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Theorem (Banaschewski and Hong, 2003)

Let L be a completely regular frame. Then, the following are
equivalent:
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Introduction Preliminaries
Pointfree Topology

Theorem (Banaschewski and Hong, 2003)

Let L be a completely regular frame. Then, the following are
equivalent:

@ C(L) is order complete;
@ L is extremally disconnected.

A natural question arises:

Which is the Dedekind order completion of C(L)? )
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For any subset A of a partially ordered set (P, <) we denote by

P P
VA (resp. AA) the supremum (resp. infimum) of Ain P in case
it exists (we shall omit the superscript if it is clear from the
context).
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For any subset A of a partially ordered set (P, <) we denote by

P P
VA (resp. AA) the supremum (resp. infimum) of Ain P in case
it exists (we shall omit the superscript if it is clear from the
context).

Definition

A partially ordered set (P, <) is called Dedekind order complete
if every non—void subset A of P which is bounded from above
has a supremum and, dually, every non—void subset B of P
which is bounded from below has a infimum.
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(P#, ®) where
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Definition (Dedekind order completion)

A (Dedekind) order completion of a poset (P, <) is a pair
(P#, ®) where
@ P7 is a Dedekind order complete poset,
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Pointfree Topology

Definition (Dedekind order completion)
A (Dedekind) order completion of a poset (P, <) is a pair
(P#, ®) where

@ P7 is a Dedekind order complete poset,

@ ®: P — P# is an order embedding (usually P C P#) that
preserves all suprema and infima that exists in P and
satisfies

b=\ {o(p) € o(P) | o(p) < p}

p#
=N\ {®(p) € ®(P) | ®(p) = p}
for every p € P7.
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Definition (Dedekind order completion)
A (Dedekind) order completion of a poset (P, <) is a pair
(P#, ®) where

@ P7 is a Dedekind order complete poset,

@ ®: P — P# is an order embedding (usually P C P#) that
preserves all suprema and infima that exists in P and
satisfies

b=\ {o(p) € o(P) | o(p) < p}

p#
=N\ {®(p) € ®(P) | ®(p) = p}
for every p € P7.

R is the Dedekind order completion of Q.
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Completeness of C(X)

@ Itis a well known fact that neither suprema nor infima of a
set of continuous real functions always remains
continuous.
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@ Itis a well known fact that neither suprema nor infima of a
set of continuous real functions always remains
continuous.
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Completeness of C(X)

@ Itis a well known fact that neither suprema nor infima of a
set of continuous real functions always remains
continuous.
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Partial real line

Let IR denote the set of compact intervals a = [a, g] ordered by
aCb < [a3a Db b

(IR, C) is a domain referred to as the partial real line.
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Pointfree Topology

Partial real line

Let IR denote the set of compact intervals a = [a, g] ordered by
aCb < [a3a Db b

(IR, C) is a domain referred to as the partial real line.
The way—below relation of IR is given by

a<b iff a<b<b<a

The family
{talacIR,a,acQ},

being ta = {b € IR | a < b}, forms a countable basis of the
Scott topology OIR on (IR, C). We will always consider IR
endowed with this topology.
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@ Projections: Let w1, m: IR — R defined for each a € IR by
m(@ =a and my(a)=a.

Note that 71 is lower semicontinuous and » is upper
semicontinuous.
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@ Projections: Let w1, m: IR — R defined for each a € IR by
m(@ =a and my(a)=a.

Note that 71 is lower semicontinuous and » is upper
semicontinuous.

@ Let e: R — IR defined by a — e(a) = [a, g. This is an
embedding. We shall identify

R ~e(R)CIR and e

IR
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We denote by C(X,IR) the collection of all continuous functions
from X into IR, the continuous partial real functions.
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We denote by C(X,IR) the collection of all continuous functions
from X into IR, the continuous partial real functions.

f: X — IR is continuous iff my o f is lower semicontinuous and
mo o f is upper semicontinuous.

Two partial orders on C(X,IR):
@ fCg < f(a)C g(a) forall aclIR;

o f<g <= f(a)<g(a) and f(a)<g(a) forall aclIR.
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The frame of real numbers

We will denote by Frm the category with objects frames and
morphisms frame homomorphisms.

Since Frm is an algebraic category, we can define frames by
generators and relations, as in an algebraic fashion.
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We will denote by Frm the category with objects frames and
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generators and relations, as in an algebraic fashion.
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The frame of real numbers

We will denote by Frm the category with objects frames and
morphisms frame homomorphisms.

Since Frm is an algebraic category, we can define frames by
generators and relations, as in an algebraic fashion.

The frame of reals

The frame of reals is the frame £(RR) the frame generated by all
ordered pairs (p, q) of rationals, subject to the relations

(R1) (p,q) A (r,s) =(pVr,gns),

(R2) (p,q) Vv (r,s)=(p,s)wheneverp<r<q<s,

(R3) (p.q) =VA{(r,s) | p<r<s<aq}
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The frame of real numbers

We will denote by Frm the category with objects frames and
morphisms frame homomorphisms.

Since Frm is an algebraic category, we can define frames by
generators and relations, as in an algebraic fashion.

The frame of reals

The frame of reals is the frame £(RR) the frame generated by all
ordered pairs (p, q) of rationals, subject to the relations

(R1) (p,@) A (r,8)=(pVr,gAs),

(R2) (p,q)V (r,s)=(p,s)wheneverp<r<q<s,
(R3) (p,q) = VA{(r,s) [p<r<s<aq},
(R4) V{(p,q) | p,qcQ} =1.
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Definition

A continuous real function on a frame L is a frame
homomorphism h: £(R) — L

We shall denote C(L) = Frm(£ (R), L).
B

1. Mozo Carollo The Dedekind Completion of C(L)




Introduction Preliminaries
Pointfree Topology

Definition

A continuous real function on a frame L is a frame
homomorphism h: £(R) — L
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The frame of reals (Equivalent definition)

The frame of reals is the frame £(RR) the frame generated by
(r,—) and (—, s) for all r,s € Q, subject to the relations
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The frame of reals is the frame £(RR) the frame generated by
(r,—) and (—, s) for all r,s € Q, subject to the relations

(rl) (r,—=) A (—,s) = 0 whenever r > s,
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The frame of reals is the frame £(RR) the frame generated by
(r,—) and (—, s) for all r,s € Q, subject to the relations

(rl) (r,—=) A (—,s) = 0 whenever r > s,
(12) (r,—)V (—,s) = 1 whenever r < s,
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The frame of reals (Equivalent definition)

The frame of reals is the frame £(RR) the frame generated by
(r,—) and (—, s) for all r,s € Q, subject to the relations

(r1) (r,—) A (—,s) =0 whenever r > s,
(12) (r,—)V (—,8) =1wheneverr < s,
@3) (r,—) = Vss,(s,—), forevery r € Q,
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The frame of reals (Equivalent definition)

The frame of reals is the frame £(RR) the frame generated by
(r,—) and (—, s) for all r,s € Q, subject to the relations

(r1) (r,—) A (—,s) = 0 whenever r > s,
(2) (r,—)V (—,s) = 1 whenever r < s,
t3) (r,—) = Vg (s,—), forevery r € Q,
(14) (—,r) = Vs (—,5), forevery r € Q,
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The frame of reals (Equivalent definition)

The frame of reals is the frame £(RR) the frame generated by
(r,—) and (—, s) for all r,s € Q, subject to the relations

(r1) (r,—) A (—,s) = 0 whenever r > s,
(2) (r,—)V (—,s) = 1 whenever r < s,
(3) (r,—) = Vs (5,—), forevery r € Q,
4) (—r) = Vs, (—8), forevery r € Q,
(x5) \/re@(ra_) =1,
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The frame of reals (Equivalent definition)

The frame of reals is the frame £(RR) the frame generated by
(r,—) and (—, s) for all r,s € Q, subject to the relations

(r1) (r,—) A (—,s) = 0 whenever r > s,
(2) (r,—)V (—,s) = 1 whenever r < s,
(3) (r,—) = Vs (5,—), forevery r € Q,
4) (—r) = Vs, (—8), forevery r € Q,
(x5) \/re@(ra_) =1,

1) Vicpl—r)=1.
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The frame of reals (Equivalent definition)

The frame of reals is the frame £(RR) the frame generated by
(r,—) and (—, s) for all r,s € Q, subject to the relations

(r1) (r,—) A (—,s) = 0 whenever r > s,
(2) (r,—)V (—,s) = 1 whenever r < s,
(3) (r,—) = Vs (5,—), forevery r € Q,
4) (—r) = Vs, (—8), forevery r € Q,
(x5) \/re@(ra_) =1,

1) Vicpl—r)=1.

With (p, q) = (p,—) A (—, q) one goes back to the previous
definition.
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The Frame of Partial Reals
Dedekind completion The Dedekind Order Completion of C(L)

The frame of partial reals

When investigating the existence of suprema of families of
continuous real functions on a frame one immediately realizes
that the problem lies on the defining relation (r2) (or (R2)).
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The frame of partial reals

When investigating the existence of suprema of families of
continuous real functions on a frame one immediately realizes
that the problem lies on the defining relation (r2) (or (R2)).

Definition

The frame of partial reals £(IR) is the frame generated by
(r,—) and (—, s) for all r, s € Q, subject to the relations
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The frame of partial reals

When investigating the existence of suprema of families of
continuous real functions on a frame one immediately realizes
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Definition

The frame of partial reals £(IR) is the frame generated by
(r,—) and (—, s) for all r, s € Q, subject to the relations
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When investigating the existence of suprema of families of
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The frame of partial reals £(IR) is the frame generated by
(r,—) and (—, s) for all r, s € Q, subject to the relations
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The frame of partial reals

When investigating the existence of suprema of families of
continuous real functions on a frame one immediately realizes
that the problem lies on the defining relation (r2) (or (R2)).

Definition

The frame of partial reals £(IR) is the frame generated by
(r,—) and (—, s) for all r, s € Q, subject to the relations
(r1) (r,—) A (—,s) = 0 wheneverr > s,
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The frame of partial reals

When investigating the existence of suprema of families of
continuous real functions on a frame one immediately realizes
that the problem lies on the defining relation (r2) (or (R2)).

Definition

The frame of partial reals £(IR) is the frame generated by
(r,—) and (—, s) for all r, s € Q, subject to the relations
(r1) (r,—) A (—,s) =0 whenever r > s,

@3) (r,—) = Vss,(s,—), forevery r € Q,

(4) (—,r) = Vs, (= 5), forevery r € Q,

(r5) \/re@(ra_) =1,
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Dedekind completion The Dedekind Order Completion of C(L)

The frame of partial reals

When investigating the existence of suprema of families of
continuous real functions on a frame one immediately realizes
that the problem lies on the defining relation (r2) (or (R2)).
Definition

The frame of partial reals £(IR) is the frame generated by
(r,—) and (—, s) for all r, s € Q, subject to the relations
(r1) (r,—) A (—,s) =0 whenever r > s,

@3) (r,—) = Vss,(s,—), forevery r € Q,

(4) (—,r) = Vs, (= 5), forevery r € Q,

(r5) \/re@(ra_) =1,

16) V,eql—r)=1.

1. Mozo Carollo The Dedekind Completion of C(L)



The Frame of Partial Reals
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Y £(IR) is homeomorphic to the IR endowed with the Scott
topology.
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Dedekind completion The Dedekind Order Completion of C(L)

Y £(IR) is homeomorphic to the IR endowed with the Scott
topology. The homeomorphism 7: £ (IR) — IR is such that

() =V{reQ|¢(r,—) =1} and

7€) = A{s € Q[ &(—s) =1}
for each ¢ € £ (IR).
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Dedekind completion The Dedekind Order Completion of C(L)

Y £(IR) is homeomorphic to the IR endowed with the Scott
topology. The homeomorphism 7: £ (IR) — IR is such that

() =V{reQ|¢(r,—) =1} and

7€) = A{s € Q[ &(—s) =1}
for each ¢ € £ (IR).

Definition

A continuous partial real function on a frame L is a frame
homomorphism h: £(IR) — L.
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The Frame of Partial Reals
Dedekind completion The Dedekind Order Completion of C(L)

Y £(IR) is homeomorphic to the IR endowed with the Scott
topology. The homeomorphism 7: £ (IR) — IR is such that

() =V{reQ|¢(r,—) =1} and

7€) = A{s € Q[ &(—s) =1}
for each ¢ € £ (IR).

Definition

A continuous partial real function on a frame L is a frame
homomorphism h: £(IR) — L.

There is a natural isomorphism

®: Frm(£(IR), 0X) = Top(X, IR).
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Dedekind completion The Dedekind Order Completion of C(L)

We shall denote by IC(L) the set Frm(£ (IR), L), partially

ordered by
hy < hy iff hy(r,—) < ho(r,—) and
ho(—,r) < hy(—,r) forallre Qand
hi C hy iff hy(r,—) < ho(r,—) and
hi(—,r) < ho(—,r) forallreq@.
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The Frame of Partial Reals
Dedekind completion The Dedekind Order Completion of C(L)

We shall denote by IC(L) the set Frm(£ (IR), L), partially

ordered by
h1 < h2 iff h1 (r, —) < hg(f,—) and
ho(—,r) < hy(—,r) forallre Qand
hi C hy iff hy(r,—) < ho(r,—) and
hi(—,r) < ho(—,r) forallreq@.

heC(L) +— helIC(L) such that
h(r,—)Vv h(—,s) =1 whenever r < s

are in a one-to-one correspondence. So we will consider C(L)
as a subset of IC(L).
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Proposition

IC(L) is Dedekind order complete.
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Proposition

IC(L) is Dedekind order complete.

@ Let H = {h;}ic) C IC(L) be bounded from above.

IC(L) IC(L)

\/ H(r7_): \/h,‘(r,—), \/ H(_’S): \/ /\h/(—,Q)

iel g<siel
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Dedekind completion The Dedekind Order Completion of C(L)

Proposition
IC(L) is Dedekind order complete.

@ Let H = {h;}ic) C IC(L) be bounded from above.

IC(L) IC(L)

\/ H(r7_): \/h,‘(r,—), \/ H(_’S): \/ /\h,(—,Q)

icl g<siel
@ Let G = {hj}ic; CIC(L) be bounded from below.
IC(L) IC(L

)
N G(r,=) =V Ahi(r,=), A G(=8)=V hi(—q)

p>riel iel
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Dedekind completion The Dedekind Order Completion of C(L)

Now, since IC(L) is Dedekind order complete it follows that it
contains the Dedekind order completion of all its subsets, in
particular C(L).
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The Frame of Partial Reals
Dedekind completion The Dedekind Order Completion of C(L)

Now, since IC(L) is Dedekind order complete it follows that it
contains the Dedekind order completion of all its subsets, in
particular C(L).

There is no essential loss of generality if we restrict ourselves
to completely regular frames, so L will denote a completely
regular frame in what follows.
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particular C(L).
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regular frame in what follows.
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that
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Lemma

Let L be a completely regular frame and let h € IC(L) be such
that

(1) {feC(L)|f< h}+#woand
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Lemma

Let L be a completely regular frame and let h € IC(L) be such
that

(1) {feC(L)|f< h}+#woand

(2) h(p,—)* < h(—, q) whenever p < q.
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Lemma

Let L be a completely regular frame and let h € IC(L) be such
that

(1) {feC(L)|f< h}+#woand

(2) h(p,—)* < h(—, q) whenever p < q.

IC(L)
Thenh= \/ {feC(L)|f< h}.
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Let L be a completely regular frame and let h € IC(L) be such
that

(1) {feC(L)|f< h}+#woand
(2) h(p,—=)* < h(— q) wheneverp < q.

IC(L)
Thenh= \/ {feC(L)|f< h}.

Lemma

Let L be a completely regular frame and let h € IC(L) be such
that

() {gecC(L)|h<g}+#2and
(2) h(— q)* < h(p,—) wheneverp < q.

IC(L)
Thenh= A {geC(L)|h<g}.
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C(L)Y ={helIc(L)|3f,geC(L): f<h<gand
h(p,—)* < h(—, q) if p < q},

C(L)Y* ={helIc(L)|3f,geC(L): f<h<gand
h(—,q)* < h(p.—) if p < q},

C(L)* =C(L)Y nc(L)".
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C(L)Y ={helIc(L)|3f,geC(L): f<h<gand
h(p,—)* < h(—, q) if p < q},

C(L)Y* ={helIc(L)|3f,geC(L): f<h<gand
h(—,q)* < h(p.—) if p < q},

C(L)* =C(L)Y nc(L)".

Let L be a completely regular frame and let h € C(L)*. Then

IC(L) IC(L)
h= V {feC(L)|f<h= A{gec(L)|h<g}
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C(L) ——= (L)X IC(L

/
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Each arrow represents a strict inclusion:
C(L)Y
C(L) ——= (L)X IC(L

/

Proposition

Let L be a frame and h € IC(L). Then h € C¥(L) iff
(a) there existf,g € C(L) such thatf < h < g and
(b) hC H €1C(L) implies h=H'.
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C(L)* is Dedekind order complete.
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C(L)* is Dedekind order complete.

Corollary

Let L be a frame. Then the Dedekind order completion C(L)# of
C(L) coincides with C(L)*, i.e. the set of continuous partial
functions, h € 1C(L) such that:

(a) there existf,g € C(L) suchthatf < h<g
(b) h(p,—)* < h(— q) and h(—, q)* < h(p,—) foranyp < q
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The bounded case follows similarly.
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The bounded case follows similarly.

Definition

his bounded iff 3r e Qsuchthat h(—r,r)=1.

IC*(L) denotes the set of bounded continuous partial real
functions.
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The bounded case follows similarly.

Definition

his bounded iff 3r e Qsuchthat h(—r,r)=1.

IC*(L) denotes the set of bounded continuous partial real
functions.

C*(L)* = C(L)* n1IC*(L). ]
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The bounded case follows similarly.

Definition

his bounded iff 3r e Qsuchthat h(—r,r)=1.

IC*(L) denotes the set of bounded continuous partial real
functions.

C*(L)* = C(L)* n1IC*(L). ]

Proposition

For any completely regular frame L, C*(L)* is the Dedekind
order completion of C*(L).

1. Mozo Carollo The Dedekind Completion of C(L)



The Frame of Partial Reals
Dedekind completion The Dedekind Order Completion of C(L)

[§ B. Banaschewski and S. Hong,
Completeness properties of function rings in pointfree

topology,
Comment. Math. Univ. Carolin. 44 (2003), 245—-259.
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[§ B. Banaschewski and S. Hong,
Completeness properties of function rings in pointfree

topology,
Comment. Math. Univ. Carolin. 44 (2003), 245—-259.

Corollary
For any completely regular frame L, the following are
equivalent:
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[§ B. Banaschewski and S. Hong,
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Corollary

For any completely regular frame L, the following are
equivalent:

(1) L is extremally disconnected.
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[§ B. Banaschewski and S. Hong,
Completeness properties of function rings in pointfree

topology,
Comment. Math. Univ. Carolin. 44 (2003), 245—-259.

Corollary

For any completely regular frame L, the following are
equivalent:

(1) L is extremally disconnected.

2) C(L) = C(L)*.
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[§ B. Banaschewski and S. Hong,
Completeness properties of function rings in pointfree

topology,
Comment. Math. Univ. Carolin. 44 (2003), 245—-259.

Corollary

For any completely regular frame L, the following are
equivalent:

(1) L is extremally disconnected.

(2) C(L) = C(L)*.

(3) C(L) is Dedekind order complete.
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[§ B. Banaschewski and S. Hong,
Completeness properties of function rings in pointfree

topology,
Comment. Math. Univ. Carolin. 44 (2003), 245—-259.

Corollary

For any completely regular frame L, the following are
equivalent:

(1) L is extremally disconnected.

(2) C(L) =cC(L)*.

(3) C(L) is Dedekind order complete.

(4) C(L) is closed under non-void bounded suprema.
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[§ B. Banaschewski and S. Hong,
Completeness properties of function rings in pointfree

topology,
Comment. Math. Univ. Carolin. 44 (2003), 245—-259.

Corollary

For any completely regular frame L, the following are
equivalent:

(1) L is extremally disconnected.

(2) C(L) = Cc(L)*.

(3) C(L) is Dedekind order complete.

(4) C(L) is closed under non-void bounded suprema.
(5) C*(L) is Dedekind order complete.
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[§ B. Banaschewski and S. Hong,
Completeness properties of function rings in pointfree

topology,
Comment. Math. Univ. Carolin. 44 (2003), 245—-259.

Corollary

For any completely regular frame L, the following are
equivalent:

(1) L is extremally disconnected.

(2) C(L) =c(L)*.

(3) C(L) is Dedekind order complete.

(4) C(L) is closed under non-void bounded suprema.
(5) C*(L) is Dedekind order complete.

(6) C*(L) is closed under non-void bounded suprema.
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The classical case

C(X)™ denotes the set of functions h € C(X, IR) such that
@ there exist f,g € C(X)suchthat f < h<g
@ hCH = h=~".
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The classical case

C(X)™ denotes the set of functions h € C(X, IR) such that
@ there exist f,g € C(X)suchthat f < h<g
@ hCH = h=~".

Corollary

For any completely regular topological space (X, 0X), the
following are equivalent:

(1) X is extremally disconnected.

(2) C(X) = C(X)*.

(3) C(X) is Dedekind order complete.

(4) C(X) is is closed under non-void bounded suprema.
(5) C*(X) = C*(X) .

(6) C*(X) is Dedekind order complete;.

(7) C*(X) is is closed under non-void bounded suprema.

Ol
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Eskerrik asko.
Thank you.

I. Mozo Carollo The Dedekind Completi
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