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Abstract

We analyse reverse-mode automatic differentiation (AD) for discrete probabilistic
programs. Our construction is formulated in the framework of Combinatory Homo-
morphic Automatic Differentiation (CHAD), treating AD as a structure-preserving
transformation of programs, guided by a denotational semantics.

The main case study is the finite atomic distribution monad, whose computations
have finite support and differentiable weights. The key point is that differentiating
probabilistic programs requires cotangents to flow backwards not only through deter-
ministic computations, but also through the probabilistic structure itself. We define the
corresponding reverse-mode code transformation and prove its correctness, for handled
real-output programs, by a categorical logical-relations argument.

Although the paper focuses on finite discrete probability, the construction gives a
reusable pattern for differentiating discrete-output algebraic effects, including finite
multiset non-determinism (e.g., from fork-join parallelism), exceptions, and writer-style
accumulation (e.g., for in-place accumulation of high-dimensional vectors). More broadly,
we view this work as a foundational step towards extending CHAD to richer probabilistic
languages and to other algebraic effects with handlers.

Keywords. reverse-mode automatic differentiation, probabilistic programming, algebraic
effects, categorical semantics.

1 Introduction

Probabilistic programming languages provide constructs for specifying probabilistic models
directly and for manipulating their statistical properties within the language. Their promise
is to make common tasks in probabilistic data analysis, such as sampling, inference, and
the optimisation of expected objectives, more compositional and closer to the structure of
the models themselves.

Reverse-mode automatic differentiation (AD), often called backpropagation, underlies
much of modern optimisation and machine learning. Its practical importance comes from

15 Jul 2026


https://www.mat.uc.pt/preprints/eng_2026.html

the need to compute gradients of scalar or low-dimensional objectives with respect to large
numbers of parameters Baydin et al. (2018). Compared to the simpler forward-mode of
AD, reverse-mode AD inverts data flow: forward-mode propagates sensitivities along the
computation, whereas reverse-mode propagates and accumulates cotangents against the
direction of computation. This makes the design and semantics of reverse-mode automatic
differentiation substantially more delicate.

Combinatory Homomorphic Automatic Differentiation (CHAD) gives a particularly clean
categorical account of reverse-mode AD. In the CHAD framework, automatic differentiation
is not specified as an ad hoc syntactic traversal, but as a semantics-driven program transfor-
mation: a structure-preserving map out of the syntactic categorical model of the source
language Lucatelli Nunes and Vékar (2023); Lucatelli Nunes et al. (2025). This account
is not merely explanatory, but it guides us in how to differentiate more complex forms of
computation. Once the relevant semantic structure has been identified, the corresponding
program transformation is obtained by following the universal structure of the language.
In the deterministic setting, this has led both to correctness proofs by categorical logical
relations and to efficient implementations via familiar functional-programming techniques,
such as sparse representations and defunctionalisation or closure conversion Smeding and
Vakar (2024).

The goal of the present paper is to explain how the reverse-mode CHAD transformation
applies to programs with finite-support probabilistic effects and differentiable weights. In
this impure setting, backpropagation is not only a matter of propagating cotangents through
the deterministic input-output behaviour of a program. The weights of probabilistic traces,
and more generally the effectful structure of computations, become part of the reverse
derivative communication channel. We formulate this using monadic types and handlers:
monadic operations generate probabilistic computations, while handlers consume them, for
instance by taking expected values.

There is already foundational work on forward-mode automatic differentiation for prob-
abilistic programming, notably ADEV Lew et al. (2023). The present paper addresses
the corresponding reverse-mode problem. The semantic challenges of the two modes are
different: forward-mode propagates sensitivities with the computation, whereas reverse
mode must accumulate cotangent contributions backwards through both ordinary program
structure and probabilistic weights. Our contribution is to give a compositional reverse-mode
transformation for this finite probabilistic setting, formulated using monadic types and
handlers, and to prove its correctness by a categorical logical-relations argument. The
CHAD framework is essential here: it derives the transformation from the semantic structure
rather than retrofitting a correctness proof after the fact, while keeping the construction
close to implementation.

1.1 Motivating example: expected-profit optimisation under finite proba-
bilistic choice

To make the problem concrete, we begin with a small finite probabilistic optimisation
example. The model is deliberately simple, but it contains the features that drive the paper:
parameter-dependent probabilistic weights, deterministic arithmetic, and a handler that
consumes a probabilistic computation by taking an expected value. Reverse-mode AD
for such a program must propagate cotangents through all of these components, not only
through the deterministic arithmetic. We first describe the model mathematically, and later



return to its encoding in the source language and to the corresponding code transformation
(Section 5).

We consider the problem of introducing a product to a population. To obtain a finite
probabilistic model, we make the simplifying assumption that the population is highly
trend-following. There are then two possible outcomes: either the trend does not catch on
and no one buys the product, or it catches on and everyone who can afford the product
buys one.

The parameters of the model are the per-product profit p and the marketing budget m.
Marketing influences the probability of the successful-trend scenario, while the per-product
profit determines how many people can purchase the product if that scenario occurs.

In symbols, the probability of zero total sales is
sig(—sm - (m —mo)),

where sig(z) = (1 4+ e ®)7! is the sigmoid function and s,,,mg € R are constants: s,,
represents the model’s sensitivity to marketing, while mg is the marketing budget at which
the success and failure scenarios are equally likely. If, instead, the campaign is successful,
the number of purchases is
P sig(—sp - (p—po))

where P is the total population, s, is a known constant controlling the sensitivity to changes
in p, and pg is the per-product profit at which the product is affordable to half the population.
Thus, by reducing the per-product profit, a larger portion of the population is able to afford
the product.

The expected total profit, which we intend to maximise, is therefore

ETP(p,m) =p- P -sig(—sp - (p — po)) - sig(sm - (m — mg)) —m.

expected number of sales

The stationarity conditions obtained by differentiating this expected objective are a pair
of coupled transcendental equations. Thus, even in this simple example, optimisation is
naturally performed numerically, for instance by gradient descent.

1.2 Contributions and Outline

The example above illustrates the central semantic issue addressed in this paper: probabilistic
programs carry differentiable information not only through their deterministic computations,
but also through the effectful structure by which probabilistic computations are generated
and handled. The body of the paper addresses this issue as follows.

First, we give a factorisation-based account of the finite atomic distribution (FAD) monad.
In Set, a FAD is a finitely supported nonnegative weight function; we reconstruct it by
factorising the weighted-sum strong monad morphism induced by the barycentre algebra
on lists of point/log-weight pairs (Section 2.2). This is the bridge to the differentiated
semantics: in Fam(Vect®P), a distribution w on a space X with cotangent spaces A(z) has
fibre

D A er),
z€supp(w)
whose summands record cotangents for the atom x and for its log-weight. Thus the lifted
FAD monad captures movement of atoms and variation of weights (Sections 2.3 and 2.4).



Second, we use this lift to extend reverse-mode CHAD to a first-order probabilistic
language with products, coproducts, Euclidean base types R”, differentiable primitives, the
monadic type constructor M, categorical distributions, and expectation-like handler algebras.
Its ordinary semantics lives in Set, its differentiated semantics in Fam(Vect®?), and the
transformation is the induced structure-preserving translation into a target language for
derivatives.

Third, we prove correctness by logical relations. We construct a category LR relating
the ordinary Set-semantics of source programs to the Fam(Vect®P)-semantics of their
differentiated programs. Its projections recover, respectively, the ordinary source denotation
and the CHAD denotation. The resulting correctness theorem (Theorem 4.1) says that, for
real-input /real-output terms, the transformed program computes the original value and its
reverse derivative.

Fourth, we encode the motivating example in the source language using categorical
distributions, monadic composition, and an expectation handler. The transformed program
exhibits the intended cotangent flow through deterministic arithmetic, atom locations, and
log-weights.

Finally, although the paper focuses on finite discrete probability, the construction also
identifies a reusable pattern for discrete-output monadic effects. Section 6 explains this
general pattern, and Appendix H spells it out for finite multiset non-determinism, exceptions,
and R™-writer accumulation. As such, this paper makes important steps towards both richer
probabilistic-differentiable languages and towards general differentiable programming with
algebraic effects and handlers.

2 The Finite Atomic Distribution Monad

The probabilistic effect studied in the main body of the paper is represented by the
finite atomic distribution (FAD) monad. For a set X, its elements are finitely supported,
nonnegative weight distributions on X . Operationally, this is the monad of finite probabilistic
computations: monadic composition sums the weights of finite execution traces, while
handlers, such as expectation, consume the resulting weighted distribution. For reverse-
mode CHAD, however, the ordinary set-level monad is not enough. We need a lifted
version that also records how cotangents propagate through the probabilistic structure itself,
including both the locations of atoms and their weights.

This section develops the FAD monad in the form needed later in the paper. We begin
in Set, recalling its familiar description as the monad of finitely supported nonnegative
weight functions. We then give an equivalent factorisation presentation in Set: lists of
point /log-weight pairs serve as raw weighted syntax, their weighted-sum semantics gives a
strong monad morphism, and factorising this morphism identifies precisely the presentations
that determine the same finite atomic distribution. The following subsection packages these
data as a FAD factorisation structure. This structure is then instantiated in Fam(Vect®P),
where the associated FAD monad carries cotangent information for atoms and log-weights,
and in LR, where the same construction is used in the logical-relations correctness argument.



2.1 FAD Monad on Set

We first recall the direct set-level description of the FAD monad. This is the familiar
finite-support distribution monad on Set, used here in its unnormalised weighted form; it
appears both in the probabilistic-programming literature Erwig and Kollmansberger (2006)
and in implementations Erwig and Kollmansberger (2025).

We use standard categorical notation: products and coproducts are written 1, X; x Xo,
[lics Xi, and 0, X1 IT Xo, [[;c; X;, with projections 7;, inclusions ¢;, tuplings (fi);c;, and
cotuplings [f;];c;. Exponentials are denoted by [X, Y] or by YyX.

A finite atomic distribution (FAD) on a set X is a finitely supported nonnegative function
w : X — R. Explicitly, we define a FAD as the following notion of unnormalised weight
distribution:

w(z) >0 for all z € X, |supp w| < oo, suppw = {z € X | w(z) # 0}.

The set supp w is the support of w; its elements are the atoms of the distribution, and w(x)
is the weight of the atom x. We write M (X)) for the set of finite atomic distributions on X.

The functorial action pushes weights forward. For f: X — Y, define M(f): M(X) —
M(Y) by

reESupp w
f@)=y
The unit (n) y : X — M (X) sends each point to its Dirac distribution, that is, (1) y (z) (z) =
1if 2 = 2/, and (n) () (2/) = 0 otherwise. The multiplication (u)y : M23(X) — M(X),
where M? := M o M, flattens a FAD of FADs by summing all contributions to each point:

(Wxw) @)= > ww) w().

weESupp w

reESupp w
The maps 7 : Idget — M and p : M? — M are natural and equip M with a monad
structure.

This completes the direct description of the FAD monad on Set. We next give a second
presentation of the same monad, not by changing the object being defined, but by changing
how it is obtained: finite atomic distributions are recovered as the image of a weighted-sum
map from ordered point/log-weight presentations. This factorisation presentation is the one
that admits the axiomatic formulation used in the rest of the section.

2.2 Recovering FAD by Weighted-Sum Factorisation

The preceding subsection described M (X) directly as the set of finitely supported nonnega-
tive weight functions on X. We now recover the same object as the image of a weighted-sum
transformation. The domain of this transformation is the ordered-list representation of
weighted finite support: a list of point/log-weight pairs over X acts on a test function
f + X — R by evaluating f at the listed points and summing with weights exp~y;. Its
image factorisation has M (X) as the middle object: the left factor forms the corresponding
finite atomic distribution by adding the weights of coincident points, while the right factor
embeds such a distribution as its integration functional. This is the calculation in Set whose
categorical content is isolated in the next subsection.



We begin with the real-valued case, which provides the barycentre algebra used below.
For a list of point/log-weight pairs ((t1,v1),- -, (tn, Tn)) € pen (R X R)™, where ¢;,7; € R,
define its unnormalised barycentre by'

bary ({{tj,1))5-,) = D tj - exp ;. 1)
=1

Here v; is a log-weight, and exp~; is the corresponding positive weight assigned to t;. If
the list contains collisions, meaning that t; = t; =: ¢ for distinct 4,5 € {1,--- ,n}, then the
total weight assigned to t is the sum of expyx over all k such that t; = t.

For an arbitrary set X, we write

AST(X) == [] (X xR)"
neN

for the set of lists of point/log-weight pairs over X. Given a function f: X — R, define
AST(f) : AST(X) = AST(R);  ({aju i)y > (F () s )y (2)

Here AST stands for abstract syntaz tree, for reasons explained in Section 2.3. Thus AST(f)
acts on a raw weighted presentation by applying f to its points and leaving the log-weights
unchanged. Composing with the barycentre gives the weighted-sum map (ws) y:

(ws)y : AST(X) — [[X,R],R]

n 3
(@75 jey (f — bary oAST(f) ({(@, 1)) 7=y ) = f = Y f(a) 'eXP%’) @

j=1
We factorise (ws) y through M (X). Define maps (categorical) y and ([)y such that
(ws) x = ( / )X o (categorical)y : AST(X) — M(X) — [[X,R],R].
The left factor (categorical) - sends a raw presentation to the corresponding finite atomic dis-

tribution, accumulating the weights of all occurrences of each point. For any ((z;, 'yj)>?:1 €
AST(X), define

(categorical)x<(<xj,'yj>)?:1> X >R stz Z exp ;. (4)
1<j<n
;=T
Its support is exactly {zj,---,z,}, since the displayed sum is zero precisely when it is

empty. The name categorical reflects the standard probability theory nomenclature of
finitely supported weight distributions. (categorical)y is surjective, but not injective; it
forgets about ordering and collisions.

The right factor (/) sends a finite atomic distribution to the corresponding integration
functional on test functions. For w € M (X)), define

(f) )RR st 1o 5 @) u), 5

rESuUpp w

!A normalised barycentre would require division by the total mass. Here we deliberately omit this
normalisation.



This map is injective because indicator functions separate finite atomic distributions: for
each z € X, (f)X(w)(ll{x}) = w(z) . Hence, for w,w’ € M(X), ([)x(w) = ([)x(v’) if and
only if w = w'.

The composite has the required weighted-sum semantics. Indeed, for any list ((z;, 'yj>)§‘:1 €
AST(X) and any function f: X — R,

(/)X o (categorical)X(((a:j,fyj»;”:l)(f) = Z f(z) - Z expj

=" Fay) - expy; = (ws)x ({57501 ) ()

J=1

Thus (ws) y = ([) y o (categorical) . Since (categorical) y is surjective and () is injective,
this is the image factorisation of (ws), in Set.

The calculation has isolated the three ingredients that we will abstract next. The ordered
lists form the raw weighted-syntax monad AST; the barycentre algebra induces the weighted-
sum morphism into a continuation monad; and the FAD monad on Set is recovered as the
middle object of the resulting image factorisation. We next package these ingredients as a
FAD factorisation structure on a category X and define the associated FAD monad on X.

2.3 FAD Monads by Axiomatic Factorisation

We now abstract the factorisation just described in Set. The aim is to specify the structure
on a category X that is sufficient to form weighted raw syntax, interpret it by a barycentre
algebra, and factorise the resulting strong monad morphism. Once these data are fixed, the
FAD monad on X is not additional primitive structure: it is the monad obtained as the
middle term of the factorisation

X
s o X
ASTX categorical MX f KVX

For X = Set, with the choices specified below, this construction recovers the FAD monad
on Set.

We assume that X is bicartesian closed with countable coproducts. Thus we fix a terminal
object 1, an initial object 0, binary products and coproducts, countable coproducts, and,
for each object A, a right adjoint [A,—]: X = X to (=) x A: X = X.

We also fix a monoid object R in X, with unit 1z : 1 — R and multiplication -z : RX R —
R. This is the monoid of weights; in the motivating instance, it is the additive monoid of
log-weights. Finally, we fix an R-semimodule V', called the barycentre semimodule, with
structure maps

+v VXV =V, Oy :1—7V, Y:VXR-=V.

Here an R-semimodule means a commutative monoid object V' equipped with a right action
V x R — V of the monoid object R by commutative-monoid endomorphisms.

In Set, the relevant choices are R = R (thought of as log-weights), with
1Ril—>[R -R:[RX[R—>[R

and (6)
x>0 (a,b) — a+b,



and V = R (thought of as real values), with

Oy:1—R +y:RxR—=R Y. RxR—=R
and and (7)
0 (a,b) —a+0b (v,7) > v -expT.

The case V = RP, for p € N, is obtained in the same way.

From R and V we form two monads. The raw weighted-syntax monad and the continuation
monad on V have underlying endofunctors

AST .= [] (- xR)" and KV*:=[-,V],V]. (8)
neN

The monad structure on ASTX is obtained by combining the ordered-list monad A —
[,en A" Dubuc (1974) with the R-writer monad A — A x R, induced by the monoid
(R, R, 1R); see, for instance, Chapter 7 of Mac Lane (1997). These monads are combined
using the canonical distributive law recalled in Section 6.3 of Bacci et al. (2024). Thus
ASTX is an ordered-list presentation of weighted finite support. The identifications imposed
by permutations and collisions are not built into ASTX; they are produced by factorisation.

Both ASTX and KVX are strong monads. For ASTX, the strength is induced by dis-
tributivity of products over countable coproducts and by the canonical maps A x B™ —
A" x B™ = (A x B)" obtained from the diagonal morphism and tuplings of projections.
Then, by using B x R in place of B, this gives a natural transformation

A x ASTX(B) — AST*(A x B).

The continuation monad carries its standard strength in every cartesian closed category.

The semimodule structure on V defines an AST*-algebra structure on V, the barycentre
algebra. Explicitly, it is the morphism

bary® : ASTX(V) — V; defined by bary” = [%] o (%)n} e’ (9)

where %] : V™ — V is the n-ary sum determined by +y and Oy, and (‘é)n (VxR — V"
is the product of n copies of -%.

Under continuation-passing style, the barycentre algebra corresponds to a strong monad
morphism ws* to the continuation monad [[—, V], V] whose A-component sends a € ASTXA

to Ak. bary* (AST¥k(a) ).

Lemma 2.1 (Algebra CPS; see Appendix G). Let <T, ,uT,nT,stT> be a strong monad on a
cartesian closed category X, and let V' be an object of X. Then there is a 1:1-correspondence
between T-algebra structures on 'V and strong monad morphisms T — KVX.

Applying Lemma 2.1 to the barycentre algebra gives a strong monad morphism

ws® : ASTX — KVX with components (WSX)A : ASTX(A) — [[4,V],V].

It remains to specify the factorisation. In Set, we used the image factorisation. In X, we
fix an orthogonal factorisation system (£, M). Thus every f: A — B factors as f = moe,
with e € £ and m € M, and £ is orthogonal to M: for every equation v o e = m o u, with
e € £ and m € M, there is a unique w such that u = woe and v = mow. In Set, taking £



to be the epis (i.e., surjections) and M to be the (regular) monos (i.e., injections) recovers
the usual image factorisation. We assume that £ is closed under binary products. Since left

classes of orthogonal factorisation systems are closed under coproducts, this implies closure
of € under ASTX.

For each object A, factorise the component (WSX)A as

ASTX(A) ()

MX(4)

with (categoricalx)A € & and (fX)A € M. At this stage M*X(A) denotes only the
intermediate objects of the factorisation. The next theorem ensures that these objects
assemble into a strong monad.

Lemma 2.2 (Factorisation of strong monad morphisms, (Kammar and McDermott, 2018,
Theorem 2.5)). Let X be a category, (£, M) a factorisation system, S and T monads on
X, and m : S — T a monad morphism. Denote by m[S] the functor obtained by pointwise
factorisation of m, with m® and m™ denoting the pointwise left- and right-class factors.
If € is closed under S, then m[S] is a monad, and m® and m™ are monad morphisms.
If, moreover, £ is closed under binary products, S and T are strong monads, and m is a
strong monad morphism, then m[S] is a strong monad and m® and m™ are strong monad
morphisms.

We can now name the structure and the monad it determines.

Definition 2.3 (FAD factorisation structure and associated FAD monad). A FAD factori-
sation structure on X consists of the bicartesian closed structure with countable coproducts
fixed above, a monoid of weights (R, g, 1r), a barycentre semimodule <V, +v, Oy, -g>, and

an orthogonal factorisation system (€, M) whose left class is closed under binary products.

Its associated FAD monad is the monad M* obtained by the pointwise factorisation

X
s X
ASTX etemriealyx I o  ASTX KX,

Proposition 2.4. For every FAD factorisation structure on X, the associated FAD monad
MX is strong, and the maps categorical® : ASTX — M*X and fx : M* — KVX are strong
monad morphisms.

Proof. Apply Lemma 2.2 to ws* : ASTX — KVX. The required closure of & under ASTX
follows from closure under binary products and from closure of left classes under coproducts.
O

With X = Set, R =R, V =R, and the (epi, regular mono) factorisation, the associated
FAD monad MSe*t is canonically isomorphic to the FAD monad on Set. The point of the
preceding abstraction is that the same construction can now be instantiated in categories
with additional semantic structure. The first such instance is Fam(Vect?), where the
associated FAD monad refines the FAD monad on the underlying set by adding cotangent
fibres for atom locations and log-weights.



2.4 FAD Monad on Fam(Vect)

We now exhibit a FAD factorisation structure on F := Fam(Vect®P), and write M" for its
associated FAD monad. This is the semantic category for differentiated values in reverse-
mode CHAD: an object carries a set of possible values together with a specified cotangent
space over each value, and a morphism carries both the underlying function on values
and the corresponding contravariant action on cotangents. We think of this action as a
transposed derivative.

The category Fam(Vect?) is the free coproduct completion of Vect®® Adamek and
Rosicky (2020). We use it as the category of sets equipped with cotangent fibres. An object
is a pair (X, A), where X is a set and A : X — Vect? is a functor, viewing X as a discrete
category. Equivalently, A is a family {A(z)},cx of vector spaces indexed by X.

A morphism (X, A) — (Y, B) is a pair (f,a), where f : X — Y is a function and
a: A — Bo fis a natural transformation in Vect®. Equivalently, for each x € X, it
determines a linear map

(@), : B(f(x)) = Alz) .

Thus f acts on base points, while («), acts contravariantly on cotangents. In the intended
interpretation, A(x) is the cotangent space at x, and (o), plays the role of the trans-
posed derivative of f at x. We write ((X,A4)) = X, (X, A))p, = A4, (f, )t =
f, ({(f,a))p, = o for the base and fibre parts. We use this notation throughout the
construction below.

The category Fam(Vect®?) is complete and cocomplete. In particular, for any family
{(Xi, A;) }ier of objects, products and coproducts are given by

[ (X, As) = <<H XZ-> , ({xi}iel > @Ai(a}i)>> and [] (X, As) = <<]_[ XZ-> ,[Ai]ie,> :

i€l iel iel i€l iel
(10)

Moreover, Fam(VectP) has exponentials (Lucatelli Nunes and Vékar, 2023, Proposition 74):
[<X7 A) ) <K B)] = <Hx€X ZyEY VeCt(B(y) 7‘4(‘/17))7 f = @xeX B(7T1(f(l’)))> - Hence F =
Fam(Vect®P) is bicartesian closed with countable coproducts, as required by the axiomatic
construction.

We use the (epi, regular mono) factorisation system on Fam(Vect®P). It admits the
following explicit description.

Lemma 2.5. Epis and regular monos form a factorisation system on Fam(Vect®?). For a
morphism (f,a) : (X, A) — (Y, B), membership in the left class € is equivalent to f : X =Y
being surjective and « being jointly injective, in the sense that, for each y € Y, the linear
map

((@),) zex :By) = ][ Alx)
Az)=y rzeX
fz)=y

is injective. Membership in the right class M is equivalent to f : X — Y being injective
and o being pointwise surjective, in the sense that, for each x € X, the linear map

(@), : B(f(z)) = A(z)

is surjective. Moreover, the left class € is closed under binary products.

10



Therefore F has the categorical structure and factorisation system required for a FAD
factorisation structure. It remains to choose the monoid of weights and the barycentre
semimodule. Both are obtained by lifting the corresponding Set-structures to the real
cotangent bundle

T*R := (R, constR) , where constY (z) = Y.

The monoid of weights is T*R. Its unit and multiplication are

1r : (1,const0) — T*R ‘R : T"RxT*R — T*R
(1R)get : 1 —+R (‘R)set : R xR —R

* =0 (a,b)  —a+b  (11)
(<1R)fbr)* : R —0 ((.R)fbr)@,b) : R —R®R

v — 0 v — (v, v) .

The base parts agree with Equation (6); the fibre parts are the corresponding transposed
derivatives.

We also take the barycentre semimodule to be T*R.? Its zero element and addition are

Oy : (1,const0) — T*R +v : T"RxT*R — T*R
(0v ) et : 1 —R (V) set : R xR - R

* =0 (a,b)  —a+b  (12)
((OV)gor ) R —0 ((+V)fbr)<a’b> : R —SR®R

v — 0 v — (v, v) .

Again, the base parts are those of Equation (7), and the fibre parts are their transposed
derivatives. The action of the monoid of weights on the barycentre semimodule is

34 : T*"RxT*R — T*R
(g)t . RxR >R
Se
(v, 1) v -expr (13)
v .
(( R)fbr) (v,r) ' R - ROR
t — (t-expr,t-v-expr).

The base part is the action used in Set, while the fibre part is its transposed derivative.

These choices make F = Fam(Vect®P) into a FAD factorisation structure. Let MF denote
the associated FAD monad. For an object (X, A), the factorisation construction gives

Aﬁ“Xp@%:<AﬂX%(wH> D m@»@m)>. (14)

rESuUpp w

Thus the base of MF((X, A)) is the set of finite atomic distributions on X. The fibre over
w € M(X) has one summand for each atom x € suppw: the component A(z) carries
cotangent information for the position of the atom, while the real component carries
cotangent information for log w(x).

2As in Set, one may instead take T*RP for some p € N.

11



For a morphism (f, ) : (X, A) — (Y, B), the base part is
(MF((foa))) = M(f).

For w € M(X), the fibre part is

(Fwran), ) © @ BweR - @ (Awer

y€ f(supp w) TESUpp w
w(@) - (@), (b)) - eo+ 50) - )
b . ) '
yEsup§4(f)(w) ( v i v 6?/) ~ J?Esuzppw ( M(f)(w)(f(l‘))

(15)
Here e, denotes the atom-location component and e, the log-weight component in the
relevant direct sum. The formula says that cotangents are pulled back along (f,a) by
distributing the cotangent at an image atom among all atoms mapping to it, with the
contribution of = scaled by the relative weight

w(z)
M(f)(w)(f(x))

The atom component is then transported through («),, while the log-weight component is

copied to the corresponding e,-summand.

Under the base projection, the monoid of weights, the barycentre semimodule, and the
monad MF recover the corresponding structures in Set. Thus MF is a lift of the FAD
monad on Set along the base projection, with the additional fibre information required
for reverse-mode differentiation. Over a distribution w € M (X)), this fibre consists of one
cotangent component for each atom x € supp w, and one real cotangent component for the
log-weight log w(x).

2.4.1 Expected-value gradients and score contributions

We now spell out how the lifted FAD monad separates the usual contributions to the
derivative of an expected value. The point is not to introduce an external analytic argument,
but to show that the decomposition is already encoded by the fibre maps in Fam(VectP).
In particular, for a function f(6, z), with z sampled from a finite distribution ¢(#) depending
on the parameter 6, the lifted semantics separates three sources of variation: the explicit
dependence of f on @, the dependence of the atoms z on 6, and the dependence of the
log-weights on 6.

To make this comparison readable, we use differential notation for objects and morphisms
in Fam(Vect®?). Thus we write

T*U = (U AT U} e
and write morphisms as
h=(h,Vh):T*X - TY,  (Vh),:Ty,Y - T; X,

where (Vh), denotes the z-fibre of the fibre part.

Consider the lifted real-valued expectation algebra
~F F (o *
Eg: M"(T*R) — T*R.

12



For uw € M(R), its base and fibre parts are
ERw) = > u()-r (VER) 0= > (u(r)-t-e +u()-r-t-). (16)
resupp u resuppu

The two summands in the fibre component have different origins. The e,-term is the
cotangent contribution of the atom value r; the e,-term is the cotangent contribution of the
log-weight log u(r).
Let
§=1(9,Vg) : T"X - TR, we MX), u:= M(g)(w).

The Frobenius identity gives

Yo oulr)or= Y w(@) g(x).

resupp u TESUpp w

On fibres, composing the map induced by MF(§) with Equation (16) gives

(V(ERo M @)) (0= 3 (@) (V) es b wla) gla)-t-2). (1D

rESUpp w
Indeed, the fibre map of MF(§) contributes, in the z-summand, the relative factor

w(z)
M(g)(w)(g(x))’

while Equation (16) contributes the corresponding mass

M (g)(w)(g(x)) -

These factors cancel, leaving precisely the expression in Equation (17).
Now let
G=1{q,Vq): T*0 — M (T*2)

be a parameterised FAD. For each 6 € O, choose a local collision-free presentation
q(8) = categorical (((zi(0) , £;(0)));c;) and w;(0) := exp£;(6).

Let
N F . ~
4= (St )T*@,T*Z o {idr+e,q) .

Then
q(0) = categorical (((, z;(0)) , €:(0)),c;) -

With respect to this local labelling, the fibre part of g is
(Va), (Z (i, 02) - ey + 5 €<e,zi<0>>)> =D di+ ) (Vagla) + 3 (Vhi)(si)
icl icl il icl
(18)

where
d; € Tg@, a; € T;(Q)Z, si € R.

Finally, let

~

f=(fVf):T"OXxT"Z - T*R.
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We write the two components of its fibre part as

(VDo ® = (((VH9),, 0. (VD7) ®).
Apply Equation (17) to the composite

M(7)

. o
0 = MY (T*0 x T*Z) ——= M (T*R) =% T*R

and then use Equation (18). This gives

(V(E=e 27 (1) 02)) 0= @) [((F0°),, 0+ (T2 (((F°) 5,0

+ f({0,2:(0))) - (Vli)y(1)] -
(19)
The three terms inside the brackets have distinct origins. The first is the explicit parameter
contribution, coming from the dependence of f(6,z) on . The second is the moving-atom
contribution, obtained by transporting cotangents through the dependence of z;(#) on
f. The third is the score contribution, coming from the dependence of the log-weight
4;(6) = log w;(0) on 6.
This calculation explains the operational role of the lifted FAD monad in Fam(Vect®P).
It separates the reverse-mode contributions carried by a finite probabilistic computation
into atom-location terms and log-weight terms, and it does so internally, through the fibre
maps of the associated FAD monad. The next subsection lifts the construction once more,
from Fam(VectP) to the logical-relations category used to prove that the syntactic CHAD
transformation computes these cotangent contributions correctly.

2.5 FAD Monad on the Logical-Relations Category

The final instance of the FAD factorisation construction is the logical-relations category
used in the correctness proof. Whereas Fam(Vect®P) records the differentiated semantics of
programs, LR relates this differentiated semantics to the ordinary semantics in Set. The
purpose of this subsection is to equip LR with a FAD factorisation structure, and hence with
an associated FAD monad MR, This is the semantic ingredient needed later to interpret the
source language in the logical-relations model and to prove correctness of the reverse-mode
CHAD transformation.

We use the comma-category presentation of logical relations from (Lucatelli Nunes and
Viékar, 2023, Section 11). Let G : C — D be a functor. We write

LR:=(D | G).

An object of LR is a triple (D, C, f), where D is an object of D, C' is an object of C, and
f:D — G(C) is a morphism in D. A morphism

(u,v) : (D,C, fy = (D', C", f")

consists of morphisms v : D — D" in D and v : C — C” in C such that G(v) o f = f' o w.
There is therefore a forgetful functor

U:LR—DxC, defined by U(D,C,f)):=(D,C), U({u,v)) := (u,v).

14



For the correctness argument in this paper, we take
D := Set, C := Set x Fam(Vect?),
and define G to be the hom-functor
G :=C((E,T"E),—), (20)

where E is a fixed finite-dimensional real vector space, regarded as a set, and T*E :=
(E, constE™*) is its cotangent bundle.

The space E is used as a probe object. For example, when E = R, morphisms from
(E, T*E) into an object of C can be read as parametrised curves equipped with cotangent
data. In this way, differentiability of a map can be tested by its action on such probes:
postcomposition should send admissible probes in the domain to admissible probes in the
codomain.

Thus, in the present instance, an object of LR is a triple (D,C,p) where p : D —
C((E, T*E),C) is a function. When p is injective, D may be regarded as a specified class of
probes (E, T*E) — C, namely those satisfying the predicate represented by p. A morphism
(u,v) : (D,C,p)y — (D', C",p) asserts that postcomposition with v : C'— C’ sends probes
satisfying p to probes satisfying p/.

We write

(D, C,P)gom = D5 (D, CP))eoa = Cr ((0))gom = U ({t,0)) 0q = v

for the domain and codomain parts of objects and morphisms of LR.

In the correctness proof, the predicates represented in LR will express differentiability
and correctness of the syntactic reverse derivative. Accordingly, the source language must
admit an interpretation in LR. This requires, in particular, that LR carry the categorical
structure needed for the language: finite products and coproducts, the FAD monad, and
the distinguished objects and operations used to interpret base types and primitives.?> The
remainder of this subsection verifies the FAD part of this structure by applying the FAD
factorisation construction of Section 2.3.

The main structural input is the monadic-comonadic analysis of these comma categories
from the CHAD logical-relations construction.

Lemma 2.6 ((Lucatelli Nunes and Vékar, 2023, Corollary 99)). Assume that C has binary
coproducts and D has binary products. Then U : (D | G) — Dx C is comonadic and monadic,
provided that G has a left adjoint.

In the present case, C = Set x Fam(VectP) is complete and cocomplete; hence so is
Set x C. Since C has copowers, the hom-functor G has a left adjoint, and Lemma 2.6 applies.
Thus

U:LR— Set xC

is both monadic and comonadic. The monadic part implies that U creates limits, while the
comonadic part implies that U creates colimits. Hence LR is complete and cocomplete, and
its limits and colimits are computed by taking the corresponding limits and colimits in the
underlying Set- and C-components, with the unique induced logical-relation structure.

3For the description of the source language and its interpretation requirements, see Section 3.1.
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The same componentwise description gives the factorisation system required by Section 2.3.
A morphism (u,v) lies in the left class precisely when u and v lie in the corresponding left
classes in Set and Set x Fam(Vect®P); similarly for the right class. Writing v = (v1, v2), the
left-class condition says that u and vy are surjective and that vs lies in the left class described
in Section 2.4. The right-class condition says that « and v; are injective and that vs lies in
the corresponding right class. This is the usual image factorisation, equivalently the (epi,
regular mono) factorisation system in LR. Since the left classes in Set and Fam(Vect®P) are
closed under binary products, and U creates products, the left class in LR is closed under
binary products as well.

It remains to specify the monoid of weights and the barycentre semimodule in LR. Both are
obtained by imposing the differentiability predicate on the corresponding structures in C =
Set x Fam(Vect®?). The monoid of weights is (Diff (E,R), (R, T*R) ,dvg) where Diff (E, R)
denotes the set of differentiable functions E — R, and dvg is the usual differentiability
predicate. More generally, for each k € N,

dvgs : Diff (£, RF) — Set(E, R*) x Fam(Vect®) (T*E, T°R*)  st. f > (f,(f, V).
(21)
The barycentre semimodule is given by (Diff (E,R), (R, T*R) , dvg).*
The structure maps for the monoid and the semimodule are induced componentwise from
their counterparts in Set and Fam(Vect®?), with the domain part given by postcomposition
on differentiable functions. For example, the operation +y is defined by

(+V)gom = +5o—  : Diff (E,R?) — Diff (E,R)

— [/iSet LF\ . 2 ep2 « (22)
(+V)eoa <+V ’+V> : (RATR?) — (R, TR).

Here we use the canonical identifications
Diff (E, R) x Diff (E, R) ~ Diff (E,R?) and (R, T*R) x (R, T'R) ~ (R?, T"R?).

The remaining structural morphisms are defined analogously. In each case, the codomain
part is the corresponding morphism in C = Set x Fam(Vect?), while the domain part
restricts it to the differentiable probes.

This componentwise construction is the sense in which the logical-relations structure is
fibred over C: objects, structural maps, limits, colimits, and factorisations in LR project to
their corresponding constructions in C.

We may therefore apply the FAD factorisation construction of Section 2.3 to LR. The
resulting monad MR is fibred over C = Set x Fam(Vect?). Concretely, for an object
(D, C,p) and a morphism (u,v) : (D,C,p) — (D', C",p’) in LR,

(MR(D,C.p))) =M x M (C) and (MSR((u,v)) =MxM(v). (23)
cod cod

The domain part records the admissible differentiable probes into the FAD object.
Explicitly,

(MR((D,Cp))

) |suppw| < oo and
=<{w:D — Diff (E,R) .
om V(z € suppw),V (v e k), w(z)(v) >0

(24)

“For the corresponding p-dimensional barycentre semimodule, one takes (Diff (E, R?), (R?, T*RP) , dvgs).
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Thus the domain part consists of finitely supported Diff (E, R)-valued weight distributions
on D, with strictly positive non-zero weights at every probe point. On morphisms, it is
given by the usual pushforward of finite support:

(MR(,0)) 2 (MDD, Cp))) = (MURAD,C)), st we [y Y w(a)

dom TrESUpPp W
u(z)=y
(25)
Let X denote the Set-component of C. When E = R, the domain set (MLR(<D, C, p>))d
om
can be read as the class of differentiable curves h : E — M(X) selected by the logical
relation. Locally, such a curve is represented by a finite weighted presentation

h(v) = categorical (({f;(v) , g;(v)))7_, )
where the curves f; : E — X are represented by elements of D through p, and the functions

g; : E — R are differentiable. The logical relation simultaneously records the corresponding
transposed derivatives.

dom om

We have therefore constructed the associated FAD monad MR on the logical-relations
category. It is compatible with the codomain projection to Set x Fam(Vect®?), while its
domain part selects the differentiable probes into finite atomic distributions, including
differentiable atom data and differentiable log-weights. This completes the semantic prepa-
ration for the syntactic categories: the source language will be interpreted in Set, the
differentiated target semantics in Fam(Vect®?), and the correctness argument in LR. The
next section introduces the syntactic category of the source language and the structure that
these semantic interpretations must preserve.

3 Syntactic categories

The CHAD perspective is to formulate automatic differentiation as a semantic construction.
Rather than defining a derivative transformation merely as an ad hoc transformation, one
first identifies the categorical structure freely generated by the language and then defines
a functor preserving that structure. In this way, a code transformation is controlled by a
categorical transformation. The syntactic category is the object that makes this passage
precise.

Given a type theory, its syntactic category has as objects the types generated by the
theory® and as morphisms the a-equivalence classes of programs. Composition is given by
capture-avoiding substitution. The categorical structure of the syntactic category records the
corresponding type-forming operations: for instance, products, coproducts, and exponentials
interpret product, sum, and function types, respectively. An interpretation of the theory
in a category X is then a functor from the syntactic category to X preserving the chosen
structure.

In this paper we use two type theories, the source language and the target language.
The source language is the language of programs to be differentiated. The target language
extends it with the additional structure needed to express reverse-mode derivatives. The
CHAD transformation sends source programs to target programs by the corresponding
structure-preserving functor between their syntactic categories.

5This assumes that the theory has product types. Without product types, one can instead work with the
usual construction based on equivalence classes of contexts.
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3.1 Source language

In this section, we describe the source language. Its syntactic category is the free distributive
category generated by basic types real”, n € N, and basic built-in operations op, equipped
with a chosen strong monad, a categorical operation, and a handler algebra.

Types in this language are given according to the following context-free grammar,
ropu=0|1|rxo|rUo|real® (ke N)|Mr (26)

with real being used as abbreviation for real.

For terms, we denote variables by x,y, z,... and contexts as I' = x1 : 71, - , Ty, : Tn.
Term construction is defined by the following grammar

tys,ru=x| ()| (t,s)|pryt]|pryt|inlt|inrt
| case t of inl(z) = s | inr(y) = r | abort(t) (27)
|let x =tins |op(ty,...,tk) | return(t)

| bind(¢; x.s) | categorical({(t;,w;));—;) | Ev(t)

where v = real?, for some p € N, is a fixed type on which the handler algebra E, is
defined, and op ranges over a family of chosen built-in operations, each with a signature
op: real™ x --- x real™ — real™, representing the basic operations available in the source
language. This family is required to include all affine maps and pointwise linear algebra
on products and sums, but extra operations may be added depending on the use case: a
differential equation solver might require Bessel functions and spherical harmonics, while a
signal analyser might require trigonometric functions, for example.

Typing judgements for the 0, 1, product, and coproduct types are standard, and they
may be found in Appendix A. Any operation op : real™ x --- x real™ — real™ defines a
typing rule

F'ktjireal™  (je{l,...,k})
I'Fop(ty,..., tx) : real™

OPERATIONS

For types of the form M 7, we add the following extra rules

I'Ht:Mv I'Ht:Mo Thx:obs: M7
ME

—_— MI1
FEE(t):v ' bind(t;z.s) : M1 0
PEt:T M2 F'Ht:7 I'Fw;:real (ie{l,---,n})MB (28)

I' b return(t) : M7 I' - categorical (((t;, wi))iy) : M T

Finally, we add equations. In addition to the standard equational theory for the 0,
1, product, and coproduct types, we add equations for the bind, return, and algebra
constructions. First, the Kleisli laws for the bind and return constructions are

bind(return(t) ; x.s) = s[t/x] bind(¢; z. return(x)) = ¢

29
bind(bind(¢; x.s) ; y.r) = bind(¢; z. bind(s; y.7)) (29)

where we use s[t/x] for the capture-avoiding substitution of the term ¢ for the variable x in
the expression s.

There are also equational rules for the handler algebra E,, which ensure that it behaves
as an Eilenberg-Moore algebra for M over the type v = real?,

E,(return(v)) = v E, (bind(t; x.u)) = E, (bind(¢; z. return(E, (u)))) (30)

18



We define the category Syn as the syntactic category of this source language. In categorical
terms, Syn can be seen as the freely generated distributive category on the objects real™,
n € N, and operations op, equipped with a fixed strong monad, a chosen categorical
operation, and a chosen Eilenberg—Moore algebra E, over some object v = real? for some
peEN.

Given any other distributive category X, with a strong monad MX : X — X, chosen
categorical constructors, and an Eilenberg-Moore algebra alg : M*(V) — V for some object
V', we may define an interpretation functor [-] : Syn — X by choosing, for each n € N, an
object X,, in X such that X;,, = V. The object map of this functor is given by the type
interpretations, which are inductively defined on the structure of the types as

[0] = 0x [1] = 1x [real"] = X,

[rxol =[x [o] [ruol=[AUfol  [Mr] = M*(r]) (31

where Ox and 1x denote chosen initial and terminal objects in X, and x and II denote
chosen product and coproduct structures, respectively.

Contexts are interpreted as products of the underlying types, that is, [z : 71, , 2y :
] = [1i2[7], and a typing judgement I' F ¢ : 7 is then interpreted as a morphism
[TEt:7]:[T] = [7]

Variables, constants, and constructors for the distributive structure are interpreted in
the standard way (see Appendix A). A built-in operator op : real” x --- x real™ — real™
must be associated with a morphism [op] : H§:1 Xn; — Xm, so that

[T'Fop(ty,---,tg) : real™] = Jop] o ([I' - ¢; : reaI”ﬂ])fz1 (0] = X (32)

and the monadic operations are interpreted in terms of the unit 7, multiplication pX, and
strength st* of the monad MX,

[T+ return(t) : M 7] = (nX>H o[C'Ft:7]

[T+ bind(t;2.5) - M7] = g 0 MX([T, 22 0+ s : M7]) oty o © (idgry, [T F : Mo] )

Terms constructed with categorical are interpreted using the chosen morphisms Categoricali(’n.
[T F categorical(((t;, wi))iq) : M 7] = categorical)én o((ITFt;: 7], [T F w; : real]))i; .

For the FAD language treated here, no additional equations for these constructors are
imposed.

Finally, the handler algebra E, is interpreted as the chosen algebra on X,
[T FE,(t):v] =algo[l'F¢: My (33)
Following this prescription, one can prove the following soundness theorem,

Lemma 3.1 (Soundness of source language interpretations). If 't = s: 7 is derivable in
the equational theory above, then [I'Ft: 7] = [t s: 7] as morphisms [L'] — [r] in X.

We may now state the universal property of the syntactic category of the source language.

Lemma 3.2 (Universal property of Syn). Let X be any distributive category equipped with
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o A strong monad <MX,77X,,uX,stX>;

e For every n € N, chosen objects X,,;

o An Eilenberg-Moore algebra alg : MX(X,) — X,, over the object X,;
o A suitably typed interpretation Jop] of every built-in operation op;

e For each n € N and each object A interpreting a type T, an arrow categoricalﬁn :
(A x X1)" — M*(A), used to interpret categorical terms built from lists of length n
of atoms of type T and weights in X;.

Then there exists a unique strict functor -] : Syn — X preserving finite products and
coproducts, the strong monad structure, the handler algebra, and categorical as above, and
sending every equation of Syn to an identity in X.

The proof of existence and uniqueness follows from the prescribed construction above.

3.2 Interpretation of the source language in Set

Applying the universal property of the source language (Lemma 3.2) to the data below gives
a unique interpretation functor [-]set : Syn — Set interpreting the source language in the
category of sets. For every n € N, this interpretation is characterised by

[real"]get := R™ (34)

and, for any built-in operator op : real™ x --- x real™ — real™ in the source language, we
interpret op as a differentiable function

[op]set : R™ x --- x R™ — R™. (35)

The strong monad M Set is the FAD monad M , with its unit, multiplication, and strength.
The handler algebra for v = real? is interpreted as the expectation algebra

algSet . M(RP) — RP, w Z x-w(z).
rESuUpp w

Finally, categorical is interpreted using the construction from Equation (4): for each type
T, We use

categorical>et : H ([rlset x R)"™ — M([7]set) -
neN

3.3 Target language

Code written in the source language (Section 3.1) can be automatically differentiated using
the CHAD algorithm. The transformed code is written in a separate language, called the
target language.

The target language is dependently typed, split into a cartesian type theory and, for
every context of cartesian types, a linear type theory. Semantically, the cartesian fragment
of the target language allows one to reason about base spaces, while the linear type theories
describe cotangents.
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We denote by CSyn the term model of the cartesian fragment of the target language.
Crucially, Syn can be seen as a full subcategory of CSyn. For each context I' of cartesian
types, we denote by LSyn[I'] the syntactic category of the associated linear type theory. Since
any substitution I' — I between cartesian contexts I' induces a functor LSyn[I"] — LSyn|[T'],
we have a strict indexed category LSyn : CSyn°® — Cat. The syntactic category of the
target language is then given by the Grothendieck construction Tgt (see Section 2.3 of
Lucatelli Nunes and Vakar (2023)). An explicit description of objects and morphisms in
this category can be seen in Section 3.4.

As in the source language, we write T, 0, p for the cartesian types, and reserve underlined
Greek letters 7,0, p for linear types. We then have cartesian typing judgements of the form
'kt : 7 and linear typing judgements of the form I';v : o - 5 p.

We can divide the description of the target language into three layers:

e« Non-monadic core: deterministic operations. For brevity, we omit the description
of this layer here (see Appendix B).

e Oplax strong-monad core: rules for a strong monad once a compatible cotangent
liftt has been supplied.

o Distribution and handler: language features that are specific to the FAD monad.

In doing so, we isolate the data needed to apply CHAD to effects.

Cartesian types are described by the following grammar:
7,0, p ::= (As in Equation (26)) |g — p | X (z: 0).7’ (36)

meaning that, in the cartesian fragment, we also have function types between linear types
and dependent sums. For linear types, we use the grammar

r,0,pu=real® (k€ N)|1|7xc|casetof {in;z; —~c;}] | My, [z = a]  (37)

meaning that the base Euclidean-space types have associated linear types (in the sense
that the cotangent space of a Euclidean space at any point can be identified with the base
space itself), as well as the fibre-wise zero object 1. Moreover, we allow fibre-wise binary
biproducts x and families of linear types indexed by finite disjunctions, and we introduce
the cotangent linear type associated with monadic types.

We also distinguish cartesian and linear terms. The cartesian terms are described by the
grammar

t,s,r = (As in Equation (27)) | (a,t) | case p of (x,y)—s|Av.s (38)

where the constructor (a,t) and the eliminator case p of (z,y) — s are used in the typing
rules for the cartesian »-type, and Av . s is used for abstraction over the unique linear
variable v.

For linear terms, we use the following grammar:

t,s,ru=wv|letv=tins|(t,s)|pr;t|0|t+s]|rt
| op(t1, -+ ,tg)(v) | returny’(s) | bindy, ,(r;u) (39)

s;x .t

| categoricalz‘éti,wmn (<<t;,w;>>?:1) | Evi(s)

i=1
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The three lines correspond to the three layers: the first line consists of the non-monadic core
operations (linear variables, let bindings, pairings and projections, the zero vector, sums,
and 7t for linear application with r a cartesian term of type ¢ —o p). The second line has
the derivatives of the built-in operations op of the source language, as well as the linear
fibre components of the monad operations return and bind. Finally, the third line has the
linear fibre components of categorical and of the handler algebra E,,.

The typing rules for the non-monadic core are standard, so we omit them here (see
Appendix B).

There are two typing rules for the monadic core, corresponding to the return and bind
operations. For return, the rule is

Pbt:r T,o:7kotype Tiv:glt/z]bs:p

L5 v Mgy ey [& = o] - returny’(s) : p (40)
and for bind, the rule is

I'z:0F o type I'y:7F 1 type I'= p type I'ts:M(o)
Dziobt:M(7) Tiv: My lz—albrip Dziosv: My, ly—1lbuipxo

w

v Mgind(s;x L t):M(T) [y = Z] k= binds;x . t(r; U) P
(41)
These typing rules are the target-language interface for the chosen lifted strong monad.
For the FAD monad, the lift MF also supplies transpose rules for categorical and for the
handler algebra E,,. For categorical, we have, for all n € N,

I'x:7F 1 type 'k p type
Phwj:real THt;:7 Tyv:irealbwi:p Tiv:zlti/z]bt:p (1<i<n) (42)

(<<t;= w;>>?:1) 1P

B30 Maogorieai (1, i, ) (€ 17 T - categorical(ly

and, for the handler algebra, recalling that v = real?, we define v := real’. Then,

PEt:M(v) Tiv: My, [ —ybEs:p
Liv:vEE](s):p (43)

The equations for the cartesian fragment are standard, whereas those for the linear
fragment can be seen as originating from a formal derivative procedure over the cartesian
base counterparts (see Appendix B). For instance, the right unit law for return and bind
(see Equation (29))

bind(s; z. return(x)) = s.

When imposed on the cartesian fragment, this law gives rise to the equality

bind} (r; (0, returny (v))) = r. (44)

s;z. return(x)

3.4 Interpretation of the target language in Fam(Vect’)

In Section 3.2, we provided set-based semantics for the source language via the interpretation
functor [-Jset : Syn — Set. Here we provide concrete semantics for the target language
syntactic category Tgt by interpreting it in Fam(Vect®?) (see Section 2.4).
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An object of Tgt may be seen as a pair (p : 7,0) (up to a-equivalence) such that ¢ is a
linear type in LSyn[p : 7]. A morphism (¢, s) : <p :7,p) — (q:0,x) is a pair of a cartesian
arrow ¢ : p — ¢ in CSyn, and of a linear arrow s : x[t/q] — p in LSyn[p : 7].

We start by providing an interpretation of the cartesian fragment CSyn of the tar-
get language. This fragment is interpreted in Set by extending the interpretation of
Syn, as described in Section 3.2. For that reason, we keep the same notation, writing
[0)set := 0, [real*]set := R*, [r x o]set := [7]set X [0]set, and so on. The linear
interpretation of a linear type under a cartesian context p : 7 is also described induc-
tively over the structure of the linear types, and is described in Appendix C. In par-
ticular, we give [[@}]}D“;(fy) := R¥ and, for any cartesian judgement p : 7 F ¢ : M(p),
Mg [z = o] wm(y) = D csuppglsed) ([[g]]gf;yx:p(%w) @ [R) for any cartesian variable
p:7and v € [7]set.

So, for any object (p: 7,0) in Tgt, we define its interpretation in Fam(Vect?) as

[(p: 7 0)]r = ([rsets (v = [eliir (1) ) (45)

and morphisms are interpreted, displaying the corresponding ordinary Vect-map in the
fibre, as

[(t, )] = ([Flsets (v = ([sit (1) € Vet ([l (Ises()) - [l (1)) ) (46)

3.5 CHAD code transformation

The core idea of CHAD is the translation of the automatic differentiation code transformation
into a structure-preserving categorical transformation, i.e. a functor. This is a functor
CHAD : Syn — Tgt. For each term in context I' - ¢ : 7 in the source language, we get a
term under context

CHAD(T), F CHAD[T() : & (p : CHAD(7),) . (CHAD(7), — CHAD(T),)  (47)

In other words, the term under context I' ¢ : 7 is translated as a term of this dependent-
sum type: its first projection has type CHAD(7),, and the corresponding fibres are given
by the function types CHAD(7), — CHAD(T'),, corresponding to transposed derivatives
(backpropagators).

Similar to denotational semantics, type and term transformations are defined inductively
over the structure of the types and terms. The definitions for base types, as well as for
products and coproducts is straightforward, and can be seen in Appendix D. For the monadic
types, we define

CHAD(M(7)), := M(CHAD(7),) and CHAD(M(7)), := MZM(CHAD(T)I) [z — CHAD(7), [z/p]]
(48)
and the terms related to the monadic structure have their derivatives defined as

CHAD[I'](return(t)) := case CHADIT|(t) of (p,b) — <return(p) L AU returnw(b(v))>

(49)
CHADIT')(bind(¢; . s)) := case CHAD[T'|(¢) of (p,b) — let r = case CHADI[I", z : o](s) of (g,¢) — ¢ in
(50)
(bind(p;z . v), v . bindyy, ,(b(v);case CHAD[L, z : 0](s) of {g,c) = ¢(v)))

23



while the term constructors specific to the FAD monad have their code transformations
defined as

CHADIT'|(categorical ({{t;, w;));—)) :=
case CHAD[T'|(t1) of (uy,uy) — ---case CHAD[I|(t,,) of (up,ul) —
case CHAD[['|(wy) of {a1,a}) — ---case CHAD[T|(wy,) of {ay,al) —

<categorical(<<ui, ai))i ), AU categorical(f, . wn (((ug(v) ,a;(v)>>?:1)>

(51)
CHADIT(E, (t)) := case CHAD[T)(t) of (p,b) = (Eu(p), \v . Bif, (b(v)))

4 Logical relations and correctness

4.1 Interpretation of source language in the category of logical relations

As in Set, we can use the universal property of the syntactic category of the source language
to construct an interpretation of the source language in the category LR of logical relations. It
is enough to specify the interpretations of the elementary real types, the built-in operations,
the monadic type constructor, categorical, and the handler algebra.

For the elementary real number types, we define, for all n € N,
[real”]r := (Diff (E,R™),(R"™, T*R"™) ,dvgn) (53)

and, for any built-in operation op : real™ x --- x real™ — real™ in the source language, its
domain part is given by postcomposition with [op]set, while its codomain part is the base
function together with its transposed derivative,

([oplLR) dom := ([op]set © —) : Diff (E,R™) x --- x Diff (E, R"*) — Diff (E, R™)

identified with Diff (E,R™1 ><~~-><IR”k)

(lop[LR)coq = ([oP]set; {[oP]set, V[oP]set)) <H R™ H T*[R"J> (R™, T*R™)

(54)

The strong monad is taken to be the FAD monad MR on LR (see Section 2.5), with
the corresponding interpretations of unit, multiplication, and strength. The interpretation
of categorical is given by the factorisation procedure on LR described in Section 2.5. For
v = real?, the handler algebra E, is interpreted by the corresponding MR-algebra algl';R
M"R([V]Lr) — [V]Lr, whose codomain part is the pair consisting of the expectation algebra
in Set and the lifted expectation algebra in Fam(Vect®?), and whose domain part sends
a differentiable function of FADs to the differentiable expectation function obtained by
applying that algebra pointwise.

It then follows from the universal property of the syntactic category of the source language
(Lemma 3.2) that these data define a unique interpretation functor [-J g : Syn — LR.

Crucially, by composing this interpretation functor with Uget := Il; o Ils o U, where
U : LR — Set x C is the comma-category forgetful functor, Il; : Set x C — C is the second
projection into C = Set x Fam(Vect®?), and II; : C — Set is the first projection, we get
another distributive functor. Indeed, U creates limits and colimits, I1y and Il preserve them,
and the codomain part of MR is fibred over the FAD monads in Set and Fam(Vect®P).
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This functor Uset o [-]Lr satisfies the same data as the Set-interpretation, in particular
Equations (34) and (35). Hence, by uniqueness,

Uset © [JLr = []set (55)

Analogously, composing [-]ir : Syn = LR with Ug := IIy0llz0U : LR — Fam(VectP), we
get a distributive functor Syn — Fam(Vect®P) that interprets the monad type constructor
(and its associated unit and multiplication) as the FAD monad in Fam(Vect®P). It follows
from the universal property of Syn that

Ur o [Jir = [']r o CHAD (56)

4.2 Correctness Theorem

In this section, we use the previously defined machinery to prove the following correctness
theorem.

Theorem 4.1 (Correctness Theorem). For any well-typed source term of the form x :
real® -t : real™, where n,m € N, we have that

[t]set : R — R™ is differentiable and [CHAD(t)]r = ([t]set, V[t]set) - (57)

To prove this, fix a well-typed source term z : real™ F ¢ : real™. Interpreting this
judgement in the logical-relations category via the functor [-Ji g : Syn — LR, we get a
morphism

[t]Lr = (Diff (E,R™),(R™, T*R"™) ,dvgn) — (Diff (E, R™),(R™, T*R™) ,dvgm)
in LR. By the defining commutative square for morphisms in a comma category,

G(([IR)og) © Avin = dvigm o ([E]LR)uon, : DIff (E,R™) — C((E, T*E) , (R™, T*R™)) .

Since E was an arbitrary finite-dimensional real vector space, we may take E = R". In
this case, we apply both sides of the equality to idgn € Diff (R”,R™). Using dvgn (idgn) =
id(gn p+rny, the left-hand side is

G(([t)Lr)coa) © dvrrn (idrr) = ([t]LR)coq © id(rn 1erny = ([t]LR)coq = 2 0 U([tILr) ,

and the right-hand side is

dvgm o ([t[LR) gom (Idrm) = (([tILR) gom (1dr") s (([t]LR) gom (1dR") s V (([H]LR) gorn (1dR")))) -

Applying the first projection IT; : C — Set to both expressions, it follows from Equation (55)
that

([tILR) qom (idrn) = Iy o Iz o U([t]LR) = Uset([t]Lr) = [t]set

and thus, we can prove Theorem 4.1, by using Equation (56):

[CHAD(®)]F = Ur([tlir) = 2 (Il2 0 U([t]ir)) = ([t]ir)dbidrn ), V ([E]ir) dbidre))) = ([Eset, V]set) -
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5 Returning to the example

In this section, we return to the stochastic optimisation problem discussed in Section 1.1.
The goal is to encode it in the source language and then apply the code transformation.
We then study how the transformed code relates to the mathematical description of the
derivative semantics.

5.1 Encoding the example in the source language

As a first step in encoding the example in the source language, we must set up the family of
built-in operations. In addition to the basic operations for representing affine maps and
linear algebra, we also add five nullary operations (i.e. constants) sy, sp, mo, po, P : real and
two unary operations sig, Isig : real — real, representing the sigmoid and the logarithm of
the sigmoid function, respectively. Then, in the context I' = p : real, m : real, the program is
given by the term

let s = categorical (((0, Isig(—sy, - (m — my))),

(P -sig(—=sp - (p—po)), Isig(sm - (m —mp))))) (58)

in let ¢t = bind(s; x.return(p -  — m)) in Eea(t)
where we have chosen v = real. First, we introduce a distribution s for the two possible
total-sales scenarios. Then, we map the function x — p - x — m over those scenarios using
bind and return, giving the profit distribution ¢. Finally, we compute the expected total
profit using the Ee, handler.

In this simple example, the final result is an expected value. However, the source language
allows different expected values to be mixed within the same expression. For instance,
suppose that one wants to maximise a risk-adjusted profit given by the ratio of the square of
the expected profit to the profit variance. The source-language version of this calculation is

let s = categorical (((0, Isig(—sm, - (m —my))),
(P -sig(—=sp - (p—po)), Isig(sm - (m —mp)))))

in let ¢ = bind(s; x.return(p -  —m))

in let a = Eyeal(t)

in let b= bmd(t,ac return( 2))

in let v = Eyea(b) —

in a?/v
The source language also supports more complex combinations of expected values, including
expected values of expressions that themselves contain expected values.

5.2 Code transformation

We now consider the differentiated code from the example in Equation (58). The full code
can be seen in Appendix E. Here we highlight some of the main features.

Recall that the differentiation is done with respect to the context I' = p : real, m : real,
and we adopt the following abbreviations:

ap =0 Yo := Isig(—sm - (m —mg))
ap == P-sig(—=sp- (p—po)) 7 :=1sig(sm - (m —mg))
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The first lines of the differentiated code are case statements that pattern match on

case (ag, Vag) of {0y, 0,) — case (a1, Vay) of (61,0]) —

case (70, Vo) of {po, py) — case (y1, V1) of {p1,p}) —
. . w 1
<categorlcal(<<9j, pj>>;:0> LAV categorlcale’pm; (<<0§(v) ,p}(v)>>j0)>

Jj=0

These lines correspond to the derivative of categorical. Since a; = 6; and ~; = p;, the first
entry of the tuple is simply a recalculation of the same categorical distribution of sales. The
second entry uses the categorical® linear term construction to construct a cotangent value
combining the transposed derivative of the atoms (6]) and of the log-weights (p/), as is the
case with the denotational semantics in Fam(VectP) (Section 2.4).

Another point to highlight is the block concerning the transposed derivative of the
handler:

case case <t, AU . COPIOjiqys:T,s,¢) U>

of (¢,¢') = (Breat(C) , A . Bty ((C'(v)) )
of (e €)= (e[0/t], . let w = €[/t](v) in pryw + § (pryw))

Here, the transposed derivative appears as the transposed derivative of the variable ¢ with
respect to the extended context I', s : M(real), ¢ : M(real). We then compute its expected
value, and use the ElJ,, term constructor to compute the derivative of the handler algebra.
In the last line, t is substituted by the § term, whose definition is given in a surrounding

case construction.

6 Beyond probability: discrete-output algebraic effects

The FAD monad is the main case study, but our construction is not intrinsically probabilistic.
The reusable data are a strong monad presented by discrete-output operations, a chosen
Eilenberg—Moore handler algebra, and compatible lifts of the monad, the operations, and the
handler to Fam(Vect®P) and to the logical-relations category. With these data, the cotangent
rules for algebraic operations, generic return and bind, and handlers from Sections 3.1-3.4
have the same form.

For a typed algebraic signature ¥ with generic effects w : I, — TO,,, the parameter
types I, may be differentiable: [I,]r may have non-trivial cotangent fibres. The direct
fibred-polynomial construction requires the operation output type to be finite and discrete
Oy, =1U---U1 (so [O]F has trivial fibre). Before quotienting by equations, the free AST
monad has the form

ASTeX ~pY. XU JJ Lox J] YV
wey 0€0,,
we take a finite product of continuation subtrees. The lift to Fam(Vect®?) adds cotangents
for the parameter and branches, while the branch index o has zero fibre. (Outputs with

non-trivial fibres can destroy fibredness.) Appendix H gives the corresponding generic
CHAD theorem.

Finite non-determinism For finite non-determinism, we replace the FAD monad with
the finite multiset monad MFinX = [,y (X ky Gk) , where multiplicity is retained but
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order is forgotten. From the signature with no equations, we can take the corresponding
AST monad as the list monad (where order is relevant). This is analogous to what happens
to FADs: where FADs can be seen as lists of point/log-weight pairs modulo collisions and
reordering, multisets can be seen as lists modulo reordering. These additional equations are
then imposed by an AST-algebra.

For multisets, a AST-algebra (i.e. a List-algebra) is precisely a monoid structure on
the underlying object. By making this monoid commutative, one then imposes order-
irrelevance. Thus (R™,0,+), for example, induces a List-algebra sum : List(R") — R"™ for
multiplicity-sensitive finite non-deterministic computations valued in R”. The ordinary lifted
monad also quotients the fibres: over a multiset represented by (z1,...,xzg), the fibre is the
stabiliser-invariant part of @@, A,,, equivalently one cotangent slot per support point after
collisions. Hence repeated indistinguishable outcomes do not keep independent occurrence
cotangents. The finite-choice reverse rule is the FAD categorical rule with the log-weight
components removed, followed by this quotienting of cotangents.

Exceptions For exceptions, Mg(X) = X Il E may be taken as its own AST. In general,
a handler on a carrier A is determined by a recovery map h : E — A, giving the algebra
[ida, h] : AITE — A. To recover the monad from the CPS factorisation, it is enough to use
the free algebra on carrier A = Mp(2) = 211 E as a canonical algebra: monad multiplication
(n)y: 2L E)IE — 211 E. If E has continuous structure, a raised exception carries an
exception-label cotangent until it is handled, and the handler uses the transposed derivative
of the recovery map. Since here the monad and the AST coincide, exceptions fit the same
pattern without requiring a quotient construction.

Accumulation For writer accumulation, let Wy (X) = X x M be the writer monad
associated to a monoid M. For the basic case M = R™ we have a cancellable monoid, and
again it may be taken as its own AST. Its algebras are right M-actions A x M — A, and
so for the AST-algebra we use the carrier R” with action R" x R™ — R", (u,v) — u + v.
The lifted writer monad attaches to (z,r) the fibre A, @ R™, and the handler rule is the
transposed derivative of addition.

Remark (source syntax for the additional first-order effects). For finite multiset
non-determinism we add operations choose; with permutation and commutative-monoid
laws, with a fold handler for the chosen commutative monoid; operationally, a choice node can
be implemented as a parallel fork and the handler as the corresponding join/reduction. For
exceptions one may add raise(e) : M 7, with handlers determined by maps F — 7. For the
R™-writer monad one may add tell(r) : M 1, together with the basic handler M real™ — real”
induced by addition, which consumes the accumulated output. The target language then
adds the corresponding linear terms for the transposed derivatives of operations and handlers;
the generic return” and bind" rules are unchanged. These fork—join and accumulation
patterns are common in high-performance code that we want to differentiate.

7 Related work

This work connects probabilistic programming semantics, stochastic gradient estimation,
and semantic accounts of AD. The continuation view of distributions has classical roots in
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Schwartz’s theory of distributions Schwartz (1950). In probabilistic programming, Vakar,
Kammar, and Staton construct a probabilistic powerdomain by factoring integration into
a continuation monad Vakér et al. (2019), while Kammar and McDermott develop the
factorisation-systems technology for monadic lifting and logical relations Kammar and
McDermott (2018).

Stochastic gradient estimation is central in machine learning; Mohamed et al. (2020)
surveys score, pathwise, and measure-valued estimators. Stochastic computation graphs
showed how these compose by AD-like backpropagation Schulman et al. (2015), and
Storchastic allows different estimators at different stochastic nodes van Krieken et al. (2021).
ADEV is especially close, extending forward-mode AD to expectations of probabilistic
programs with discrete and continuous distributions Lew et al. (2023). We contribute the
corresponding reverse-mode account: reverse mode exposes cotangent-flow and fibredness
issues that do not arise in forward mode. In particular, continuous probability is not merely
the discrete construction with sums replaced by integrals; the relevant continuation/image
construction need not be fibred over primal outcomes, so we leave it to future work.
Compared to ADEV, we also use image factorisation to carve out distributions and their
reverse-derivative structure from the continuation monad, and formulate expectation as an
algebraic-effect handler Plotkin and Power (2003); Plotkin and Pretnar (2013).

There is also growing work on deterministic reverse AD with algebraic effects and handlers.
De Vilhena and Pottier verify a define-by-run reverse-mode AD library based on effect
handlers de Vilhena and Pottier (2023), while Sigal studies effect-handler implementations of
AD in Frank, OCaml, and related settings Sigal (2021, 2024). Our focus is different: leaving
implementation strategy open, with Efficient CHAD as a natural starting point Smeding
and Vakar (2024), we give a denotationally correct source transformation for languages
whose source terms themselves have algebraic effects. This builds on the CHAD paradigm
for pure source languages Vakar (2021); Vakar and Smeding (2022); Lucatelli Nunes and
Vékar (2023) and its extension to iteration and partiality Lucatelli Nunes et al. (2025),
showing that the technique also applies to impure, discrete-output algebraic effects and
handlers.
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A Source language for CHAD

In this section, we present the complete type theory of the source language for CHAD,
whose abbreviated introduction can be found in Section 3.1.

This is a first-order language whose term model can be understood as a free distributive
category generated by the basic types real®, k € N, and by a family of chosen operations op,
and equipped with a strong monad, a categorical constructor, and a specific Eilenberg—Moore
algebra.

A.1 Type and term grammar
The type grammar for the source language is the one displayed in Equation 59
ropu=0|1|rxo|rUo|real®(keN)|Mr (59)

with real being used as an abbreviation for real®.

Similarly, the term construction grammar is the one in Equation 60, denoting variables
by z,y,z,...and contexts as ' =x1 : 70, ,Tp : Ty

tys,ru=a| ()| (t,s)|pryt|pryt|inlt|inrt
| case t of inl(x) = s | inr(y) = r | abort(t) (60)
|letz =tins |op(ty,...,tg) | return(t)

| bind(¢; z.s) | categorical ({{(t;, w;))r ;) | Eu(t)

where v = real?, for some p € N, is the fixed type on which the handler algebra E, is
defined, and op ranges over a family of chosen built-in operations, each with a signature
op : real™ x --- x real™ — real™, representing the basic operations available in the source
language. These operations should be thought of as deterministic operations, and are
chosen according to the intended usage of the language. In the categorical constructor, the
second components w; are real-valued log-weights; the corresponding nonnegative weights
are produced by the interpretation of categorical.

A.2 Typing rules

The typing rules for the language are as follows.

A.2.1 Nullary product and coproduct

The elimination rule for nullary sum can be seen as a type-theoretic instance of the explosion
principle, whereas the introduction rule for the nullary product states the existence of an
element of 1 in any context,

'Ft:0
0E ———7—
It abort(t) : p 'E():1

11
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A.2.2 Binary products

The introduction and elimination rules of binary products behave similarly to their set-based
semantics, cartesian products.
I'Fu:7xo0o l'ru:7xo0o 5 I'tt:7 I'ks:o

xE1 — xE x1
Fkpriu:r 'Fprou:o F'E(t,s):7xo

A.2.3 Binary sums

As with binary products, binary sums typing rules are based on their intended set-based
semantics, the disjoint union. The elimination rule is
F'Ft:7lo Thea:TtFu:p Tyy:okv:ip

: : UE
'k casetof inl(z) = ulinr(y) =v:p

and the introduction rules are
'Ht:7 I'kFs:o
- LIl -
I'Finlt: 700 I'Finrs:7Uo

LI2

A.2.4 Operations

Any built-in operation op : real™ X - -- X real™ — real™ defines a typing rule
F'ktjireal™  (je{l,...,k})
I'Fop(ty,..., tx) : real™

OPERATIONS

A.2.5 Structural rules

We add a structural rule for the let-binding,
I'tt:o Ix:obks:p
I'kletx=tins:p

LET INTRODUCTION

and another one for assumptions, meaning that variables already in the context may be
taken as terms,
(z:7)el
I'ax:7

ASSUMPTION

A.2.6 Syntactic sugar and pattern-matching

The n-ary product and coproduct notation used below is syntactic sugar for the binary
grammar. We take both products and coproducts to be right-associated:

1, n =0,

TLX o X Ty i =14 T, n=1,

TLX (T X - X 1), n>2,

and similarly
0, n =20,
U Um =147, n=1,

nU(reU---UTt,), n>2.
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The corresponding term notation is defined recursively by

(), n =0,
<t17"->tn> =91, n =1,
<t17<t27"'7tn>>7 n Z 27

and by
inft:=inlt (n>2), in?t:=inr(in?'t) (2 <i<n),

with ini ¢ := t. We write in; t when n is clear.

The n-ary coproduct case expression is defined by nested binary cases:
case; (t;x;.5;) :=let x; =t in 51,
and, for n > 2,
case; (t;x;.s;) := case t of inl(z1) = s1 | inr(y) = case’;_l (Ys Tj41-5541) ,

where y is fresh.

Similarly, n-ary product pattern matching is defined by nested projections:
caseprod (t;x1.8) :==let x1 =tin s,
and, for n > 2,
caseprod (t;x1,...,2zy.5) :=let z =t in let x1 = pry z in caseprod (pry 2; T2, ..., Ty.S),

where z is fresh. With these definitions, the displayed n-ary product and coproduct typing
rules are admissible.

A.2.7 Monadic types

For monadic types, we add typing rules for the return and bind term constructions. Together
with their equational rules, this ensures that they behave as the unit and Kleisli extension
of a strong monad.

I't:Mo Tz:obs:M7 I't:r
: ME
I'F bind(t;z.s) : M7 I'Freturn(t) : M7

MI

A.2.8 Measure-specific rules

All the rules above would remain the same regardless of which monadic effect one wishes to
implement in the source language. The ones that follow are specific to the FAD monad and
describe the construction of terms using categorical with real-valued log-weights and the
handler algebra E,,,

Pt (e{l,....,n}) TFw;:real (ie{l,...,n}) 'Ht:Mv

- — CATEG. —————— HANDLER
I' F categorical(((t;, w;));—y) : M7 FFE():v

Here the terms w; are log-weights rather than weights themselves; in the Set-interpretation
below, categorical exponentiates them, so no positivity premise is needed at the source type
level.
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A.3 Equational theory

The pure fragment has the usual 8- and n-laws for 1, x, and U, which are omitted (see
Section II.2 of Lambek and Scott (1986)). For the monadic and the handler fragments, we
add the following rules. No additional definitional equations are imposed on the categorical
constructors in the FAD source language treated here.

A.3.1 Kleisli laws

We consider the usual equational theory of strong monads. In what follows, = denotes
definitional equality,

bind(return(t) ;= . s) = s[t/x] bind(t; z . return(x)) =t

61
bind(bind(¢;z . ) ;y . ) = bind(¢; x . bind(s;y . r)) (61)

where we use s[t/x] for the capture-avoiding substitution of the term ¢ for the variable x in
the expression s.

A.3.2 Eilenberg—Moore algebra laws

We also add laws ensuring that the handler algebra E, acts as an Eilenberg-Moore algebra.

E, (return(v)) = v E, (bind(¢; 2 . u)) = E, (bind(t; z . return(E, (u)))) (62)

A.4 Denotational semantics

We denote by Syn the term model of the source language, i.e., the syntactic category of the
source language. Universally, it is the freely generated distributive category on the objects
real®, k € N, with operations op ranging in the family of built-in operations, equipped with
a strong monad, a specific algebra on real” for some p € N, and a categorical operation.
This means that any category with this structure admits a structure-preserving functor
from Syn, as is spelled out in Lemma A.2.

In particular, we may interpret Syn in Set, thus providing set-based semantics to the
source language with a functor [-]set : Syn — Set. This semantics is defined recursively on
the term and type structures, and is spelled out as follows.

A.4.1 Types
[[OHSet =10 [[T X O']]Set = IIT]]Set X [[U]]Set
[[”]Set = {*} [[7— L U]]Set = [[T]]Set I [[U]]Set
[real”]set = R™ IMT]set = M([7]set)

A.4.2 Contexts and typing judgements

Using the interpretations of types, we may define interpretations of contexts and of typing
judgements: a context I' =z : 71, , 2y, : 7, is interpreted as [[]set = [1/=1[7i]Set, and a
typing judgement I' - ¢ : 7 as a function [I' F ¢ : 7]set : [[']set — [T]set, whose definition is
provided inductively on the term structure.
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A.4.3 Deterministic fragment

Variables, constants, and constructors of the deterministic fragment are interpreted as
follows, for all v = (y1,...,7n) € [T]set,

[T'F zj:7j]set (015, m)) =5 (j€{1,....n})
[T () 1set(y) = *
[T'Fopr;u: 7i]set(y) = m(['F u: 1 X 12]set(y)) (1 €{1,2})
[TF(ts): 7 xo]set(v) = ([L'Ft:7]set(y), [I'F 5 :0fset(v))
[T'Finlu:7Uo]set(y) = ta([T'F w: T]set(y))
()
()
(

[[Fl—inru:Tl_la]]Set y L2([[F|—UZU]]Set(’Y))
[I'Fabortt : plset(v) = abspyg., ([T F £ : 0]set(V))

[THletz=tins:plset(y) =[x :0F s:pset(7, [I'Ft:o]set(7))

where, for any set S, absg : ) — S is the unique function. Case statements are interpreted
as branching functions,

[t case p of inl(x) = u | inr(y) = v : plset(7)

_ Hrvx cThw p]]Set('%a) if [[F Fp:7U U}]Set(f}/) = Ll(a)
[T,y:0kFv:plset(y,b) if [[Fp:7U0]set(y)=1t2(b)

and the built-in operations are interpreted as their representing counterparts, that is, for
any operation op : real™ x --- x real™ — real™,

[T'Fop(ty,--- ,tg) : real™]set(v) = [op]set ([I' F t1 : real™ Jset (), -, [I'F tx : real™ ]set(y))

where [op]set is required to be a differentiable function, as we are interested in computing
derivatives.

A.4.4 Monadic fragment

For the interpretation of monadic types and their associated terms, we assume that the
category on which the semantics is to be interpreted has a strong monad (M, n, u, st), with
strength components sty p : A x MB — M(A x B). In the case of Set, all monads are
canonically strong. We interpret return and bind as

[T return(t) : M 7]set = (1) o[l'Ft:7]set

IITIISet
[I'Fbind(t; 2 . s) : MT]set = (1) g, © M ([T 220 50 MT]set) © (56)ryg., [o]ser © <id[[r]]set, [IT'+t:Mo]s
Notice that these formulas are also applicable for interpretations on other distributive

categories with strong monads.

A.4.5 Measure-specific terms

Finally, we present the interpretation of terms constructed with categorical or with the
handler algebra E,. For categorical, the second components are interpreted as log-weights:

[T - categorical ({{t;, w;))i—y) : M7T]set(7)
= (Categorical)[TﬂSet(«[[F F it Tlset() , [T F w; : real]set (7)) iy)
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and
[T FE, () : v]ser(y) = algi® ([0 - ¢ : Mp]ses(7))

— > [T Ft:Mv]set(v)(v) - v

vesupp([THt:M v]set(7))

A.5 Soundness and initiality

As claimed, Syn can be seen as a free distributive category with a chosen strong monad on
the objects real”, k € N, and the built-in family of operations op, as well as categorical. As a
freely generated category, it has a universal property, described in Lemma A.2 (restatement
of Lemma 3.2), which describes the existence of unique interpretation functors. These
interpretations are also sound, meaning that any equation from the equational theory holds
semantically, as stated in Lemma A.1 (restatement of Lemma 3.1).

Lemma A.1 (Soundness of source language interpretations). For any interpretation [-] :
Syn — X, if '+t = s: 7 is derivable in the equational theory above, then [I'Ft: 7] =[I'F
s: 7] as morphisms [I'] — [r] in X.

The proof follows by routine verification on the ways to obtain a definitional equality
t = s in the source language. The soundness of the (omitted) pure fragment laws follows
from the distributive category laws; there are no additional categorical-equations to check.

On the other hand, the soundness of term equalities with return and bind follows from
the interpretation of bind with the strength st of the monad M, together with the Kleisli
equations and coherence laws of strong monads, while the definitional equalities for the
handler algebra follow from the Eilenberg—Moore algebra axioms.

The universal property of the syntactic category can be given explicitly as follows.

Lemma A.2 (Universal property of Syn). Let X be any distributive category equipped with

e A strong monad <MX,77X,,uX,stX>, with stffLB : A x MX(B) - MX(A x B);
o For every n € N, chosen objects X,,;
o An Eilenberg-Moore algebra alg : M*(X,) — X, over the object X,;

o For every built-in operation op : real™ x --- x real™ — real™, a chosen morphism

fop] : X, X -+ X Xp, = Xpn;

e For each n € N and each object A interpreting a type T, an arrow categorical)f’n :
(A x X1)" — M*(A), used to interpret categorical terms built from lists of length n
of atoms of type T and log-weights in X;.

Then there exists a unique strict functor [-] : Syn — X preserving finite products and
coproducts, the strong monad structure, the handler algebra, and categorical as above, and
sending every equation of Syn to an identity in X.

The proof follows by standard algebraic presentation arguments, using the formulas for
interpretation above, with [real”] = X, for all n € N, and induction over the structure
of the morphisms in Syn. Uniqueness follows from the fact that the equations in Syn are
precisely those required to enforce its freely generated structure.
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B Target language for CHAD

In this section we present the complete type-theoretic description of the target language for
CHAD.

As explained in the abridged version in Section 3.3, the core idea of CHAD is to encode
a code transformation as a categorical transformation between syntactic categories. As such
code written in the source language (see Section A) is systematically converted by induction
on its structural components, giving their differentiated versions. The target language is
the language in which these transformed codes are written.

The target language is a dependently typed functional programming language, and it is
split into a cartesian type theory and, for every context of cartesian types (i.e. a cartesian
context), an associated linear type theory.

Denoting by CSyn the term model of the cartesian fragment, each cartesian context I’
(viewed as an object of CSyn, up to variable renaming) determines a syntactic category
LSyn[I] for the associated linear type theory. Any substitution I' — I" induces a reindexing
functor LSyn[I"] — LSyn[T'] between these linear term models. Thus LSyn is a strict indexed
category CSyn°®? — Cat.

The syntactic category of the target language is then given by the Grothendieck con-
struction Tgt (see Section 2.3 of Lucatelli Nunes and Vakar (2023)).

As in the source language, we write 7, o, p for the cartesian types, and reserve underlined
Greek letters 7,0, p for linear types. We then have cartesian typing judgements of the
form I' =t : 7 and linear typing judgements of the form I';v : o = s : p, with exactly one
distinguished linear variable, whose name may be a-renamed.

We can divide the description of the target language into three layers:

¢ Non-monadic core: deterministic operations. The description of this part is
independent of any monad-related components.

e Oplax strong-monad core: liftings possible for any strong monad in the source
category.

e Distribution and handler: language features that are specific to the FAD monad.

By breaking the target language into these layers, we get a generic procedure for introducing
(strong) monadic effects into the automatic differentiation framework of CHAD.

B.1 Type construction grammar
Cartesian types are described by the following grammar:
7,0, p == (As in Equation (26)) | — p | (z:0).7’ (63)

meaning that, in the cartesian fragment, we also have function types between linear types
and dependent sums. For linear types, we use the grammar

T,0,p 5= real® (keN)|1l|zxg]case t of {injx;— g;}; | M;f):M(T) [z — 0] (64)

meaning that the base Euclidean-space types have associated linear types (in the sense
that the cotangent space of a Euclidean space at any point can be identified with the base
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space itself), as well as the fibre-wise zero object 1. Moreover, we allow fibre-wise binary
biproducts x and families of linear types indexed by finite disjunctions, and we introduce
the cotangent linear type associated with monadic types.

The goal of highlighting the different layers is to make explicit which constructions are
general for the implementation of algebraic monadic effects and which ones are specific to
the FAD monad.

B.2 Term construction grammar

As with types, we also distinguish between cartesian and linear terms. The cartesian terms
are described by the grammar

t,s,r ::= (As in Equation (60)) | (a,t) | case p of (x,y)+—s|Av.s (65)

where the constructor (a,t) and the eliminator case p of (z,y) — s are used in the typing
rules for the cartesian X-type, and Av . s is used for abstraction over the unique linear
variable v.

Since all term constructions from the source language (Equation (60)) are present in the
cartesian fragment of the target language, with the same typing rules and equational theory,
the source syntactic category Syn can be seen as a full subcategory of CSyn.

For linear terms, we use the following grammar:

tys,ru=wvlletv=tins|(t,s)|pr;t|0|t+s]|rt
[ op(t1, -+, t)(v) | return?(s) | bind?, _,(r;u) (66)
| categorical{ly, .y (((t5,wi))i ) | Ey.(s)

i=1

The three lines correspond to the three layers: the first line consists of the non-monadic core
operations (linear variables, let bindings, pairings and projections, the zero vector, sums,
and 7t for linear application with r a cartesian term of type ¢ —o p). The second line has
the derivatives of the built-in operations op of the source language, as well as the linear
fibre components of the monad operations return and bind. Finally, the third line has the
linear fibre components of categorical and of the handler algebra E,,.

B.3 Typing rules

B.3.1 Non-monadic core

The cartesian typing rules are the same as the ones of the source language (see Section A.2)
for the common term constructors. For the dependent sums, we have the rules

'ta:o0 T'Ht:7la/x] 'kptype Tkp:YX(z:0).7 Tyx:oy:ThEs:p
'k {(a,t):X(x:0).T 't case p of (z,y) > s:p

and for the linear function types, we introduce the typing rules

iv:ogks:p F'kr:g—op Iv:zkt: o

'FAv.s:ag—op Civizkrt:p

There are also non-monadic-layer typing rules for linear terms.
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Linear variable

Div:ockwv:a (one distinguished linear variable)

Linear let
v:rtkt:a F;U:QI—S:B

ivizkletv=tins:p

Linear biproduct

Civipks:a Thvipkt:ao
Civ:ipks+t:a
Civipks:t Thvipkt:o Civ:iphu:zm) X1y

Civ:pkpryu:z;

where ¢ € {1,2}.

Linear case over cartesian sums

I'Ft:mu---Um, {I‘,:vl-:n;v:gi}—ri:pi}él
Pif._

;v casel (t;z5.0;) b case] (t;z;.15) : case]’ (t;xi.gi)

Built-in operations For any built-in operation op : real™ x --- x real™ — real™ in the
source language, we associate a term constructor Dop, whose intended interpretation is as
the transposed Jacobian of op. It has the following associated typing rule.
: i1k
{I'-t)creal™},

;v :real™ F Dop(ty, - -+, tg)(v) : real™ x - x real”™

B.3.2 Oplax strong-monad core

The following typing rules concern a generic strong monad, together with its chosen cotangent
lift. In every rule below, all displayed cartesian contexts are assumed to be well formed. A
judgement such as I', z : 7 I ¢ type means that ¢ is a linear type in the fibre LSyn[[', z : 7];
a judgement I' - p type means that p is a linear type in LSyn[I']. The linear variables
occurring in the linear arguments of return®, bind®, categorical”, and E;; are local binding
occurrences; following the single-linear-variable convention, we write each of them as v,
with scope determined by the surrounding judgement and with the usual capture-avoiding
substitution convention.

Type formation
Pkp:M(r) Tz:7F o type

I'E My [z — a] type

Here x is the returned value on which the continuation cotangent type may depend.
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w-return
'tt:r To:7katype I'Fptype Tv:glt/z]ks:p

L5 vt Midgueneymry [ — o - returni’(s) : p

Thus the argument s is typed in the returned-value fibre g[t/z], while the result consumes
a cotangent of return(¢) whose continuation fibre is z — g.

w-bind
I'ks:M(o) Iyz:okt:M(7)
I'x:okF g type Iy:7F 1 type 'k p type
Div: Moy [z albrip Taiojv: My ly—r]Fuipxo

v M{v)uind(s;z L t):M(7) [y = I] - blndgjx . t(r; U) ‘P
Here ¢ is the continuation-cotangent type for the first computation, depending on its
returned value x : o, and 7 is the continuation-cotangent type for the composite computation,
depending on its final returned value y : 7. The second linear argument u returns both a
contribution to the external cotangent p and a cotangent in the fibre ¢ of the bound value
T.

B.3.3 Measure-specific layer

These typing rules relate specifically to the FAD monad, providing rules for the transposed
derivative of categorical and for the handler algebra E,.

w-categorical For all n € N, the finite atomic distribution constructor has the following
cotangent rule.

I'x:7F o type ['F p type
{THt 7}, {ThFw:real} {F;v calti/x] Ft :B}n

1=

{F;v s real F w) :B}:;l

Coy : I I\ .
N M?ategorical(((ti,wi»?:l):M(‘r) ["E = Q] = Categorlcal?éti,wi»?:l (<<ti’ wi>>i:1) P

Thus ¢ is the cotangent family for the sampled value, while p is the ambient cotangent type
to which each atom and weight backpropagator contributes.

Transposed derivative of the handler Since v = real? for some p € N, write 7, := real?
for its associated linear type. The constant family y : v +— 7, is a well-formed linear type in
LSyn[T', y : v]. We impose the following typing rule.
I'Et:M(v) T'Eptype Tiv: My, ly—1,)Es:p
Div:z, FEJ(s):p

B.4 Equational theory

In addition to the equations from the equational theory of the source language (Section A.3),
which also apply for the cartesian fragment, the following equations describe the equational
theory of the target language. They are stated up to the usual capture-avoiding substitution
on the bound variables.
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Cartesian layer (X, products, and sums)

(X5) caseprod ({a,t) ;x,y.s) = sz :=a,y: =1

(3n) caseprod (p; z,y. (z,y)) =p
Linear biproduct (fibrewise) and additivity
@)  prist) =s
pry (s,t) =t
(en)  (prit,prat) =t
(Add-unit) s+0 =s
0+s =s
(Add-assoc/comm) (r+s)+t =r+(s+t)
s+t =t+s
(Add-lin) rl0/v] =0
rls+t/v] =r[s/v]+r[t/v]

Linear structural
(Lin. struct.) let v ="tins = s[t/v]

Linear function space

(
(

B) v . s(t) s[t/v]
n) Av.r(v) =r when (v¢gFV(r))

—o
—o

Built-in operations For every built-in operation op : real™ x --- x real™ — real™, its
associated transposed Jacobian term constructor Dop is additive in its linear argument and
respects cartesian substitution.

Oplax fibred strong-monad and algebra equations We impose the following equations
whenever all displayed terms are well-typed. They are stated modulo the Kleisli equations
and Eilenberg—Moore algebra equations in the cartesian fragment, so that the linear types
on the two sides are identified by the corresponding cartesian equality. All occurrences of
the distinguished linear variable in arguments of

returng’(r) , bindg’;m.t(r; u), %(7’)

are binding occurrences and are implicitly a-renamed as necessary to avoid capture. The
equations we impose are precisely those of an oplax indexed strong monad and an oplax
indexed Eilenberg—Moore algebra. They are also the equations that are required to ensure
that the interpretation of the source language in the target language is well-defined, i.e. the
transposed derivatives of the Kleisli and Eilenberg—Moore algebra equations for the source
language.

The w-left-unit law is the transpose of
bind(return(a) ; x.t) = tla/x].

Suppose
'ka:o, Cyx:okt:M(r),
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I'z:0F o type, I',y:7F T type, I'E p type,

and
Liv:ala/z] =12 p, Loz:oyv: My [y = 1]Futpxo.
Then
blnd%turn{a);az.t(returng(T) ) u) (67)
= let v = ufa/z] in pr; v+ r[pryv/v].
The w-right-unit law is the transpose of
bind(s; x. return(x)) = s.
Suppose
'ts:M(o), I'z:0F o type, I p type,
and
Lo Mgy [e—= o] b rp.
Then
bind, yepurn(z) (15 (0, returny’(v))) = r. (68)
In the second argument, the term
returny (v)
is typed using the returned-value fibre
y: 0w aly/z].
Thus it produces a term of type ¢ in the context I',x : o.
The w-associativity law is the transpose of
bind(bind(s; z.t) ;y.q) = bind(s; z. bind(¢; y.q)) .
Suppose
I'+s:M(o), Dyx:obkt:M(r), Dy:7kFq:M(v),
I'x: 0k g type, I',y:7F 1 type, I',z: v o type, I'E p type,
and
Lo Mgy [e = o] Frp,
T,x:a;v:M}fM(T)[sz]l—u:gxg,
Loy orio: Mgy [z o] Ferpxr
Then
bindg]ind(s;z.t);y.q (bindgx.t(r; 'LL) ; 6) (69)

= bind, pindisy.q) (7‘; bindy), ,(u;let v =-ein ((pryv,0),pry v))) .

On the right-hand side, ¢ and e are weakened from I,y : 7 to ',z : o,y : 7, and the inserted
zero has type o.

Side note: the oplax comparison term for cartesian reindexing is definable. It is defined
by the pure-continuation special case of bind™. If

I'tp:M(o), Iz:obh:mT, I'y:7F 1 type,
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then
v Mi)uind(p;x.return(h)):l\/l(‘r) [y = I} - O‘pax-hyl(v) : MgM(U) [l’ = I[h/y“ )

Qp o hr(V) = bind;;:c.return(h) (v; (0, returny’ (v))) .

The identity and composition equations for these comparison maps follow from (68) and (69),

(70)

respectively. Thus the displayed equations present an oplax fibred monad over the source
monad. Since they are schematic in an arbitrary cartesian context, the usual contextual
strength is inherited from the given strength of the source monad.

The handler w-unit law is the transpose of
E, (return(a)) = a.

Suppose
I'a:v, 't p type, Civ:z, Er:p.
Then
Eﬁreturn(a) (returny (r)) = r. (71)

The handler w-multiplication law is the transpose of

E, (bind(¢; z.u)) = E, (bind(¢; z. return(E, (u)))) .

Suppose
I'+t:Mo), Mx:okwu: M),
I'x:ot g type, ' p type,
and
[0 M) [z = ol B rep,
F,ZL‘:O‘;’UZMZ:M(U) [y»—)z,,]l—s:gxg.
Then

:ﬁibind(t;ac.u) (blndy,)xu (T; S))

72
= Ezlzu,bind(t;:p. return(E,(u))) (blndz}w return(E,(u)) (T; returngy(u) (EQVU,U(S)> >) : ( )

B.5 Syntactic category of the target language

With the proper type theory spelled out, we may now provide the proper definition of
LSyn[r] for each cartesian type 7:

o Objects: linear types g well-formed in the context p : 7.

e Morphisms: a morphism p — ¢ is a linear term p : 7;v : p = s : g, considered modulo
a-equivalence. Composition is performed by linear let bindings, and identities are
given by the linear variable v itself (see the Linear variable typing rule).

Given a term p : 7 bt : o in CSyn, write ¢ : o for the distinguished variable in the fibre
over o. Its reindexing ¢t* : LSyn[o] — LSyn[r| acts by substitution on objects and terms:

(Objects) t*(a) =alt/q]
(Morphisms) t*((q cosviphs: g)) =p:Tv:plt/q) b s[t/q] - alt/q]

Theorem B.1 (Split fibration structure). The projection 7 : Tgt — CSyn is a split fibration
with chosen cartesian lifts given by reindexing t* on the nose. Identities and composition
for LSyn are strictly preserved by reindexing.
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C Fam(Vect®) denotational semantics

In Section 3.4, we discuss briefly the functor [-]¢ : Tgt — Fam(VectP), which interprets
the target language in the category Fam(Vect®?). The goal of this Appendix is to describe
this functor in further detail.

Thus cartesian types are interpreted as sets (the base part of the objects in Fam(VectP)),
whereas linear judgements over cartesian contexts are interpreted in Vect®®. For convenience,
given a morphism f : U — V in Vect®?, we denote by f°P : V' — U the corresponding
linear map in Vect. This lets us display fibre maps in the ordinary Vect orientation.

C.1 Type semantics

The semantics of the CSyn fragment establishes the base cartesian semantics, interpreting
cartesian contexts as the base sets of objects of Fam(Vect®). The term constructors shared
with the source language have the same interpretation as in the source-language semantics
in Set (Sections 3.2 and A.4),

[[OHSet =0 [[7_ X U]]Set = [[T]]Set X [[U]]Set
[[1]]Set = {*} [[T U U]]Set = [[T]]Set IT [[U]]Set
[[real"]]set = [Rn [[M T]]Set = M([[T]]Set)

with deterministic primitives interpreted as their chosen total functions (which we assume
to be differentiable), and (M, return, bind) as (M, n, u). For a cartesian judgement under
the context p : 7, dependent sums are interpreted as follows: for every v € [7]get,

[Xx:0. 7]set(7) := H [T set (v, a) (73)

a€lo]set(7)

and the linear function types are interpreted as the set of linear morphisms between the
linear interpretations of the respective linear types,

[o — plses(v) = Vect([alia(+) , [oli () (74)

where the linear interpretation [[]]hn of linear types dependent on a cartesian variable
p : T provides a real vector space interpretation for those linear types, making them into
(non-topological) vector bundles over the base set [T]set. As such, for every linear type o
well-formed in the context p : 7, we get a functor (i.e. a family)

[[J]]hn [T]set — Vect?

The linear interpretation is also described inductively over the structure of linear types, for
every 7 € []set,

[real®[;% (v

)

11735 (+)

o x pl}5 (7) = [H]h“( ® Lol (7)
[ease] (t; 2.0l (1) = {[0:14% 1., (20) i [H]set(7) = inja
Moy e ol ()= P (leli e, (v2) ©R)

z€supp[q]set(y)

(75)

Y

45



Compare the definition of the monadic cotangent type semantics to the definition of the
fibre part of the monad on objects in Fam(Vect®?) given in Equation 14.

With these definitions, we get a functor [-Jr : Tgt — Fam(Vect®) defined on objects,
which, as described in Section B.5, are given by a pair (p : 7,0) where p : 7 is a cartesian
context and ¢ a well-formed linear type under this context, as

[(p: 7, 0)r = ([Flset, o]} ) (76)

and on any morphism (¢, s) : <p 1T, B> — <q 0, X>’ which consists of a cartesian arrow
t:p — ¢ and a linear arrow in the fibre s : x[t/q] — p in LSyn[p : 7], as

[t 9)F = ([tses, (v (Lslpm (1) € Veet ([x55 (ses () [elp (1)) (77)

C.2 Term semantics

Next, we provide interpretations for the terms themselves, which will be mapped to
morphisms in Fam(Vect?). Again, this is done inductively over the structure of the
terms, and the cartesian part of the language is interpreted in Set as the base part of the
morphisms.

Cartesian fragment For the term constructors in common with the source language,
the interpretation is the same as the one described in Section A.4. For the other cartesian
term constructors, in a cartesian context I' = p : 7, we define, for all v € [7]set,

[CF(at): B2 0) 7 lset(v) = ([alset(7) , [tset (7))
[T+ case p of (z,y) = s : plset(7) = [s]set(7,a,b)  where  (a,b) = [pset(v) (78)
[T . s:a—oplset(v) = [shy ()

Linear application is a linear term constructor; its semantics is given below.

Linear core Linear terms are interpreted fibrewise in Vect®?, or, equivalently, as linear
maps in Vect, but with domain and codomain reversed. The first display below is written
in the Vect®P-orientation; when we need the ordinary Vect-orientation, we apply —°P. In
what follows, we consider the linear terms under a cartesian context I' =p : T,

[Tiv:akw: a]]pT(’y) 1d[[g]]1m ()
0] (+) =
HHﬁ“W)HﬁW)+MMM
[(s, 1 () = [T (), [ED ()]
) =
) =
) =

7) = [ulpr(7) o (i e {1,2})
v) = [[t]]hn( )o [[s]]hn( ) (Composition in VectP)

[rilpszior (7, @) if [t]set(v) = ini(a)

For linear application, where I' = r : ¢ — p and I';v : a =t : g, we use the ordinary

(

[or; a5 (

[let v =tin s]]hn (
7

hn

[case] (t; x;. m) 0l

Vect-orientation

[l (1) = [rlset (v) o [thpin(7)*®
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Finally, for any built-in operation op : real™ x --- x real™ — real™,

[[Dop(tlv T ’tk)(v) 23—(7)01) = V[[OpﬂSet([[tl]]Set(’)’) s [[tk]]Set('Y)) R >R - -@R™

where [op]set is the intended set-based interpretation of the operation op, assumed to be
differentiable, so that taking its transpose derivative V[op]get is well-defined.

Transposed derivative of return Let the cartesian context be I' = p : x. Suppose
p:xkt:T,p:x,x:7Eatype,and p: x;v:aft/z] - s:p. For v € [x]set, put

a:= [[t]]Set (7) ’ ACL = [[Q]]gzl;(,x:’r(’% a) ) R’Y = [[B]];I;((/y) .
Then the ordinary Vect-orientation of the fibre map is

[return;’(s) 2:‘;(7)01’ = [[s]]gf;(v)()p oma, : Ag®R — R,. (79)

Here w4, : Ag ®R — A, is the projection onto the returned-value cotangent. The log-weight
component is discarded, as expected for the derivative of a unit distribution with constant
log-weight.

Transposed derivative of bind Let the cartesian context again be I' = p : x, and
consider a well-typed term bindy, ;(r;u) with p: xFs:M(c) and p: x,x: 0kt : M(7).
Fix v € [x]set, and define

w = [s]set(7) € M([o]set) ,
pz = [t]set(v, ) € M([7]set),

fy(x) = pg t[o]set = M([7]set) .
@ = M(f)(w) € M(M([7]set))

W= (,u)[m]Set (w) € M([7]set) -

Thus w is the set-level denotation of bind(s;z.t) at . Put

Ay = [[Q]]gf;(,mza(77x)a By = [[I]]S;I;(,y:r(%y)» R’Y = [[BM;I;((’V) :

The two linear arguments give ordinary-orientation maps

rf = [rn ()P : e@ (A, ®R) = R,
reESsupp w

W= [ ()P D (By@R) = R, @ A,

YESUPp flo
The family {“gy,x}xe[[a]]set is the fibre part of a morphism in Fam(Vect®P)
Pyt (Iolset & = Ry @ Ay) = M*(([lsety = By)

whose base map is f,. Applying the lifted FAD monad to this morphism and evaluating
the fibre map at w gives

or = (VF(7)),) () @ (( o (By@R)>@R>—> D (R oA 0R).

£esuppw yEsupp § TESupp w
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Similarly, let

(a0, B, 0o @ (@ o) or)

yEsupp w ¢esuppw yEsupp §

be the ordinary-orientation fibre map of the lifted monad multiplication at @w. For C, :=
R, ® A, define

Q: @ (C.®R) = R,

resupp w

Q= (pr o @ (7TRW 0771)) + (r,ﬂyo @ (ra, O7T1,7T2>) )

TESUpp w xrEsupp w

Here 7y : C2 ®R — Cy, ma : C2®R — R, and 7, m4, are the projections from Cy, = R, ®A,.
The first summand of €2, adds the direct ambient cotangents produced by the continuation
backpropagators; the second feeds the cotangent of the bound value and the outer log-weight
cotangent through r.

The semantics of bind¥ is then

[bind¥, ((ru)[in(y)® =Q,00%0w2: P (By&R)— R, (80)

s;x .t [55% @
YyEsupp w

Because O}, and wg are the actual fibre maps of the lifted FAD functor and multiplication,
this definition also covers collisions of atoms and collisions among the intermediate FADs
P -

Transposed derivative of categorical Again work in a cartesian context p : x. Consider
a well-typed term

categorical{ly, . » (((th,wi))iy)
generated by the rule in the target language. Fix v € [x]set, and put

a; = [tisec(v), L= [wiset(v),  q:= [categorical({(ti,wi));_;)]set(7) -
Let
Aw = [[Q]];;:I;(,:cv(fy’ 1'), R’Y = [[Bﬂ]lon;(’y) .
The lifted categorical operation categorical™ has an ordinary-orientation fibre map at the
list ((ai, £;));_,, which we write as

n

Ky @ (Ax@ﬂ?)%@(flai@ﬂ?).

zEsupp g i=1

This is the fibre part of the left factor in the FAD factorisation; in particular, it performs
the correct splitting when several displayed atoms denote the same value. Define

tg,’y = [[t/ lin (,y)op . Aai N R’Ya

illp:x
w?q = w5 (1) : R — R,
Then D orn
. m [¢)
[[C&tegorlcaluzti,wﬁ A (<<ti?wi>>i:1) p:x(ﬂy) P

N (o " (81)
= VR’Y © @ (tiy'Y © A, + Wi © 7T[R) © Ry

i=1
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Transposed derivative of the handler algebra Let v = real?, and write V, := R? for
the fibre of 7,,. Suppose p : x ¢ : M(v), and fix v € [x]set- Put m := [t]set(y). The lifted
handler algebra EE - MF (T* IRd) — T*R? has ordinary-orientation fibre map

m:Vu—> @B (VueR),

yEesupp m

which, for the expectation handler, is explicitly

em(c) = Z (m(y) c- ey +m(y) (c,y) - &y), ceV,.
yEsupp m

Here e, denotes the atom-cotangent summand and ¢, denotes the log-weight summand.
Therefore, for p: x;v: My [y — 1, Fs:p,

[E () () = [sIp5 (1) 0 em = Vi = [l (7) - (82)

D Code transformation rules

This section gives the full reverse-mode CHAD translation used in Equation (47). For every
source judgement I' - ¢ : 7, the translation is a target-language term

CHAD(T"), + CHAD[I'|(t) : ¥ (p : CHAD(7),) . (CHAD(7), [p/p-] —0 CHAD(T'),).  (83)

The first component is the primal computation and the second component is the backprop-
agator. To avoid capture in dependent cotangent types, we write p, : CHAD(7), for the
distinguished primal variable of the type 7. Thus CHAD(7), is read in the cartesian context
pr : CHAD(7),, and every substitution into a cotangent type below is understood after this
a-renaming.

Convention for the distinguished linear variable. The target language has one
distinguished linear variable. In clauses involving return®, bind", categorical®, or E¥, the
variable bound by the outer expression Av . (—) has the conclusion type of the corresponding
w-typing rule. The occurrences of v inside the arguments of the w-constructor are checked
at the premise types of that rule. This is exactly the typing convention used in the rules of
Section B.

D.1 Type and context translation

Base types, products, and sums. The primal translation CHAD(—), is cartesian, while
CHAD(—), gives a linear cotangent type indexed by the corresponding distinguished primal
variable:

CHAD(1); == 1

CHAD(0); == 0
CHAD(reaIk)1 = real” (84)
CHAD(7 x ¢); := CHAD(7); x CHAD(0),

)
CHAD(rUo), := CHAD(7); UCHAD(0),
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and

CHAD(1), = 1
CHAD(0), := 1
CHAD(reaIk) = real’
2 (85)
CHAD(7 x 0), := CHAD(7), [pr{ prxo/pr] X CHAD(0), [Py Prxo/Po)-
o inl  — CHAD(7), [z /p-]
CHAD(tUo), := case pruos of{ inr g s CHAD(0), [y/po] [

For the linear case-type former we use the usual dependent S-rules. For example,

CHAD(7 U o), [inla/prus] = CHAD(7), [a/p;], CHAD(7 U o), [inrb/prue) = CHAD(0), [b/ps].

The same convention applies to the n-ary coproduct notation introduced in Section A.

The monadic type. For the FAD monad, the primal remains a monadic computation
and the cotangent is the lifted monadic cotangent type of Section B:

CHAD(M(7)), := M(CHAD(7),),

CHAD(M(7))q := MY

(86)
DM T:M(CHAD(T)l) [

x — CHAD(7), [z/p+]] .

Here pyp, is the primal variable for the source type M(7), while p; is the primal variable for
the returned value type 7. This distinction is necessary because the continuation cotangent
family is indexed by returned values, not by the whole monadic computation.

Contexts. Contexts are translated componentwise on primals and by fibrewise biproducts
on cotangents:

CHAD(:); :=-, CHAD(I',z : 1), := CHAD(T"), , = : CHAD(7),,

CHAD(-), :=1, CHAD(T',z : 1), := CHAD(T'), x CHAD(7), [z/p-]. (87)

The first factor CHAD(I'), is implicitly reindexed along the cartesian weakening CHAD(I"), , x :
CHAD(7); — CHAD(I"),. Thus pr; selects the cotangent tuple for the previous context and
pry selects the cotangent for the newest variable.

For I' =21 : 71,...,%y : Ta, define the derived injection of a single variable cotangent
into the context cotangent by recursion. Writing idx(z;;T") = j, if ' =I", z,, : 75, then

coprojy, (v) = <0CHAD(F’)27U>a (88)
coproj} (v) = (coproj} (v), 0cHaD(ry)yfen/pra]) (1< < 7).

We write coprojiqy,,ry v when I' is clear from context.

D.2 Term translation

All zero terms below are the typed zeroes of the relevant fibrewise biproduct. The term
translation is by structural recursion on the source typing derivation.
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Nullary terms and variables.

CHAD[I](()) = < o OCHAD(F)2>, (89)
CHAD[T ](abort(t)) = case CHADIT'|(¢) of (p,b) — abort(p), (90)
CHADII)(x) :<:1: AU . COPTOJiqy(z:T) v>. (91)
Products.
CHADIT]((t, s)) := case CHADIL|(t) of (p,b) — case CHAD[I'|(s) of (g,c) —

{(p,q) , Av . b(pry v) + c(pryv)) (92)

CHADII'|(pr; t) := case CHAD[T'|(¢) of (p,b) —
<pr1 D, AU . b(<v OcHAD() [pr2p/pg]>)> (t:7Xxo0), (93)

CHADII'|(pry t) := case CHADIT'|(t) of (p,b) —
<pr2 D, AU . b(<OCHAD(T)2[pr1 p/pe]s ¥ >)> (t:7xo0). (94)

Coproducts. For n-ary sums, the following introduction rule specializes to inl and inr in
the binary grammar:

CHADII'(in; t) := case CHAD[I'|(t) of {(x,z') = (in; z,2"). (95)
For case analysis, suppose 't : 7 U--- U7, and I',a; : 73 F s; - p. Then

CHADIT'|(case ¢ of {in;z; — s;}i ) := case CHAD[I'](¢) of (y,y) —

in; z; — case CHADI[D, z; : 74](s;) of (z,2}) — }n
i=1

(zi, A . let v = z[(v) in pryv+ Y (pryv)) (96)

case ¥y of{

The application of ¢’ in the branch uses the case-type S-rule above, so pry v has precisely
the cotangent type of the active summand.

Let bindings and deterministic operations. IfI'F¢:0cand I',x: o F s: p, then

CHADII|(let z =t in s) := case CHADI[I'|(¢) of (p,b) — case CHADIT,z : o|(s) [p/z] of (g,c) —

(g, \v . let v =c(v) in pr;v+ b(pryv)). (97)

For a built-in operation op : real™ x - - - x real™ — real™, write op for the chosen transposed
Jacobian term constructor. Its CHAD clause is

CHADIT|(op(t1, . . ., 1)) =
case CHAD[T'|(t1) of (z1,}) — ---case CHAD[T|(¢;) of (xy,x},) —

k
<op(m1, o), AL let v = op(xq, ..., k) (v) in Zx; (prj v)> ) (98)
j=1

Here pr; denotes the derived projection from the cotangent product returned by op.

o1



Monad unit and multiplication. The unit clause is the one displayed in Equation (49):

CHADI[T(return(t)) = case CHAD[T|(t) of (p,b) — (return(p), \v . returny’(b(v))) .
(99)
For bind, let I' ¢ : M(0) and I,z : o F s : M(7). In the scope of z, put

ry := case CHAD[I', z : 0](s) of {(q,c) — q, ¢, := case CHAD[I', x : o](s) of (¢g,c) — c.
Then the bind clause is

CHAD[I](bind(t; z . 5)) = case CHAD[T](t) of (p,b) — (bind(p;z . ;) Av . bindyy,, . (b(v);eu(v)))

(100)
The first argument of bind® accumulates the cotangent contribution through the sampled
computation ¢, while the second argument accumulates the cotangent contribution through
the continuation s, including the cotangent of the bound variable z.

FAD constructors and handler. For the finite atomic distribution constructor, assume
't :7and I' - w; :real for 1 <4 <n. Then

CHAD[I'](categorical (((t;, w;))i—;)) ==
case CHAD[T'|(t1) of (u1,u}) — ---case CHAD[T|(t,) of (un,u;,) —
case CHAD[T'|(w1) of {(ai,a}) — ---case CHAD[I'|(wy,) of <an, n> —
<categorical(<(ui,ai>>?:1) ,Av . categoricalll,,. . (<<u >>?:1)> . (101)

Finally, for the handler algebra E,, where v = real?, we define

CHAD[I(E, (¢)) := case CHAD[T(¢) of (p,b) = (E(p), dv . B, (b(v)).  (102)

D.3 Typing and universal characterization

Theorem D.1 (Well-typedness and uniqueness of the CHAD translation). For every
well-typed source judgement I' =t : 7, the term CHADIT|(t) defined above is well typed
as in Equation (83). Moreover, these clauses determine the unique structure-preserving
functor CHAD : Syn — Tgt that preserves finite products and coproducts, sends each source
monadic type M(T) to the displayed pair consisting of the primal M-type and its cotangent
lift MY, interprets each op together with its transposed Jacobian op, and interprets the FAD
constructors and the handler algebra by the displayed pairs (categorical, categorical”) and
(Eu, EY), respectively.

The typing statement follows by induction on the source typing derivation. The only
non-structural cases are the monadic and FAD constructors, where the typing rules for
return”, bind", categorical”, and E“ are exactly the target rules used in the displayed
clauses. The uniqueness statement is the universal property of the freely generated source
syntactic category (Lemma A.2) applied to the corresponding structure in Tgt. The target
equations of Section B ensure that the source Kleisli, distributive, and Eilenberg—Moore
equations are preserved.
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E Example of differentiated code

This section gives the complete differentiated example code from Equation (58), following
the inductive rules of code differentiation outlined in Appendix D. As in Section 5, we adopt
the following abbreviations:

ap =0 Yo := Isig(—sm - (m —mo))

aj = P -sig(—sp - (p — po)) v1 = Isig(sp, - (m —my))

The full code transformation is then given by

case
case {(ag, Vag) of {6y, 6,) —
case (a1, Vay) of (61,07) —
case (0, Vo) of (po, pp) —
case (v1, V1) of (p1, p}) —
<categorical((<9j, pj>>;:0) L AU categorical«ej’pj»;:() (<<9§(’U) , 0 (v)>>]10>>
of (o, o) —
case
case
case <5, AU . COPIOjiqy(siT,s) v>
of (n,n') —
let & =
case
case {(p- 2 — 1), Vpma (0 — )
of (u, p'y — <return(,u) , Av . return); (,u'(v))>
of (k, K'Y = K
in
<bind (2. &), v. bindy, ¢ (0 (v);
(case
case ((p-x—m),Vpma(p-x—m))
of (p, 'y — <return(u) , \v . returny; (,u’(v))>
of (k, k'Y = k') (v)))
of (8,8") =
case

case <t, AU . COPIOjiqy(s:Ts,¢) v>
of (¢, ¢") = (Breal(Q), M - Bl (C'(0)))
of (e,€') — (e[6/t], M . let w = €'[§/t](v) in pryw + & (pryw))
of (B,8"y — (Bla/s], v . let w = f'[a/s](v) in pryw+ o (pryw))

93



F Deriving concrete gradient estimation formulas

We now explain how the usual gradient rule for weighted particles is already contained in
the lifted FAD monad and in the lifted canonical algebra.

In this section, we write the second component of a morphism in Fam(Vect®?) using the
symbol V. Thus a morphism A : T*X — T*Y is written as

h = (h,Vh),
where h : X — Y is its base part and

is the x-fibre of its fibre part. This notation is suggestive: VA denotes the chosen cotangent
map in Fam(Vect®P), whether or not X and Y carry genuine smooth structure.
Write
EL : MFT*R — T*R

for the lifted canonical algebra on real values. Its base part is the unnormalised expectation
map
u— Z u(r)r, ue MR),

resupp u
and its fibre part is
(VER) )= Y (u(n)t-e,+u(r)rt-z). (103)

rEsSupp u

Here the e,-component is the cotangent of the real value r, while the &,-component is the
cotangent of the log-weight attached to r.

Let
T*X = (X, {T; X }rex)

be an object of Fam(Vect®P), and let
d=1(9,Vg): T"X - TR

be a real-valued test morphism.

For w € M(X), set
wi= M(g)(w).

The Frobenius, or pushforward, identity says on bases that

[ gt@)dw= [ rarr(g)w).

R

or explicitly

Z w(z)g(z) = Z u(r)r.

In categorical form, this is the base part of the composite

[P EE
METx 29 PR 2Ry ToR.
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The fibre part of this composite is obtained by composing Equation (103) with the fibre
part of MF§. For 2 € supp w, the denominator is nonzero, and the corresponding summand
is

((Vg)z (ul(g(2))t) - €z + u(g(x))g(x)t - £z)

Since (Vg), is linear, the factor u(g(z)) in the atom-cotangent part cancels with the
denominator; the log-weight part cancels directly. Hence

(v(BRoMg)) ()= 3 (w@)(Vo)lt) extuleg(@)t ). (104)

Thus the lifted algebra and the lifted FAD monad already produce the two basic cotangent
contributions: a value cotangent weighted by w(x), and a log-weight cotangent weighted by

w(z)g(z).
Now apply this to a parameterised family of particles. Let

770 = (0,{TyO}co) , 177 ={Z AT, Z}.ez)
and let
G§=(¢,Vq): T — MFT*Z

be a parameterised FAD, equipped with its chosen cotangent map. Locally, away from
collisions of particles, choose a labelling of the support and write the base part of ¢ as

q(0) = wi(6)ds,p)-
i€l
The corresponding strengthened FAD over T%0O x T*Z is
qg= = F i AN ak F (= *
0= (0.V) = (). ., © lidr-0.0) : 70 — MF(T"0 x 1" 2),

whose base part is

q(0) =" wi(0)d(,,(0))-

el
In the chosen local labelling, the fibre of M"(T*© x T*Z) at ¢(¢) identifies with
P ((re a1 y2) or).
el
We write elements of this fibre as finite sums
> (<dz‘,ai> “€(0,z;(0) t Si - g(@,%(@))) ;
el
where
d; € Ték@, a; € Tz*i(B)Z’ si € R.
Let
Ei 10 — IR, 51(9) = logwi(O).

In these coordinates, the fibre part of g is

(Va)o (Z <<di7 ai) - €(0,5(0)) T Si - 5(9,2'2-(0))))

il (105)
=" di+ > (Vai)alai) + Y (VE)o(s:).
el iel icl
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Here
(VZZ‘)Q : T;(G)Z — T;@

is the 6-fibre of the fibre part of the chosen morphism 2, = (z;,Vz;) : T"°0© — T*Z
representing the parameterised particle, and

(Vl)o : R — TjO

is the 6-fibre of the fibre part of the chosen morphism ¢; = (4;, V) : T"O — T*R
representing the parameterised log-weight. Thus an atom cotangent is sent backwards
through the moving particle z;, while a log-weight cotangent is sent backwards through
£; = log w;.
Finally, let
F=(Vf): T"OxT*Z - T*R

be a parameter-dependent test morphism, with base part
(0,2) — f(6,2).

We write the (6, z)-fibre of its fibre part as

(V0. = (VHG 0, (VD @),

where

(VHGHB) €TO, (VNG () eTIZ.

Consider the composite
A F/\ EF
70 & MF(17e x 7*7) XL MFT*R =% T*R.
By the Frobenius identity, its base part is

9'—>sz 02@ ))

el

Applying Equation (104) to f: T*0 x T*Z — T*R, an output cotangent t € R is first
sent to the following cotangent of the FAD over © x Z:

> (wi0) ((VH)Geson ) (VH i) @) - €0.z200) + wi(O) (0, 2:(0)t - £(9.2,009)) -
i€l

Composing with Equation (105) therefore gives
(V(BRoM Fo )) (1)
- Z w’L ?0,7; (9) + Z w’L vzz ( Vf)(g 2 (0 (t)) (106)

el el

+> (Vi) )0, z:(0))1) .

el

The three summands in Equation (106) correspond to three different cotangent routes.
The first term comes from the 7jy©-component of the test morphism f : 770 x T*Z — T*R,
and represents the explicit dependence of f on the parameter. The second term comes from
the

T0Z
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part of the atom component inside the fibre of MF(T*0 x T*Z), and represents how moving
the particle z;(#) changes the value of the test function. The third term comes from the
real component

R

inside the same fibre, and represents how changing the log-weight ¢;(#) = log w;(#) changes
the weighted sum. This third contribution is the usual score, or likelihood-ratio, term.

If the weights are already normalised, w;(#) = p;(0), and we write

ti(0) = log pi(0),

then Equation (106) gives

(V(0 = iy [F(0,2:0))])) (1)
Eipy |[(VH)Gmiion®) + (V2do (VA ) (B)) + F(0,2(0)) (Vi)o(t)] -

If normalised probabilities are instead obtained from unnormalised weights by a separate
normalisation map, let

w;(0)
Yjerwi(0)’

Then the lifted fibre map of that normalisation gives
(V(0 = Einpy [£(0,2:(0))]))g ()
= Einpy [(V) G0 ) + (V20 (VA 0y (D)
+ (f(0,2i(0)) — Ejpy [£(0, 2 (0))]) (VEi)a(t)] -

G Algebras and strong morphisms into the continuation
monad

We give a proof of Lemma 2.1. Throughout this appendix, let
K :=KV* =[-,V],V].

We use the internal language of the cartesian closed category X. Thus the elementwise
formulas below denote the corresponding morphism equalities obtained by currying and
evaluation.

Recall first the continuation monad structure. For a morphism f : A — B, the functorial
action of K is contravariant precomposition twice:

K(f)(e)) =c(lof), c:K(A), (:[B,V].
Its unit and multiplication are
(n) , @(k) = k@), @: A, k:[AV],

and

(MK)A(Q)(k):<I>(c»—>c(k)), O K(K(A), k:[AV].



The canonical strength of K is

(stK)AB (z,¢)(h) = c(b > h(z, b)),

where 2 : A, ¢: K(B), and h: [A x B,V].

A T-algebra structure on V is a morphism

a:T(V)—=V
satisfying
ao (nT)V =idy and ao (MT)V =aoT(a).
Given such an algebra a, define a natural transformation
0°:. T —> K

as follows. Its component at A is the transpose of the composite

T(eva,v)

(StT>[A,V],A
—

T(A) x [A, V] =5 [A, V] x T(A) T([A, V] x A) T(WV)SV,

where evgy : [A, V] x A — V is evaluation. Equivalently,
(09) 4 @) (k) = a(T(k) (),  t:T(A), k:[AV].
Naturality in A follows immediately from functoriality of T": for f: A — B and ¢: [B, V],
(0) g (T(f) (0)(6) = a(T(Co f) (1) = K(f) ((6) 4 (£))(£).

The unit law for a monad morphism is

64 (") , @)(k) = a((4"),, (k(=)))
= k(z)
= (n") , @)
For multiplication, let u : T(T(A)). Then
(04 ((1") , @)(k) = a(T (k) ((n") , (W)
= a((u"),, (T(T(K)) (w)))
= a(T(a) (T(T(k)) (u)))
= a(T((a o T(k))) (u)

Thus 6 is a monad morphism.

It remains to check that it is strong. Let = : A, ¢t : T(B), and h : [A x B,V]. Using
the coherence of the strength of T', applying h after adding the pure parameter x to the
computation ¢ is the same as applying the function b — h(z,b) to the computation ¢. Hence

(69 v (st7) , (@ 0)(h) = a(T(h) ("), , (1))
= a(T((b — h(x,b))) (1))
=(0")p(t )(bH h( b))

= (st) (@, (69 ())(h).

)
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Therefore 6 preserves strength.

Conversely, suppose that
0:T— K

is a strong monad morphism. Define
a T(V) =V

by evaluating (),  at the identity continuation:

a’ := evig, o (0)y -

In internal notation,

a’(t) = (0)y (t)(idv).
Here eviq,, denotes evaluation at the point idy : 1 — [V, V] corresponding to the identity
morphism on V.

The algebra unit law follows from the unit law for the monad morphism 6:
0y (1 ) (v)(idv)

- (), 01
v.

Thus a is a T-algebra structure on V.

Finally, the two constructions are inverse. Starting from an algebra a, we have

a” (t) = (0")y (1)(idv) = a(T(idv) (t)) = a(2).

Starting from a strong monad morphism 0, let ¢ : T(A) and k : [4, V]. By the definition of
0“0, by naturality of 0, and then by preservation of strength, we obtain

("), 00 = o (Tlevar) ((57) ., , (:0)
= O e (587) ) (vay)
= (5t) s (B 04 ()evay)
= (0)4 (1)(k):

Hence 6%’ = §. Therefore T-algebra structures on V' are in one-to-one correspondence with
strong monad morphisms 7' — KV, as claimed.

A
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H Other algebraic effects

This appendix gives the generic CHAD technique for discrete-output effects including the
ones mentioned in Section 6. The main body develops the case of the FAD monad in
detail. Here we identify the reusable part: if an algebraic effect only has values returned
to continuations through discrete output types, then the raw AST monad has a fibred
polynomial lift and the CHAD proof extends uniformly as soon as we give a compatible
lifted generic effects and a compatible lifted handler algebra. We assume some standard
background about (many-sorted) Lawvere theories, algebraic effects, and continuation
monads Hyland and Power (2007); Plotkin and Power (2003); Hyland et al. (2007).

The presentation is organised as follows. We first explain what we mean by discrete-
output effects and we specify what data need to be supplied to apply CHAD to them.
Then we state the source and target language extensions and give a generic CHAD code
transformation and correctness theorem. We next specialise to the three concrete instances
from Section 6. Finally, we demonstrate why we impose the limitation to non-discrete
outputs.

H.1 Discrete-output setup and admissible data
H.1.1 Polynomial ASTs with discrete outputs

Let ¥ be an algebraic signature with a small set of sorts. A generic effect symbol is written
w:l,—TO,.

Here, we call I, the effect parameter type or input type and O, the effect output type.

Equivalently, with a Set interpretation, it determines by Yoneda algebraic-operation
families
[L]set x X[Oclset 5 TX

and
[L]set X (TX)[Oclset — 7x.
We see that O,, gets the role of the type of values returned to the continuation.
Write
IAw = [[Iw]]F
for the chosen interpretation in Fam(Vect®P), with base set [I,]set.- We allow I, to be a

genuine differentiable type in the sense that it may have non-trivial cotangent fibres. We
require O,, to be a discrete type, in the sense that it has zero cotangent fibres:

[[Ow]]F = A[[Ow]]Set - <[[Ow]]Setal> .

For the CHAD rules below we use the finitary case, so [Oy]set is finite; more generally the
same formula applies whenever the required products and direct sums exist.

This induces, before quotienting by equations, the raw syntax tree monad with the
polynomial form

ASTs X o~ Y. X U [] [L]ses x YIOIser ~ py. X U [T [Llses x [] Y-
weX wex 0€[Ou]set
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The corresponding fibred polynomial lift to Fam(Vect®P), for an object A € Fam(Vect®P) is

ASTsA ~ uB. AU [ L, x BAIOIse,
weX

Its base is canonically ASTx((A)y,). More explicitly, over a tree-node base element w(i, k),
where i € [1,]set and k : [Oy]set — (B)yy, the fibre is
(L), he D (Bla(k).

oc [OwﬂSet

This is the point at which the discreteness of O, is used: a continuation branch is indexed
only by the set-level value o, and the variable o : O, contributes no cotangent of its own.
The same polynomial construction applies componentwise to LR.

Thus continuous operation-inputs are harmless, provided they are treated as parameters
with their own cotangent fibres; what matters for this direct fibred-polynomial construction
is discreteness of the operation-output object O,. This covers finite choice, exception
operations raise : E — Tg0, writer operations such as tell : R — Wgn1, and state/reader
operations over finite discrete state/reader objects. It does not directly cover continuous
state, continuous reader, or continuous probability, where the canonical operations have
genuine output objects with nonzero fibres. For such an output object 5, a continuation is
a morphism O — B, not merely a function [O]set — (B)..,; hence the simple set-indexed

set?
product B2[Olset ahove no longer describes the desired continuation object.

H.1.2 Admissible lifted data

A CHAD-admissible discrete-output presentation consists of the following data.

First, we assume a signature ¥ as above and a set of equations E presenting a strong
monad T on Set as a quotient of the raw tree monad,

q:ASTy - T,

with ¢ a morphism of strong monads. Equivalently, T" is the monad presented by the generic

effects of ¥ modulo E. (In fact, the equations E are often precisely obtained from the
algebra/handler below.)

Second, we assume a chosen handler carrier type v and a T-algebra
h:Tv —v.

This algebra is what discharges the effect in real-output programs. (We can also allow a
family of handler carriers and handler algebras, in which case we obtain a strong monad
morphism from ASTs to a product of continuation monads, but we avoid this generality to
simplify the presentation.)

Third, we assume chosen strong monad lifts
TF LR
)

over T', in the sense that their projections to the underlying set semantics are naturally
isomorphic to T" and the isomorphisms respect unit, multiplication, and strength. For each
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operation symbol w, these lifted monads are equipped with lifted generic effects, for example
in Fam(Vect®P)

A[Ou]se
)[[ ]]St—)TFA,

& Lx (TFA
and analogously in LR. Under the base projection, @Z is required to be the set-level
generic-effect constructor

[Lolset % (T((A)ge)) 0182 — T((A),)

induced by ¢; the LR-operation satisfies the corresponding logical-relations compatibility.
The lifted operations must satisfy the equations E and be coherent with the lifted unit,
multiplication, and strength.

Finally, we assume lifted handler algebras
RE - TFUF 5 F RER TERUER LR,

They are required to be Eilenberg—Moore algebras for the lifted monads and to project to
the set-level handler algebra h, with the evident logical-relations compatibility for AR,

These assumptions are exactly the data consumed by the CHAD proof. The proof does not
use how the lifted monad was constructed. It may be obtained by a direct quotient/coimage
construction, by an image construction, or directly from products and coproducts, provided
the resulting operations and handler satisfy the compatibility conditions just listed.

H.2 Language extension and CHAD theorem

Fix a CHAD-admissible discrete-output presentation as in Section H.1. The monadic type
M is now interpreted by the presented monad T, together with its chosen lifts TF and TR,
The rules below do not construct these lifts from the set-level operations alone; they expose
the backwards fibre maps of the chosen lifted generic effects and lifted handler algebras.
This point is essential when an operation parameter I, has nonzero cotangent fibres. All
equations involving the added operations are interpreted modulo the equations E of the
presentation and, in the target, through the corresponding lifted operations.

H.2.1 Source operations, equations, and handlers

For every generic effect symbol w : I, — TO,,, the source language is extended by the
operation form

'kq: 1, Ty0:04F ko : M(7)
'+ op,,(i; 0.ko) = M(T)

Oopr,,

The binder 0.k, denotes a finite family of continuation terms indexed by [O,]set. Since O,
is discrete, extending the context by o : O, changes the base context but adds no cotangent
component. Write

wx (i k) = pux (TR) (@), k: [Ou]set — TX,

for the quotient-induced Kleisli constructor associated with the generic effect w : I, = TO,,.
The set-level semantics is

[op,, (25 0-ko)]set (7) = Wi, ([tlset(7), 0 = [Folset(7;0)) -
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The source equational theory is extended in three ways. First, the equations E presenting
T are imposed on the generic effects. Secondly, the operation form is algebraic, i.e. it
commutes with Kleisli extension. Explicitly, for T,z : 7 F s : M(0), we impose the equation
schema,

bind(op,,(i; 0.ko) ; x.8) = op,,(i; 0. bind(ke; x.5)) . (107)

The right-hand side is well typed because the variable o : O, is in scope in the continuation
branch. Finally, the handler associated with the chosen algebra h : Tv — v is added as

C'Et:M(v)
HANDLE,
I' - handle,(t) : v ,

and satisfies the Eilenberg-Moore algebra laws. In term notation, for I' - v : v, I' = ¢ : M(0),
and I,z : o - u : M(v), these are the equation schemas

handley (return(v)) = v,

108
handley, (bind(¢; x.u)) = handle, (bind(¢; z. return(handlep (u)))) . (108)

These laws are exactly the assertion that handle;, interprets the T-algebra h; the second
equation is h o y = h o Th written in Kleisli form.

H.2.2 Linear target operations

The target language contains, for each generic effect w, a linear constructor
w -/, /
0D i ok, (W15 0.2.K,) .

The notation I, in the rule below denotes the fibre of the chosen parameter object fw; if I, is
discrete, this is the zero linear type. The constructor represents the reverse fibre component
of the chosen lifted operation (the transposed derivative in differentiable examples)

) AlOu]set

of 1 I, x (TFA > TFA,

and similarly in LR. Thus, for i € [I.]ses and a branch family p : [Ou]sec — (T74)

set
writing p, = p(0), its reverse fibre map is

(174), @iip) — (B), e @ (T74), @),

fbr
oE IIOL.U ]] Set

where w(i, p) = w4y (T(p)(w(2))) is the induced Kleisli constructor. In one-sorted notation
it has the following rule, in the same continuation-passing style as categorical™:

Iy:1,F 1, type I'x:7F 1 type 'k p type
Thiily, T,0:00Fke:M(T) Tiu:LlifylFi':p T,0: 002 MYy [z 1] F R, p

Tiv s Mgy ooy [ T E 0D o, (wd 5 0.2.K7) < p
(109)
The variable u receives the cotangent contribution for the operation parameter, while z
receives the cotangent contribution for the corresponding continuation branch. Since O, is
discrete, extending the context by o : O, does not add a linear component; hence each k.,
returns a cotangent for the same ambient context I'. The finite direct sum above is where
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the finiteness of O, enters the target syntax. Semantically, if the reverse fibre map sends
the incoming monadic cotangent v to <u, (zo)oe[[O
finite sum

Jset )» then the constructor denotes the

‘(w)+ D k%)
OE[[OW]]Set
For O, = 0, this branch sum is empty.
With this operation former, the CHAD clause for algebraic operations is the following.
We use the canonical identification

CHAD(T, 0 : O,)), = CHAD(T), ,

since O, is discrete and has zero cotangent fibres (syntactically, O,, is the terminal zero-

cotangent type 1). Then

CHADII'|(op,, (i; 0.ko)) :=
case CHADII|(i) of (ig,7') —

let (ro, ") = CHAD[T, 0 : O,](k,) in (110)

o
<opw(i0; 0.76) , AU . 0D o oy (w1 (1) 5 ozrlo(z))>

The let-binding of (r,,r)) is meta-notation for the family obtained by translating the
continuation in the context I', 0 : O,. The incoming cotangent v is consumed by op./, which
separates it into the parameter cotangent and the branch cotangents; the backpropagators
i’ and 7/, then return these contributions to the ambient context. No cotangent for o is

omitted: there is none.

H.2.3 Linear handler operations

Similarly, the target language contains a linear constructor handley ,. To avoid overloading
the incoming output cotangent with the monadic cotangent produced by the handler algebra,
we write this constructor with an explicit binder w.s:
I'z:vFvtype I'F p type
PEp: M) Tiw: My, lr— vk s:
[';v : v[handley,(p) /2] - handley ,(w.s) :

(111)

(k)

(RS

Semantically, if B = vF, the lifted handler algebra hf : TF B — B has reverse fibre map
F
(B)as (h(p)) — (T7B)_ ().

The constructor handlej, , binds w to the image of v under this reverse fibre map and then
evaluates s. Thus it uses the supplied lifted algebra, not merely the underlying set map h.
In the FAD instance v = real?, this is the same continuation-passing rule as Equation (43);
the explicit binder only makes the two cotangent types visible.

As for FAD, we again impose the transposed derivatives of the equations for the operations
and handlers from the source language, e.g., the Eilenberg—Moore laws for the handler
algebra.

The CHAD clause is the exact analogue of the canonical FAD handler clause:

CHADII](handley,(¢)) := case CHAD[T](t) of (p,b) — (handle,(p), v . handlef!, (w.b(w))) .
(112)
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Here b is a backpropagator expecting a monadic cotangent over p. The incoming output
cotangent v is first pulled back along the lifted handler algebra to the monadic cotangent w,
and only then passed to b.

H.2.4 The generic CHAD result

Theorem H.1 (CHAD for discrete-output algebraic effects). For every CHAD-admissible
discrete-output presentation, the source and target languages, the CHAD translation, and the
denotational semantics of Sections 3.1-3.4 extend to the operations of 3 and to the handler
h. The fundamental logical-relations lemma continues to hold for the extended language.
Consequently, for every well-typed real-output program whose added effects are discharged by
the chosen handler, the conclusion of Theorem 4.1 continues to hold.

Proof. The source interpretation sends op,, to the quotient-induced Kleisli constructor wx,
and sends handley, to the algebra h : Tv — v. The equations E, the algebraicity law (107),
and the Eilenberg-Moore laws (108) are sound by construction.

The target interpretation sends M, opy, and handle,,, to the fibre components of the
chosen lifted monads, lifted generic effects, and lifted handler algebras in Fam(Vect®P).
The LR-interpretation uses the corresponding supplied LR-data. Hence the target equations
are sound because these data are assumed to be lifted strong monads, lifted operations
satisfying F/, and lifted Eilenberg—Moore algebras.

It remains to check the fundamental lemma for the new typing rules. In the operation
case, the induction hypotheses give the related parameter and the related family of branch
computations. Applying the lifted generic effect in LR gives the related transformed
computation. Its fibre component is precisely the operation represented syntactically by op.
Because O,, is discrete, the branch variable contributes no cotangent; the fibre component
therefore produces only the parameter cotangent and the finite family of branch cotangents
appearing in Equation (110). The displayed backpropagators are exactly the chain rule for
these components.

In the handler case, the LR-lifted algebra over h maps a related monadic computation
to a related handled value, and its fibre component is represented by handle,,. Thus
Equation (112) is again the chain rule. All other cases are the original cases of Theorem 4.1,
so the correctness statement follows. O

H.3 Concrete instances

The following examples instantiate the admissible data of Section H.1. In each case the
point to check is not merely that the set-level monad is algebraic, but that the chosen fibred
monad, the lifted generic effects, and the lifted handler are genuine Eilenberg—Moore data
over the set-level ones. We display the Fam(Vect®P)-fibre maps; the LR-lifts used in the
logical relations proof are obtained by the same constructions with the relation data carried
componentwise.

H.3.1 Finite non-determinism via the finite multiset monad

We model multiplicity-sensitive finite non-determinism by the finite multiset monad

MFinX = [ (Xk/Gk),
keN
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where &, acts by permuting the entries of a k-tuple. Multiplicity is retained but order is
forgotten. If one additionally quotients by idempotence, one obtains the finite-powerset
variant of non-determinism, whose algebras are join-semilattices with bottom rather than
commutative monoids. We use the multiset, not the idempotent, variant below; in particular,
the additive handler sum,, below would not factor through the idempotent quotient unless
the chosen target algebra were idempotent.

The unit sends z to the singleton multiset {{z}}, and bind maps each occurrence to a
finite multiset and then takes multiset union. An algebra a : MFinA — A is equivalently
a commutative monoid object on A. Given a, the unit is (@) and multiplication is
(a1,a2) — a({{a1,a2}}). Conversely, a commutative monoid folds finite multisets by iterated
multiplication; the algebra laws are exactly unit, associativity, and commutativity.

The generic-operation presentation may be taken to have operations
choosey : 1 — MFin{1, ..., k}, «— {1,...,k}},

for k£ € N, modulo the usual unit, associativity, and permutation equations. The induced
Kleisli constructor sends a finite family of branch computations to their multiset union;
k = 0 gives the empty choice.

The quotient by permutations must also be reflected in the fibres. Let (X, A) €
Fam(Vect?), let m € MFinX, and choose a representative tuple Z = (z1,...,z) of
m. The free commutative-monoid lift obtained by quotienting the lifted list monad has fibre

Stab()

k
(MFin (X, A))fbr(m) = (E_B A(a:i)> : (113)

where Stab(Z) < &y is the subgroup permuting equal entries of Z, acting by the correspond-
ing symmetries of the finite direct sum. This description is independent of the representative.
Equivalently, if m is written as a finite-support multiplicity function, then the fibre is
canonically the direct sum over the support,

(MFinF<X,A>)fb m= @ Aq),

r
x€supp(m)

with the quotient map from ordered lists copying the support cotangent to every indis-
tinguishable occurrence. This last copying is essential: the tempting formula with an
independent summand for every occurrence is a labelled-trace semantics before quotienting
by stabilisers, not the canonical free commutative-monoid lift on the finite-multiset quotient.

For a morphism (f,a) : (X, A) — (Y, B), the base map is multiset push-forward. Under
the support description, the fibre map over m € MFinX sends

(by)f’JESUPP(MFi”f(m)) — ((a)ﬂﬁ (bf(m) ))z€supp(m) :

Thus a cotangent at a target support point is copied to all source support points that map
to it, and the quotient map then copies it to the corresponding occurrences. The unit,
multiplication, and strength are induced from the lifted list monad and descend because
the permutation equations act by symmetries of finite direct sums.

For every n, the additive commutative monoid (R",0,+) gives the handler

k
sumy, : MFinR" — R", {1, ..ol — Zvi.
i=1
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Its lifted fibre map is characterised by the list quotient: after pulling back to an ordered
representative, it sends an incoming cotangent £ € R™ to one copy of £ at every occurrence.
Under the support identification above, this is the invariant cotangent with component &
at every support point. Hence, when two syntactic branches produce the same base value,
the same support cotangent is copied back to both branches and the surrounding context
addition accounts for the multiplicity.

The source operation choosey, is therefore interpreted by multiset union of the k branch
computations. Its linear operation choose’ is the reverse fibre map of the descended
union map: it restricts the incoming invariant multiset cotangent to the branch multisets,
copying it along collisions. The handler clause for fold,, and in particular sum,, is the
generic algebra clause using the lifted commutative-monoid fold. These data satisfy the
commutative-monoid equations in Fam(VectP), so the generic CHAD theorem applies.

H.3.2 Exception monads

Fix an exception object F = (E, B) in Fam(Vect®P); for a purely discrete exception set one
takes B, = 0. The underlying set-level exception monad is

Tgp X =X UE.
Its signature has one generic effect
raise : £ — Tg0,

equivalently one nullary operation for each point of E. Since the output type is 0, this is a
discrete-output effect even when the parameter object E has nonzero cotangent fibres. The
raw AST monad is already

ASTpX ~puY. XUE XY~ X UE,

so there is no non-trivial quotient to impose.

A Tg-algebra on aset Y isamap a: Y UFE — Y whose restriction to Y is the identity.
Equivalently it is a recovery map

ho: E—Y, a = [idy,hg].

For instance, taking Y = A Ll E’ allows a handler to recover some exceptions as values in A
and translate others into values tagged by a new exception set E'; it is still an algebra for
the original monad Tg on the carrier Y.

The exception monad lifts by the coproduct formula

A(z), z= inl(:p),> ‘

TE<X7A>:<X'—'E’Z'_> B(e), == inr(e).

The lifted unit, multiplication, and strength are the coproduct maps induced by those of
Tg. The lifted raise operation & — TE (X, A) has reverse fibre map the identity

B(e) — Ble),

because there are no continuation branches.
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Let (Y,C) be a lifted carrier and let h : E — (Y, C) be a morphism over the recovery
map ho : E — Y. The lifted algebra over [idy, ho] is case analysis. Its reverse fibre map

sends v € C(y) over a returned value inl(y) to =y, while over an exception inr(e) it sends
~v € C(ho(e)) to the fibre map of h,

((R),,), ) € B)-

When hg is an ordinary differentiable recovery map and h is its cotangent lift, this fibre
map is (Dhg(e))Ty. The Eilenberg-Moore laws are immediate from [idy, ko] o n = idy and
from the fact that multiplication for X U F is case analysis that leaves the first encountered
exception unchanged. Thus exceptions fit the admissible pattern directly; no quotient is
needed for the direct coproduct lift. The free-algebra/product-continuation construction
also recovers Ty because free exception algebras separate returned values and exception
labels, but a single chosen recovery handler need not be separating if it identifies exceptions
or misses some cotangent direction.

H.3.3 Writer monads and R"-accumulation

Let M = (M,e,-) be a monoid. We use the right-action convention for the monad on
X x M: bind sends (x, m), together with f: X =Y x M, to (y,n-m) when f(z) = (y,n).
Equivalently, this is the usual writer monad for the opposite monoid; for the additive monoids
R™ used below, the two conventions coincide. With this convention, an Eilenberg—Moore
algebra for W), is precisely a right M-action

a:AxM— A

with a(ag, e) = ag and a(a(ag,m),n) = alag, m - n).
The generic effect is
tell : M — W1, T (%, 7).

The induced Kleisli constructor sends a parameter € M and a branch k(x) = (z, s) € Wy X
to (z, s - r). Hence the operation-output type is 1, so the writer effect is in the discrete-output
fragment even when the parameter object M is continuous.

For the accumulation example take M = (R™, 0, +) with its standard cotangent bundle.
The lifted writer monad maps

(X, A) = (X xR", ((x,r) = A(z) @ R"™)) .

For a morphism (f, a) : (X, A) — (Y, B), the base map is (z,r) — (f(x),r), and the reverse
fibre map is
B(f(x)) oR" — A(z) o K", (8,p) = (), (B), ) -

The lifted multiplication is the transpose derivative of
((z,8),7) = (2,5 +7),

so an incoming cotangent (x*, u*) is sent to ((xz*, u*),u*). This proves the lifted monad laws
because the displayed maps are the transpose derivatives of the unit, associative addition,
and strength maps.

For the lifted tell operation, if the branch computation has base (x, s}, then the operation
has base (z,s+ r). Its reverse fibre map sends an incoming cotangent (x*,u*) to the
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parameter cotangent u* and the branch cotangent (x*,u*). Thus the newly written value
and the writer value produced by the continuation both receive the same accumulator
cotangent.

For the commutative additive accumulation example, the useful carrier is o x R™ with

action
(0 xR") xR" = o x R", ((a,u) ,r) = (@, u+r). (114)
If o is lifted with fibre A,, the transposed derivative of Equation (114) sends a cotangent
(a*,u*) at (a,u+r) to
({(a*,u*),u") € (A ®R") ®R",

where the two copies of u* correspond to the old accumulated value and the newly written
value. The action laws are exactly the Eilenberg—Moore algebra laws for the writer monad,
so this gives the lifted handler used by run; and its linear operation run?’,. This primitive
handles computations whose returned values already lie in 7 x real™; the usual runWriter :
M7 — 7 X real” is obtained by first mapping a : 7 to (a,0) and then applying this algebra.
For a general differentiable monoid object, the same statements hold with addition replaced
by the transpose derivative of the chosen multiplication-order map.

H.4 Scope and non-discrete output limitations

The constructions above are deliberately discrete-output constructions. They allow differ-
entiable operation-input objects, such as continuous exception labels or continuous writer
values, because these are parameters I, and their cotangents are accounted for at the
operation node. They also allow arbitrary zero-fibre output indices AQ,,, provided the
required set-indexed products and direct sums exist; in the finitary CHAD theorem these
output sets are finite.

They do not cover genuine operation-output ObJeCtb with nonzero cotangent fibres. For
such an object Ow7 a continuation is a morphism O — B, not just a function PO, — PB,
so its base point can contain reverse-linear fibre data. If syntax or handlers can inspect
that data, the base of the lifted construction neAed not be the intended set-level monad. The

obstruction remains even if genuine powers B% are supplied.

Lemma H.2 (Genuine output fibres can destroy fibredness). There are a one-operation
raw theory, an output object with nonzero fibre O € Fam(Vect®?), and objects AR €
Fam(Vect®®) for which the following holds. If operation nodes are indexed by genuine
continuations into the recursively generated syntax object, then the resulting direct raw-
syntax construction is not fibred over the set-level raw monad. Moreover, assuming a genuine
power RO whose base points are morphisms 0 — }A{, there is a Fam(Vect®P)-algebra for
the raw operation which does not lie over any set-level unary-operation algebra, and whose
induced image and coimage have bases that cannot be obtained from any quotient of the
set-level unary-operation monad.

Proof. Work one-sorted and put

O={*hLR),  A=({*}R).

Consider the raw theory with one operation w, no parameters, output object 6, and no
equations. Its set-level shadow is the free unary-operation theory, since PO = {*}. Hence
the set-level raw monad is

SX =Nx X,
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and, over the one-point set PA = {x}, there is exactly one depth-one set-level term.

In Fam(Vect®P), a morphism k : O — A consists of the unique base map and a reverse
fibre map
A, =R— 0, =R

Thus such variable continuations are parametrised by scalars A\ € R; write k) : O — A for
the morphism whose reverse fibre map is multiplication by A. Let S denote the direct raw
construction obtained by replacing the discrete continuation object BAPO) by the genuine
power BP. The operation constructor in SA is therefore indexed by morphisms 0 — SA.
Composing the ky’s with the unit n4 : A — SA gives distinct morphisms O — SA, because
the variable summand carries the original fibre and n4 has the identity reverse fibre map

there. Hence we obtain distinct depth-one base terms
tA:W(UAOkA)a A€ IR7

because the genuine continuation morphism, including its reverse fibre map, is part of the
operation-node data and there are no equations identifying different k)’s. Consequently
PSA has continuum many depth-one operation nodes, and is in particular uncountable,
whereas S(PA) = N is countable. Thus the direct raw construction cannot be fibred over
the set-level raw monad.

The same issue appears for image and coimage semantics once handlers are allowed to

observe the fibre component of a genuine continuation. Assume a genuine power object RO
is available, with base points the morphisms O — R. Let

~

R=(R,R)

be the constant one-dimensional family over the set R. A base point of RO is then a
morphism O — R, equivalently a pair

(r, 0), reR, £:R— R linear,
where 7 is the base value and £ is the reverse fibre map. Define a lifted algebra map
h: E@ R

for w by the base function
(r, £) — £(1),

and choose the zero reverse fibre map at every base point. This is a morphism in Fam(Vect®P),
since every fibre is a vector space. Its base map depends on the reverse fibre map ¢, so it
does not factor through the projection to the set-level branch value r; hence it is not a lift
of any set-level unary-operation algebra. Because the raw theory imposes no equations,
this operation structure nevertheless extends uniquely to an algebra for the free raw-syntax
monad in Fam(VectP).

For each p € R, let p,, : A — R be the valuation with base value 0 and reverse fibre map
multiplication by p. The composite

O a2y R

has base value 0 and reverse fibre map multiplication by Ay, where Ay denotes the multiplica-
tion map by that scalar. Therefore the base denotation of the depth-one term t) = w(naoky)
under the valuation p,, is

(Ph)(0, Ap) = Ap.
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Taking p = 1 separates all A. Hence image and coimage contain continuum many depth-one
denotations, respectively kernel-pair classes. They cannot be bases of lifts of any quotient
of the set-level unary-operation semantics over PA, since every quotient of S(PA) = N is
countable and cannot create additional depth-one base points.

Thus nonzero output fibres can make continuation-fibre data visible on bases, exactly
what zero-fibre output indices prevent. Genuine nonzero-fibre outputs therefore need extra
structure or equations forcing syntax and handlers to quotient or ignore that data. O
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