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Standard triangular arrays

Standard triangular array (STA): a triangular array of real square
integrable random variables

§11
1 &2

&1 32 £33

satisfying the following properties.

(a) Vn:&npa,...,&nn are independent
(b) Vn k:E[&x] =0

n
(¢) Vn: Zaik =1, where Ug,k =K [fi,k]
k=1

(d) T%?U%,k —0
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The Lindeberg-Feller CLT

Theorem

Given an STA (&n.k)nk and a normally distributed random variable

£ if
Ve > 0: ZIE [537,(; 1€n.k| > e] —0
k=1
then .
D Gk B¢
k=1
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Lindeberg index

(& )=suplimsip > E &k lenkl > €]

n—o0o k=1
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Lindeberg index

Lin ({&nk}) = Supl'mSUPZE §n ki 1€kl = 6]

n—o0o k=1

Fix 0 <a <1, let =32 and put
= (1+ﬁ)n—52k‘1 =n+8Y (1-k1)
k=1
P[na,n,k = _l/sn] =P [na,n,k 1/5”] = (1 — Bk~ )
1, 1
P Na,n,k = _\/E/Sn] =P |:77a,n,k = \/E/Sn} = Eﬁk

Lin ({na,nk}) = «
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Steps in the proof

K (n.11) = sup [Pln < x] — Plif < ]|
S
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Steps in the proof

K (n.11) = sup [Pln < x] — Plif < ]|
S

Stein’s method (Stein 1986), Chen, Goldstein, Shao (Normal
approximation by Stein’s method, Springer 2011)
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An Indexed Central Limit Theorem

Steps in the proof

K (n.11) = sup [Pln < x] — Plif < ]|
S

Stein’s method (Stein 1986), Chen, Goldstein, Shao (Normal
approximation by Stein’s method, Springer 2011)

‘H: all strictly decreasing functions h: R — R, bounded first and
second derivatives and a bounded and piecewise continuous third
derivative, lim h(x) =1and lim h(x) = 0.

X——00 X—>00
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Steps in the proof

K (n.11) = sup [Pln < x] — Plif < ]|
S

Stein’s method (Stein 1986), Chen, Goldstein, Shao (Normal
approximation by Stein’s method, Springer 2011)

‘H: all strictly decreasing functions h: R — R, bounded first and
second derivatives and a bounded and piecewise continuous third
derivative, lim h(x) =1and lim h(x) = 0.

X——00 X—>00

Step 1
If n is continuously distributed, then the formula

limsup K (1,7,) = sup limsup |E [h(n) — h(n,)]|

n—o00 heH n—oo

is valid for any sequence (1),
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Step 2

Let h: R — R be measurable and bounded. Put

100 =2 [ (n(0) - Bln(e e et
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Step 2

Let h: R — R be measurable and bounded. Put
) = 2 [ (h(e) ~ Bl e et

(Basic points of Stein’s method)
(1) For any x € R

E [A()] = h(x) = xfa(x) — f3(x).
(2) Moreover,

1]l = 2] -

s

(3) Ifhy =1)_o ;) for z € R, then for all x,y € R

fr (x) = fr ()| < 1.
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Step 3

Let h € H and put

B =Fo | D _Eni+ bk | = | D &ni | —Easfi | D_&ni
ik ik i#k
enk = | Y nitlan | — o | D &ni | —&anfd | D ni
i#k i#k i#k
Then
E

(356 (30) -2 ()
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Step 3

Let h € H and put

Sk =TFa | Y &ni+nk | =1
i#k

> &ni | —Eanfs [ D &n,

i#k i#k

Zgn,i - gn,kfi;/ Zgn,i

ik ik

(B0 (30) -2 ()

= "E[€nkdnil — Y _ 02 kE[eni]
k=1 k=1

enk = | Y bnit+a | —f
i#k

— -

Then

E
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Step 4

Let f : R — R have a bounded derivative and a bounded and
piecewise continuous second derivative. Then for any a,x € R

}f(a+x) —f(a) — f’(a)x‘

< min sup_|F'(x1) — f'(x2))| |X|’1Hf”HooX2
X1, ER 2
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Step 4

Let f : R — R have a bounded derivative and a bounded and
piecewise continuous second derivative. Then for any a,x € R

}f(a+x) —f(a) — f’(a)x‘

< min {( sup_|F(x1) - f’(xz)i) x|, & Hf"mez}
X1, ER 2

Let h € H. Then for all x,y € R

() — ()| <1
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Step 6

‘E[h _hzgnk]|<

S 1]l ZEDM Jénil <

+ ( sup | fr(x1) — fé(Xz)}) ZE [\ﬁn,klz |Enk| > €

x1,x€R k=1

| /\

+< sup | f'(x1) — i (x )ZankEank”

x1,ER
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An inequality

Given an STA (&n.k)nk and a normally distributed £ the inequality

n—o0

limsup K £,Z§n,k < Lin ({&nk})
k=1

is valid.
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An inequality

Given an STA (&n.k)nk and a normally distributed £ the inequality

n—o0

limsup K £,Z§n,k < Lin ({&nk})
k=1

is valid.
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Enter approach theory

JF: probability distributions

Fc: continuous probability distributions
x: convolution

Bergstrom's direct convolution method

Nn — n (weak) < V(€ Fc:npx( — nx (uniformly)
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Enter approach theory

JF: probability distributions

Fc: continuous probability distributions
x: convolution

Bergstrom's direct convolution method

Nn — n (weak) < V(€ Fc:npx( — nx (uniformly)

4

InTop  ((F,7Tw) = (F,Tk) :n =0 Qcer.
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Enter approach theory

JF: probability distributions
Fc: continuous probability distributions
x: convolution

Bergstrom's direct convolution method

Nn — n (weak) < V(€ Fc:npx( — nx (uniformly)

A
InTop  ((F,7Tw) = (F,Tk) :n =0 Qcer.

InMet  ((F,?) = (F.K) :n=>n*Qcer.
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Enter approach theory

JF: probability distributions
Fc: continuous probability distributions
x: convolution

Bergstrom's direct convolution method

Nn — n (weak) < V(€ Fc:npx( — nx (uniformly)

A
InTop  ((F,7Tw) = (F,Tk) :n =0 Qcer.

InApp  ((F,0w) = (F,K) = m% Qe
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Distance ¢,

ow(n, D)= sup inf sup K(nx(, 1hx()
FoCFcfinite pe€D (EFy

Bob Lowen (with B. Berckmoes, J. Van Casteren) University of ~ An Indexed Central Limit Theorem



An Indexed Central Limit Theorem
Distance d,,

ow(n, D)= sup inf sup K(nx(, 1hx()
FoCFcfinite pe€D (EFy

Limit associated with d,,

Aw(1n)(n) = sup limsup K (1% ¢, mp * C)
(EF. h—0
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Distance d,,

ow(n, D)= sup inf sup K(nx(, 1hx()
FoCFcfinite pe€D (EFy

Limit associated with d,,

Aw(1n)(n) = sup limsup K (1% ¢, mp * C)
(EF. h—0

A sidestep concerning the naturality of ¢,
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Distance d,,

ow(n, D)= sup inf sup K(nx(, 1hx()
FoCFcfinite pe€D (EFy

Limit associated with d,,

Aw(1n)(n) = sup limsup K (1% ¢, mp * C)
(EF. h—0

A sidestep concerning the naturality of ¢,

Tightness: a collection D of probability distributions is said to be
tight if for every € > 0 there exists a constant M > 0 such that for
all F € D

F(-M)Vv (1—-FM)) <e
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Prohorov's theorem

D is relatively compact in the weak topology if and only if it is
tight.
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Prohorov's theorem

D is relatively compact in the weak topology if and only if it is
tight.

Index of compactness in approach spaces:

Xc(A) :== sup inf XA(x)
UEU(A) xEA
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Prohorov's theorem

D is relatively compact in the weak topology if and only if it is
tight.

Index of compactness in approach spaces:

Xc(A) :== sup inf XA(x)
UEU(A) xEA

Tychonoff - XC(H X;) = sup xc(X))

j J
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Prohorov's theorem

D is relatively compact in the weak topology if and only if it is
tight.

Index of compactness in approach spaces:

Xc(A) :== sup inf XA(x)
UEU(A) xEA

Tychonoff - XC(H X;) = sup xc(X))
- j
j

Kuratowski-Mrowka : x(X) =0 VZ :pry : X x Z — Z closed
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Prohorov's theorem

D is relatively compact in the weak topology if and only if it is
tight.

Index of compactness in approach spaces:

Xc(A) :== sup inf XA(x)
UEU(A) xEA

Tychonoff - XC(H X;) = sup xc(X))
- j
j

Kuratowski-Mrowka : x(X) =0 VZ :pry : X x Z — Z closed

(Functional approach to topology, M.M. Clementino, E. Giuli, W.
Tholen, 2003, Cambridge University Press)
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Index of relative compactness:

ch(A) — sup inf )\U(X)
UeU(A) xeX
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Index of relative compactness:

ch(A) — sup inf )\U(X)
UeU(A) xeX

Index of tightness:

e(D) = inf sup F(—M)V (1—-F(M))
M>0 FeD
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Index of relative compactness:

ch(A) — sup inf )\U(X)
UeU(A) xeX

Index of tightness:

e(D) = inf sup F(—M)V (1—-F(M))
M>0 FeD

Indexed Prohorov theorem

In (F,éw) for any D C F:

Xre(D) = €(D)
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Back to the CLT

Jj(n): the supremum of the discontinuity jumps of the distribution
of n
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Back to the CLT

Jj(n): the supremum of the discontinuity jumps of the distribution
of n

Aw(nn)(n) = sup limsup K (1 % ¢, 1n * )
Cg]—‘c n—00
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Back to the CLT

Jj(n): the supremum of the discontinuity jumps of the distribution
of n

Aw(nn)(n) = sup limsup K (1 % ¢, 1n * )
Cg]—‘c n—00

Forn € F and (n,), in F

Aw (n) (1) < limsup K (7,1n) < Aw (12)(1) + (1)

n—o0
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Back to the CLT

Jj(n): the supremum of the discontinuity jumps of the distribution
of n

Aw(nn)(n) = sup limsup K (1 % ¢, 1n * )
Ce]—‘c n—00

Step 7
Forn € F and (n,), in F

Aw (n) (1) < limsup K (7,1n) < Aw (12)(1) + (1)

n—o0

Consequence

Forn € Fc and (n,), in F

Aw (112)(n) = lim sup K (1, 7n)

n—o0
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The Indexed Lindeberg-Feller CLT

Given an STA (&n.k)nk and a normally distributed & the inequality

Aw(D - &ni)(€) < Lin ({€n4})
k=1

is valid.
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