

Dh

mM

mL

h

gM

gL
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differ in interesting ways.

CF can be regarded as a functor from quasi-nearness biframes to
biframes, where morphisms are dealt with using the following
diagram:
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Is C, the quasi-completion, similarly a functor? The obvious
modification of this proof cannot be used, as the map in this new
argument would not identify the appropriate generating pairs. In
fact, it is already known in the setting of nearness frames that the
completion is not functorial, so the quasi-completion cannot be
functorial either.
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The end
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The end
for now....
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