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Motivation

Weak Hopf algebras

G. Böhm, F. Nill, K. Szlachányi, Weak Hopf algebras I. Integral
theory and C∗-structure, J. of Algebra 221 (1999)

Applications:

Operators theory
Extension of algebras
Space-time models in dimension 2
Solutions to the dynamic Yang-Baxter equation
Reconstruction of categories
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Hypothesis

Hypothesis
We consider a monoidal category C:

strict

with split idempotents:
For any ∇ : A → A with ∇ = ∇ ◦ ∇, exist
B ∈ |C|, i : B → A,p : A → B such that ∇ = i ◦ p y p ◦ i = idB
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Preliminaries

Algebra in C: a triple A = (A, ηA, µA) with A ∈ |C| and ηA ∈ C(A,K )
(unit), µA ∈ C(D ⊗ D,D) (product) such that

µA ◦ (A ⊗ ηA) = idA = µA ◦ (ηA ⊗ A) and µA ◦ (µA ⊗ A) = µA ◦ (A ⊗ µA).
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If A, B algebras, f ∈ C(A,B) is a morphism of algebras if
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Preliminaries

Coalgebra in C : a triple D = (D, εD, δD) with D ∈ |C| and εD ∈ C(D,K )
(counit), δD ∈ C(D,D ⊗ D) (coproduct) such that

(εD ⊗ D) ◦ δD = idD = (D ⊗ εD) ◦ δD and (δD ⊗ D) ◦ δD = (D ⊗ δD) ◦ δD.

If D, E are coalgebras, f ∈ C(D,E) is a coalgebra morphism if
(f ⊗ f ) ◦ δD = δE ◦ f , εE ◦ f = εD.

If A algebra, B coalgebra and f ,g ∈ C(B,A), the convolution of f and g
is f ∧ g = µA ◦ (f ⊗ g) ◦ δB .
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Preliminaries

Let A be an algebra. A left A-module is a pair (M, ϕM ) with:

M ∈ |C|, ϕM ∈ C(A ⊗ M,M) such that

ϕM ◦ (ηA ⊗ M) = idM , ϕM ◦ (A ⊗ ϕM) = ϕM ◦ (µA ⊗ M).

Given (M, ϕM ), (N, ϕN), left A-mod, f : M → N is an A-mod morphism
if

ϕN ◦ (A ⊗ f ) = f ◦ ϕM .
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Preliminaries

Let D be a coalgebra. A left D-comodule is a pair (M, ̺M ) with:

M ∈ |C|, ̺M ∈ C(M,D ⊗ M) such that

(εD ⊗ M) ◦ ̺M = idM , (D ⊗ ̺M) ◦ ̺M = (δD ⊗ M) ◦ ̺M .

Given (M, ̺M ), (N, ̺N), left D-comod, f : M → N is a morphism of
D-comod if

̺N ◦ f = (D ⊗ f ) ◦ ̺M .
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Weak braided Hopf algebras

Definition
Let D ∈ |C| and tD,D : D ⊗ D → D ⊗ D morfismo en C. It is said that tD,D

satisfies the Yang-Baxter equation if

(tD,D ⊗D) ◦ (D ⊗ tD,D) ◦ (tD,D ⊗D) = (D ⊗ tD,D) ◦ (tD,D ⊗D) ◦ (D ⊗ tD,D).

Definition (Weak Yang-Baxtder operator)

Let D ∈ |C|. A weak Yang-Baxter operator is a morphism
tD,D : D ⊗ D → D ⊗ D in C such that:

(a1) tD,D satisfies the Yang-Baxter equation.
(a2) There exists an idempotent ∇D,D : D ⊗ D → D ⊗ D such that:

(a2-1) (∇D,D ⊗ D) ◦ (D ⊗∇D,D) = (D ⊗∇D,D) ◦ (∇D,D ⊗ D),
(a2-2) (∇D,D ⊗ D) ◦ (D ⊗ tD,D) = (D ⊗ tD,D) ◦ (∇D,D ⊗ D),
(a2-3) (tD,D ⊗ D) ◦ (D ⊗∇D,D) = (D ⊗∇D,D) ◦ (tD,D ⊗ D),
(a2-4) tD,D ◦ ∇D,D = ∇D,D ◦ tD,D = tD,D .

C. Soneira Calvo (Univ. da Coruña ) Projections of weak braided Hopf algebras 9 de julio de 2012 8 / 34



Weak braided Hopf algebras

Definition
Let D ∈ |C| and tD,D : D ⊗ D → D ⊗ D morfismo en C. It is said that tD,D

satisfies the Yang-Baxter equation if

(tD,D ⊗D) ◦ (D ⊗ tD,D) ◦ (tD,D ⊗D) = (D ⊗ tD,D) ◦ (tD,D ⊗D) ◦ (D ⊗ tD,D).

Definition (Weak Yang-Baxtder operator)

Let D ∈ |C|. A weak Yang-Baxter operator is a morphism
tD,D : D ⊗ D → D ⊗ D in C such that:

(a1) tD,D satisfies the Yang-Baxter equation.
(a2) There exists an idempotent ∇D,D : D ⊗ D → D ⊗ D such that:

(a2-1) (∇D,D ⊗ D) ◦ (D ⊗∇D,D) = (D ⊗∇D,D) ◦ (∇D,D ⊗ D),
(a2-2) (∇D,D ⊗ D) ◦ (D ⊗ tD,D) = (D ⊗ tD,D) ◦ (∇D,D ⊗ D),
(a2-3) (tD,D ⊗ D) ◦ (D ⊗∇D,D) = (D ⊗∇D,D) ◦ (tD,D ⊗ D),
(a2-4) tD,D ◦ ∇D,D = ∇D,D ◦ tD,D = tD,D .

C. Soneira Calvo (Univ. da Coruña ) Projections of weak braided Hopf algebras 9 de julio de 2012 8 / 34



Weak braided Hopf algebras

Definition
Let D ∈ |C| and tD,D : D ⊗ D → D ⊗ D morfismo en C. It is said that tD,D

satisfies the Yang-Baxter equation if

(tD,D ⊗D) ◦ (D ⊗ tD,D) ◦ (tD,D ⊗D) = (D ⊗ tD,D) ◦ (tD,D ⊗D) ◦ (D ⊗ tD,D).

Definition (Weak Yang-Baxtder operator)

Let D ∈ |C|. A weak Yang-Baxter operator is a morphism
tD,D : D ⊗ D → D ⊗ D in C such that:

(a1) tD,D satisfies the Yang-Baxter equation.
(a2) There exists an idempotent ∇D,D : D ⊗ D → D ⊗ D such that:

(a2-1) (∇D,D ⊗ D) ◦ (D ⊗∇D,D) = (D ⊗∇D,D) ◦ (∇D,D ⊗ D),
(a2-2) (∇D,D ⊗ D) ◦ (D ⊗ tD,D) = (D ⊗ tD,D) ◦ (∇D,D ⊗ D),
(a2-3) (tD,D ⊗ D) ◦ (D ⊗∇D,D) = (D ⊗∇D,D) ◦ (tD,D ⊗ D),
(a2-4) tD,D ◦ ∇D,D = ∇D,D ◦ tD,D = tD,D .

C. Soneira Calvo (Univ. da Coruña ) Projections of weak braided Hopf algebras 9 de julio de 2012 8 / 34



Weak braided Hopf algebras

Definition
Let D ∈ |C| and tD,D : D ⊗ D → D ⊗ D morfismo en C. It is said that tD,D

satisfies the Yang-Baxter equation if

(tD,D ⊗D) ◦ (D ⊗ tD,D) ◦ (tD,D ⊗D) = (D ⊗ tD,D) ◦ (tD,D ⊗D) ◦ (D ⊗ tD,D).

Definition (Weak Yang-Baxtder operator)

Let D ∈ |C|. A weak Yang-Baxter operator is a morphism
tD,D : D ⊗ D → D ⊗ D in C such that:

(a1) tD,D satisfies the Yang-Baxter equation.
(a2) There exists an idempotent ∇D,D : D ⊗ D → D ⊗ D such that:

(a2-1) (∇D,D ⊗ D) ◦ (D ⊗∇D,D) = (D ⊗∇D,D) ◦ (∇D,D ⊗ D),
(a2-2) (∇D,D ⊗ D) ◦ (D ⊗ tD,D) = (D ⊗ tD,D) ◦ (∇D,D ⊗ D),
(a2-3) (tD,D ⊗ D) ◦ (D ⊗∇D,D) = (D ⊗∇D,D) ◦ (tD,D ⊗ D),
(a2-4) tD,D ◦ ∇D,D = ∇D,D ◦ tD,D = tD,D .

C. Soneira Calvo (Univ. da Coruña ) Projections of weak braided Hopf algebras 9 de julio de 2012 8 / 34



Weak braided Hopf algebras

(a3) There exists t ′D,D : D ⊗ D → D ⊗ D such that:

(a3-1) The morphism pD,D ◦ tD,D ◦ iD,D : D × D → D × D is an isomorphism
with inverse pD,D ◦ t ′D,D ◦ iD,D : D × D → D × D, where pD,D e iD,D

are those such that iD,D ◦ pD,D = ∇D,D y pD,D ◦ iD,D = idD×D with
D × D the image of ∇D,D .

(a3-2) t ′D,D ◦ ∇D,D = ∇D,D ◦ t ′D,D = t ′D,D .

Example
If (C,⊗,K , c−,−) is a braided category:

The braid cD,D satisfies the Yang-Baxter equation

The braid tD,D := cD,D is a weak Yang-Baxter operator with
∇D,D = idD⊗D, t ′D,D = c−1

D,D
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Weak braided Hopf algebras
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Weak braided Hopf algebras

Definition ( Weak braided bialgebra ( WBB) )

Is a D ∈ C with

algebra-coalgebra strutcture (D, ηD, µD), (D, εD , δD)

and a weak Yang-Baxter op. tD,D : D ⊗ D → D ⊗ D with associated
idempotent ∇D,D such that:
(b1) It holds that

(b1-1) µD ◦ ∇D,D = µD ,

(b1-2) ∇D,D ◦ (µD ⊗ D) = (µD ⊗ D) ◦ (D ⊗∇D,D),
(b1-3) ∇D,D ◦ (D ⊗ µD) = (D ⊗ µD) ◦ (∇D,D ⊗ D).

(b2) It holds that

(b2-1) ∇D,D ◦ δD = δD,

(b2-2) (δD ⊗ D) ◦ ∇D,D = (D ⊗∇D,D) ◦ (δD ⊗ D),
(b2-3) (D ⊗ δD) ◦ ∇D,D = (∇D,D ⊗ D) ◦ (D ⊗ δD).
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Weak braided Hopf algebras

(b3) It holds that
(b3-1) tD,D ◦ (µD ⊗ D) = (D ⊗ µD) ◦ (tD,D ⊗ D) ◦ (D ⊗ tD,D),
(b3-2) tD,D ◦ (D ⊗ µD) = (µD ⊗ D) ◦ (D ⊗ tD,D) ◦ (tD,D ⊗ D),
(b3-3) (δD ⊗ D) ◦ tD,D = (D ⊗ tD,D) ◦ (tD,D ⊗ D) ◦ (D ⊗ δD),
(b3-4) (D ⊗ δD) ◦ tD,D = (tD,D ⊗ D) ◦ (D ⊗ tD,D) ◦ (δD ⊗ D).

(b4) δD ◦ µD = (µD ⊗ µD) ◦ (D ⊗ tD,D ⊗ D) ◦ (δD ⊗ δD).

(b5) εD ◦ µD ◦ (µD ⊗ D) = ((εD ◦ µD)⊗ (εD ◦ µD)) ◦ (D ⊗ δD ⊗ D)

= ((εD ◦ µD)⊗ (εD ◦ µD)) ◦ (D ⊗ (t ′D,D ◦ δD)⊗ D).

(b6) (δD ⊗ D) ◦ δD ◦ ηD = (D ⊗ µD ⊗ D) ◦ ((δD ◦ ηD)⊗ (δD ◦ ηD))

= (D ⊗ (µD ◦ t ′D,D)⊗ D) ◦ ((δD ◦ ηD)⊗ (δD ◦ ηD)).
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Weak braided Hopf algebras

(b3) It holds that
(b3-1) tD,D ◦ (µD ⊗ D) = (D ⊗ µD) ◦ (tD,D ⊗ D) ◦ (D ⊗ tD,D),
(b3-2) tD,D ◦ (D ⊗ µD) = (µD ⊗ D) ◦ (D ⊗ tD,D) ◦ (tD,D ⊗ D),
(b3-3) (δD ⊗ D) ◦ tD,D = (D ⊗ tD,D) ◦ (tD,D ⊗ D) ◦ (D ⊗ δD),
(b3-4) (D ⊗ δD) ◦ tD,D = (tD,D ⊗ D) ◦ (D ⊗ tD,D) ◦ (δD ⊗ D).

(b4) δD ◦ µD = (µD ⊗ µD) ◦ (D ⊗ tD,D ⊗ D) ◦ (δD ⊗ δD).

(b5) εD ◦ µD ◦ (µD ⊗ D) = ((εD ◦ µD)⊗ (εD ◦ µD)) ◦ (D ⊗ δD ⊗ D)

= ((εD ◦ µD)⊗ (εD ◦ µD)) ◦ (D ⊗ (t ′D,D ◦ δD)⊗ D).
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Weak braided Hopf algebras

(b3) It holds that
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(b3-3) (δD ⊗ D) ◦ tD,D = (D ⊗ tD,D) ◦ (tD,D ⊗ D) ◦ (D ⊗ δD),
(b3-4) (D ⊗ δD) ◦ tD,D = (tD,D ⊗ D) ◦ (D ⊗ tD,D) ◦ (δD ⊗ D).

(b4) δD ◦ µD = (µD ⊗ µD) ◦ (D ⊗ tD,D ⊗ D) ◦ (δD ⊗ δD).
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Weak braided Hopf algebras

Definition (Weak braided Hopf algebra (WBHA))
Is a WBB such that in addition it verifies that:

(b7) There exists a morphism λD : D → D en C ( the antipode of D)
such that:

(b7-1) idD ∧ λD = ((εD ◦ µD)⊗ D) ◦ (D ⊗ tD,D) ◦ ((δD ◦ ηD)⊗ D),
(b7-2) λD ∧ idD = (D ⊗ (εD ◦ µD)) ◦ (tD,D ⊗ D) ◦ (D ⊗ (δD ◦ ηD)),
(b7-3) λD ∧ idD ∧ λD = λD .
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Weak braided Hopf algebras

If D is a WBB or a WBHA we define the idempotents:

ΠL
D = ((εD ◦ µD)⊗ D) ◦ (D ⊗ tD,D) ◦ ((δD ◦ ηD)⊗ D),

ΠR
D = (D ⊗ (εD ◦ µD)) ◦ (tD,D ⊗ D) ◦ ((D ⊗ (δD ◦ ηD)).

and the idempotents Π
L
D y Π

R
D:

Π
L
D = (D ⊗ (εD ◦ µD)) ◦ ((δD ◦ ηD)⊗ D),

Π
R
D = ((εD ◦ µD)⊗ D) ◦ (D ⊗ (δD ◦ ηD)).
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Weak braided Hopf algebras: Examples

Examples
Classic Hopf algebras, Braided Hopf algebras

Weak Hopf algebras

Weak Hopf algebras (WHA for short) in braided categories

A WBHA H with:
weak Yang-Baxter operator tH,H := cH,H

∇H,H = idH,H

t ′H,H = c−1
H,H
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Yetter-Drinfeld modules over WBHA

Definition (Yetter-Drinfeld modules over WBHA)

Let D be a WBHA. We denote by D
DYD the category of left-left

Yetter-Drinfeld modules over D.

Its objects are the triples (M, ϕM , ρM) with (M, ϕM ) a left D-mod,
(M, ρM ) a left D-comod and:

(1) ρM = (µD ⊗ ϕM) ◦ (D ⊗ tD,D ⊗ M) ◦ (δD ⊗ ρM) ◦ (ηD ⊗ M).

(2) ∃ tD,M : D ⊗ M → M ⊗ D and tM,D : M ⊗ D → D ⊗ M such that
(µD ⊗ M) ◦ (D ⊗ tM,D) ◦ ((ρM ◦ ϕM)⊗ D) ◦ (D ⊗ tD,M) ◦ (δD ⊗ M)

= (µD ⊗ ϕM) ◦ (D ⊗ tD,D ⊗ M) ◦ (δD ⊗ ρM).

Given M,N ∈D
D YD, f : M → N in C is in D

DYD(M,N) if
f ◦ ϕM = ϕN ◦ (D ⊗ f ) and (D ⊗ f ) ◦ ρM = ρN ◦ f .

C. Soneira Calvo (Univ. da Coruña ) Projections of weak braided Hopf algebras 9 de julio de 2012 15 / 34



Notation

Notation

Given M,N ∈D
D YD, we consider the idempotent

∇M⊗N : M ⊗ N → M ⊗ N

∇M⊗N = (ϕM ⊗ ϕN) ◦ (D ⊗ tD,M ⊗ N) ◦ ((δD ◦ ηD)⊗ M ⊗ N)

and denote by M × N, iM⊗N and pM⊗N the image and splitting
morphisms. Prod

We denote by ∇M⊗H the idempotent

∇M⊗H = (ϕM ⊗ µH) ◦ (D ⊗ tD,M ⊗ H) ◦ ((δD ◦ ηD)⊗ M ⊗ H)

and by M × H, iM⊗H and pM⊗H the image and splitting morphisms.
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Projections and WBHA structures

Definition (Projection)

Let D be a WBHA.
A projection over D is a triple (B, f ,g) with

B un WBHA,

f : D → B,g : B → D WBHA morphisms such that g ◦ f = idD and:

(i) (B ⊗ (f ◦ g)) ◦ tB,B = tB,B ◦ ((f ◦ g)⊗ B),

(ii) ((f ◦ g)⊗ B) ◦ tB,B = tB,B ◦ (B ⊗ (f ◦ g)).

A morphism h : B → B′ of projections (B, f ,g), (B′, f ′,g′) is

WBHA morphism such that h ◦ f = f ′, g′ ◦ h = g.

The class of projections and its morphisms constitute Proj(D).
C. Soneira Calvo (Univ. da Coruña ) Projections of weak braided Hopf algebras 9 de julio de 2012 18 / 34



Projections and WBHA structures

Definition (Projection)

Let D be a WBHA.
A projection over D is a triple (B, f ,g) with

B un WBHA,

f : D → B,g : B → D WBHA morphisms such that g ◦ f = idD and:

(i) (B ⊗ (f ◦ g)) ◦ tB,B = tB,B ◦ ((f ◦ g)⊗ B),

(ii) ((f ◦ g)⊗ B) ◦ tB,B = tB,B ◦ (B ⊗ (f ◦ g)).

A morphism h : B → B′ of projections (B, f ,g), (B′, f ′,g′) is

WBHA morphism such that h ◦ f = f ′, g′ ◦ h = g.

The class of projections and its morphisms constitute Proj(D).
C. Soneira Calvo (Univ. da Coruña ) Projections of weak braided Hopf algebras 9 de julio de 2012 18 / 34



Projections and WBHA structures

Definition (Projection)

Let D be a WBHA.
A projection over D is a triple (B, f ,g) with

B un WBHA,

f : D → B,g : B → D WBHA morphisms such that g ◦ f = idD and:

(i) (B ⊗ (f ◦ g)) ◦ tB,B = tB,B ◦ ((f ◦ g)⊗ B),

(ii) ((f ◦ g)⊗ B) ◦ tB,B = tB,B ◦ (B ⊗ (f ◦ g)).

A morphism h : B → B′ of projections (B, f ,g), (B′, f ′,g′) is

WBHA morphism such that h ◦ f = f ′, g′ ◦ h = g.

The class of projections and its morphisms constitute Proj(D).
C. Soneira Calvo (Univ. da Coruña ) Projections of weak braided Hopf algebras 9 de julio de 2012 18 / 34



Projections and WBHA structures

Definition (Projection)

Let D be a WBHA.
A projection over D is a triple (B, f ,g) with

B un WBHA,

f : D → B,g : B → D WBHA morphisms such that g ◦ f = idD and:

(i) (B ⊗ (f ◦ g)) ◦ tB,B = tB,B ◦ ((f ◦ g)⊗ B),

(ii) ((f ◦ g)⊗ B) ◦ tB,B = tB,B ◦ (B ⊗ (f ◦ g)).

A morphism h : B → B′ of projections (B, f ,g), (B′, f ′,g′) is

WBHA morphism such that h ◦ f = f ′, g′ ◦ h = g.

The class of projections and its morphisms constitute Proj(D).
C. Soneira Calvo (Univ. da Coruña ) Projections of weak braided Hopf algebras 9 de julio de 2012 18 / 34



Projections and WBHA structures

Proposition

Let D be a WBHA and (B, f ,g) ∈ Proj(D).

The morphism qB
D := idB ∧ (f ◦ λD ◦ g) : B −→ B is idempotent.

Notation

BD the image of qB
D ,

pB
D : B → BD, iBD : BD → B the splitting morphisms of qB

D .
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Projections and WBHA structures

Proposition

Let D be a WBHA and (B, f ,g) ∈ |Proj(D)|. It holds that:

-

-

-BD B B ⊗ D
iBD

(B ⊗ g) ◦ δB

(B ⊗ (ΠL
D ◦ g)) ◦ δB

is an equalizer diagram.

-

-

-

µB ◦ (B ⊗ f )

µB ◦ (B ⊗ (f ◦ ΠL
D))

pB
DB ⊗ D B BD

is a coequalizer diagram.
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Projections and WBHA structures

Proposition

Let D be a WBHA and (B, f ,g) ∈ |Proj(D)|.

Then (BD, ϕBD
, ̺BD

) ∈D
D YD
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Projections and WBHA structures

Theorem

Let D be a WBHA such that ∃ λ−1
D , (B, f ,g) ∈ |Proj(D)|.

It holds that (BD, ηBD
, µBD

, εBD
, δBD

) is a WBHA with:

weak Yang-Baxter op:
tBD ,BD

= (ϕBD
⊗ BD) ◦ (D ⊗ rBD ,BD

) ◦ (̺BD
⊗ BD)

with rBD ,BD
= (pD

B ⊗ pD
B ) ◦ tB,B ◦ (iBD ⊗ iBD ) : BD ⊗ BD → BD ⊗ BD,

ηBD
= pB

D ◦ ηB , µBD
= pB

D ◦ µB ◦ (iBD ⊗ iBD ),

εBD
= εB ◦ iBD , δBD

= (pB
D ⊗ pB

D) ◦ δB ◦ iBD )

antipode the factorization through (BD, iBD ) of (f ◦ g) ∧ λB ◦ iBD .
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The braided case

Hypothesis
Let C be a braided category and H a WHA in C.

Theorem

If C is a braided category and H a WHA such that ∃λ−1
H

Then H
HYDis braided monoidal.

Given M, N ∈ D
DYD, its product is M × N.

The braid is given by:

τM,N := pN⊗M ◦ tM,N ◦ iM⊗N : M × N → N × M

with tM,N = (ϕN ⊗ M) ◦ (H ⊗ cM,N) ◦ (̺M ⊗ N) : M ⊗ N → N ⊗ M and

τ−1
M,N := pM⊗N ◦ t ′M,N ◦ iN⊗M : N × M → M × N

with t ′M,N = c−1
M,N ◦ (ϕN ⊗ M) ◦ (c−1

H,N ⊗ M) ◦ (N ⊗ λ−1
H ⊗ M) ◦ (N ⊗ ̺M).
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The projection theorem in the braided case

Theorem

Let C be a braided cat., H a WHA such that ∃λ−1
H ,

(D,uD,mD,eD,∆D, λD) a WHA in H
HYD.

Then (D, ηD , µD, εD, δD , λD) is a WBHA in C. smash bosinverse

ηD = uD ◦ pL ◦ ηH , µD = mD ◦ pD⊗D,

εD = εH ◦ iL ◦ eC , δD = iD⊗D ◦∆D,

and weak Yang-Baxter operator

tD,D = (ϕD ⊗ D) ◦ (H ⊗ cD,D) ◦ (̺D ⊗ D).

Remark
Moreover: D is not a Hopf algebra neither a WHA in C.
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Weak smash biproduct

Let H be a WHA in C and (D,uD,mD,eD, ∆D, λD) a WHA in H
HYD.

We define the weak smash biproduct of D and H
(D × H, ηD×H , µD×H , εD×H , δD×H , λD×H):

ηD×H = pD⊗H ◦ (ηD ⊗ ηH),

µD×H = pD⊗H ◦(µD⊗µH)◦(D⊗((ϕD⊗H)◦(H⊗cH,D)◦(δH ⊗D))⊗H)

◦(iD⊗H ⊗ iD⊗H),

εD×H = (εD ⊗ εH) ◦ iD⊗H ,

δD×H = (pD⊗H ⊗ pD⊗H) ◦ (D ⊗ ((µH ⊗ D) ◦ (H ⊗ cD,H)

◦(̺D ⊗ H))⊗ H) ◦ (δD ⊗ δH) ◦ iD⊗H ,

λD×H = pD⊗H◦(ϕD⊗H)◦(H⊗cH,D)◦((δH ◦λH ◦µH)⊗λD)◦(H⊗cD,H)

◦(̺D ⊗ H) ◦ iD⊗H .
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Weak smash biproduct

Theorem

Let H be a WHA, (D,uD,mD,eD,∆D, λD) a Hopf algebra in H
HYD:

Then the weak smash biproduct D × H is a WHA in C.
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The projection theorem in the braided case

Theorem

Let H be a WHA such that ∃ λ−1
H , (B, f ,g) ∈ |Proj(H)|. Then:

(BH ,uBH
,mBH

,eBH
,∆BH

, λBH
) is a Hopf algebra in H

HYD. F

B ≃ BH × H as WHA ( BH × H the weak smash biproduct).

uBH
=: pB

H ◦ f ◦ iL, mBH
:= µBH

◦ iBH⊗BH
,

eBH
:= pL ◦ g ◦ iBH , ∆BH

:= pBH⊗BH
◦ δBH

,

λBH
:= pB

H ◦ ((f ◦ g) ∧ λB) ◦ iBH .
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The projection theorem in the braided case

Proposition

Let H be a WHA such that ∃ λ−1
H ,

D = (D,uD,mD,eD,∆D, λD) a Hopf algebra in H
HYD,

D = (D, ηD, µD, εD , δD, λD) the WBHA in C Go

D × H the weak smash biproduct.

Then:

(i) (D × H, f̃ := pD⊗H ◦ (ηD ⊗ H), g̃ := (εD ⊗ H) ◦ iD⊗H) ∈ |Proj(H)|.
G

(ii) D ≃ (D × H)H as WBHA.
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The projection theorem in the braided case

Theorem

If H is a WHA such that ∃ λ−1
H :

There exists a category equivalence Proj(H) ≃ HA(H
HYD).
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The projection theorem in the braided case

Theorem

If H is a WHA such that ∃ λ−1
H :

There exists a category equivalence Proj(H) ≃ HA(H
HYD).

Go

F : Proj(H) −→ HA(H
HYD)

(B, f ,g) 7−→ (BH ,uBH
,mBH

,eBH
,∆BH

, λBH
)

α : B → B′ 7−→ αH : BH → B′

H( factorization of α ◦ iBH )
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The projection theorem in the braided case

Theorem

If H is a WHA such that ∃ λ−1
H :

There exists a category equivalence Proj(H) ≃ HA(H
HYD).

Go

G : HA(H
HYD) −→ Proj(H)

(D,uD,mD,eD,∆D, λD) 7−→ (D × H,pD⊗H ◦ (ηD × H), (εD × H) ◦ iD⊗H)

r : D → D′ 7−→ r × H
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Monoidal structure of H
HYD

Base Object: DL = Im(ΠL
D),

Associativity constraints aM,N,P : M × (N × P) → (M × N)× P

aM,N,P = p(M×N)⊗P ◦ (pM⊗N ⊗ P) ◦ (M ⊗ iN⊗P) ◦ iM⊗(N×P).

Unity constraints:

lM = ϕM ◦ (iL ⊗ M) ◦ iDL⊗M ,

rM = ϕM ◦ s′
M ◦ (M ⊗ (ΠD

L ◦ iL)) ◦ iM⊗DL ,

l
−1
M = pDL⊗M ◦ (pL ⊗ ϕM) ◦ ((δD ◦ ηD)⊗ M),

r
−1
M =: pM⊗DL ◦ (ϕM ⊗ pL) ◦ (D ⊗ sM) ◦ ((δD ◦ ηD)⊗ M).
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Projections and WBHA structures

Proposition

Let D be a WBHA and (B, f ,g) ∈ |Proj(D)|.

Then (BD, ϕBD
, ̺BD

) ∈D
D YD with

ϕBD
= pB

D ◦ µB ◦ (f ⊗ iBD ), ̺BD
= (g ⊗ pB

D) ◦ δB ◦ iBD ,

and:

tBD ,D = (g ⊗ pB
D) ◦ tB,B ◦ (iBD ⊗ f ), tD,BD

= (pB
D ⊗ g) ◦ tB,B ◦ (f ⊗ iBD ).
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Projections and WBHA structures

Proposition

Let D be a WBHA such that ∃ λ−1
D , (B, f ,g) ∈ |Proj(D)|. Taking:

rBD ,BD
= (pD

B ⊗ pD
B ) ◦ tB,B ◦ (iBD ⊗ iBD ) : BD ⊗ BD → BD ⊗ BD,

r ′BD ,BD
= (pD

B ⊗ pD
B ) ◦ t ′B,B ◦ (iBD ⊗ iBD ) : BD ⊗ BD → BD ⊗ BD,

the arrow tBD ,BD
: BD ⊗ BD → BD ⊗ BD

tBD ,BD
= (ϕBD

⊗ BD) ◦ (D ⊗ rBD ,BD
) ◦ (̺BD

⊗ BD)

is a weak Yang-Baxter operator with

t ′BD ,BD
= r ′BD ,BD

◦ (ϕBD
⊗ BD) ◦ (t

′

BD ,D ⊗ BD) ◦ (BD ⊗ ((λ−1
D ⊗ BD) ◦ ̺BD

)).
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