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· Exs. - Gp, Alg(T), T w/ group op.

- quasi-groups, Heyting algebras

- lex + additive

- (Topos)op

- C Mal’tsev ⇒ C/X, X/C, Gp(C), · · · Mal’tsev

· Prop. [ CLP, Diagram chasing in Mal’cev cats ] C regular. TFAE:

(a) C Mal’tsev cat

(b) RfRg = RgRf

( RS = SR for equivalence relations )
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ḡ
����

A

g

����

c // // C

f
����

S
s2

//
s1 //

B
d

// D

upper row ⇔ lower row
exact exact

· Gran, Rodelo: Goursat ⇔ 3 × 3 Lemma ⇔ split 3 × 3 Lemma

OO OO OO



3 × 3 Lemma

Contents

Preliminaries

Regular Mal’tsev
categories

The Cuboid Lemma

Aim

3 × 3 Lemma

Stability properties

Cuboid Lemma

Main results

The relative context

9 -13 July 2012 The cuboid lemma and Mal’tsev categories – 13 / 18

· (denormalised) 3 × 3 Lemma:

Rḡ
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ḡ
����
��

c1 //
c2

// C
g
����
��

c
// // A

f
����
��

S
t̄

@@���� s1 //
s2

// D
t

AA����

d
// B

s

AA����

(b) ⇒ (a) · cube with stability pp ?

- Rw, Rc, S = Rd, T = Rw ×Rd
Rc

- lower row exact ⇒ upper row exact
} v regular epi

Upper Cuboid Lemma



Main results

Contents

Preliminaries

Regular Mal’tsev
categories

The Cuboid Lemma

Aim

3 × 3 Lemma

Stability properties

Cuboid Lemma

Main results

The relative context

9 -13 July 2012 The cuboid lemma and Mal’tsev categories – 16 / 18

· Thm. C regular. TFAE:

(a) C Mal’tsev cat

(b) Cuboid Lemma

(c) Upper Cuboid Lemma

(b) ⇒ (a) · cube with stability pp ?

- Rw, Rc, S = Rd, T = Rw ×Rd
Rc

- lower row exact ⇒ upper row exact
} v regular epi

Upper Cuboid Lemma



The relative context

Contents

Preliminaries

Regular Mal’tsev
categories

The Cuboid Lemma

The relative context
From the absolute to the
relative context

9 -13 July 2012 The cuboid lemma and Mal’tsev categories – 17 / 18



From the absolute to the relative context

Contents

Preliminaries

Regular Mal’tsev
categories

The Cuboid Lemma

The relative context
From the absolute to the
relative context

9 -13 July 2012 The cuboid lemma and Mal’tsev categories – 18 / 18

· absolute context  relative context



From the absolute to the relative context

Contents

Preliminaries

Regular Mal’tsev
categories

The Cuboid Lemma

The relative context
From the absolute to the
relative context

9 -13 July 2012 The cuboid lemma and Mal’tsev categories – 18 / 18

· absolute context  relative context

· Regular

Goursat cats Mal’tsev cats

(3-permutable: RSR = SRS) (2-permutable: RS = SR)

⇔ (1) regular po (Bourn)

⇒ 3 × 3 Lemma (Bourn)⇒ 3 × 3 Lemma (Lack)

⇔ (1) Goursat po (GR)

⇔ 3 × 3 Lemma (GR) ⇔ Cuboid Lemma (GR)



From the absolute to the relative context

Contents

Preliminaries

Regular Mal’tsev
categories

The Cuboid Lemma

The relative context
From the absolute to the
relative context

9 -13 July 2012 The cuboid lemma and Mal’tsev categories – 18 / 18

· absolute context  relative context

· Regular

Goursat cats Mal’tsev cats

(3-permutable: RSR = SRS) (2-permutable: RS = SR)

⇔ (1) regular po (Bourn)

⇒ 3 × 3 Lemma (Bourn)⇒ 3 × 3 Lemma (Lack)

⇔ (1) Goursat po (GR)

⇔ 3 × 3 Lemma (GR) ⇔ Cuboid Lemma (GR)

relative (T. Janelidze)

lex + E class of regular epis sth ...



From the absolute to the relative context

Contents

Preliminaries

Regular Mal’tsev
categories

The Cuboid Lemma

The relative context
From the absolute to the
relative context

9 -13 July 2012 The cuboid lemma and Mal’tsev categories – 18 / 18

· absolute context  relative context

· Regular

Goursat cats Mal’tsev cats

(3-permutable: RSR = SRS) (2-permutable: RS = SR)

⇔ (1) regular po (Bourn)

⇒ 3 × 3 Lemma (Bourn)⇒ 3 × 3 Lemma (Lack)

⇔ (1) Goursat po (GR)

⇔ 3 × 3 Lemma (GR) ⇔ Cuboid Lemma (GR)

relative (T. Janelidze)

lex + E class of regular epis sth ...

relative version

(Goedecke, T. Janelidze)



From the absolute to the relative context

Contents

Preliminaries

Regular Mal’tsev
categories

The Cuboid Lemma

The relative context
From the absolute to the
relative context

9 -13 July 2012 The cuboid lemma and Mal’tsev categories – 18 / 18

· absolute context  relative context

· Regular

Goursat cats Mal’tsev cats

(3-permutable: RSR = SRS) (2-permutable: RS = SR)

⇔ (1) regular po (Bourn)

⇒ 3 × 3 Lemma (Bourn)⇒ 3 × 3 Lemma (Lack)

⇔ (1) Goursat po (GR)

⇔ 3 × 3 Lemma (GR) ⇔ Cuboid Lemma (GR)

relative (T. Janelidze)

lex + E class of regular epis sth ...

relative version

(Goedecke, T. Janelidze)

relative

E-relations



From the absolute to the relative context

Contents

Preliminaries

Regular Mal’tsev
categories

The Cuboid Lemma

The relative context
From the absolute to the
relative context

9 -13 July 2012 The cuboid lemma and Mal’tsev categories – 18 / 18

· absolute context  relative context

· Regular

Goursat cats Mal’tsev cats

(3-permutable: RSR = SRS) (2-permutable: RS = SR)

⇔ (1) regular po (Bourn)

⇒ 3 × 3 Lemma (Bourn)⇒ 3 × 3 Lemma (Lack)

⇔ (1) Goursat po (GR)

⇔ 3 × 3 Lemma (GR) ⇔ Cuboid Lemma (GR)

relative (T. Janelidze)

lex + E class of regular epis sth ...

relative version

(Goedecke, T. Janelidze)

relative

E-relations

calculus of relations  calculus of E-relations



From the absolute to the relative context

Contents

Preliminaries

Regular Mal’tsev
categories

The Cuboid Lemma

The relative context
From the absolute to the
relative context

9 -13 July 2012 The cuboid lemma and Mal’tsev categories – 18 / 18

· absolute context  relative context

· Regular

Goursat cats Mal’tsev cats

(3-permutable: RSR = SRS) (2-permutable: RS = SR)

⇔ (1) regular po (Bourn)

⇒ 3 × 3 Lemma (Bourn)⇒ 3 × 3 Lemma (Lack)

⇔ (1) Goursat po (GR)

⇔ 3 × 3 Lemma (GR) ⇔ Cuboid Lemma (GR)

relative (T. Janelidze)

lex + E class of regular epis sth ...

relative version

(Goedecke, T. Janelidze)

relative

E-relations

calculus of relations  calculus of E-relations

relative

E-relations



From the absolute to the relative context

Contents

Preliminaries

Regular Mal’tsev
categories

The Cuboid Lemma

The relative context
From the absolute to the
relative context

9 -13 July 2012 The cuboid lemma and Mal’tsev categories – 18 / 18

· absolute context  relative context

· Regular

Goursat cats Mal’tsev cats

(3-permutable: RSR = SRS) (2-permutable: RS = SR)

⇔ (1) regular po (Bourn)

⇒ 3 × 3 Lemma (Bourn)⇒ 3 × 3 Lemma (Lack)

⇔ (1) Goursat po (GR)

⇔ 3 × 3 Lemma (GR) ⇔ Cuboid Lemma (GR)

relative (T. Janelidze)

lex + E class of regular epis sth ...

relative version

(Goedecke, T. Janelidze)

relative

E-relations

calculus of relations  calculus of E-relations

relative

E-relations

relative version (Everaert, Goedecke

T. Janelidze, Van der Linden)


	Contents
	Preliminaries
	Regular categories
	Relations
	Equivalence relations

	Regular Mal'tsev categories
	Definition
	Regular pushouts
	Stability property

	The Cuboid Lemma
	Aim
	33 Lemma
	Stability properties
	Cuboid Lemma
	Main results

	The relative context
	From the absolute to the relative context


